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1 ExtendedDepth of Field Micr oscopy

In recentyeardive cell uorescencemicroscoly hasbecomencreasinglyimportant
in biological and medicalstudies.This is largely due to new geneticengineering
techniquesvhich allow cell featurego grow their own uorescentmarkers.A pop-
ularexampleis green uorescentprotein.This avoidsthe needto stain,andthereby
kill, a cell specimerbeforetaking uorescenceimages,andthusprovidesa major
newv methodfor observindive cell dynamics.

With this new opportunitycomenew challengesBecausedn earlier daysthe
procesof stainingkilled the cells, microscopist€oulddo little additionalharmby
squashinghe preparatiorto make it at, therebymakingit easierto imagewith a
high resolution,shallav depthof eld lens.In modernlive cell uorescenceimag-
ing, the specimemmay be quite thick (in opticalterms).Yeta single2D imageper
time—stepmay still besu cientfor mary studiesaslong asthereis a large depth
of eld aswell ashighresolution.

Lightis ascarceaesourcdor livecell uorescencemicroscoyy. Toimagerapidly
changingspecimenghe microscopistneedsto captureimagesquickly. One of the
chief constrainton imagingspeeds thelight intensity Increasingheillumination
will resultin fasteracquisition,but cana ectspecimerbehaiour throughheating,
or reduce uorescentintensitythroughphotobleaching.

Anothermajorconstrainis thedepthof eld. Working athighresolutiongivesa
verythin planeof focus,leadingto theneedo constantly*hunt” with thefocusknob
while viewing thick specimenswith rapidly moving or changingfeatures.When
recordingdata,suchsituationgequirethetime-consumingaptureof multiple focal
planesthusmakingit nearlyimpossibleto performmary live cell studies.

Ideally we would like to achieve thefollowing goals:

useall availablelight to acquireimagesquickly,
achieze maximumlateralresolution,
andyethave alargedepthof eld.

However, suchgoalsarecontradictoryin a normalmicroscope.
For ahigh apertureaplanatidens,thedepthof eld is[18]
" I#

. 1 _
z=177= 4sm2E 1 étan“E ; (1)



2 M. R. Arnisonetal.

10
8 4
£ 6 3 E
N~ 2
3 4 2 5
2 1
0 0
0.6 0.8 1 1.2 1.4
NA

Figurel. Depthof eld (solid line), lateral resolution(dashedline) and peakintensity at
focus(dottedline — arbitraryunits)for anoil immersion(ny; = 1:518) aplanatiomicroscope
objective with atypicalrangeof NA and ¢ = 0:53mm is the vacuumwavelength

where zis de ned asthe distancealongthe optical axisfor which theintensityis

morethanhalf themaximum Herethefocalregionwavelengthis andtheaperture
half—angleis . A highaperturevaluefor thelateralresolutioncanbeapproximated
from the full-width at half~maximum(FWHM) of the unpolarisedntensity point

spreadfunction (PSF)[17]. We canusethe samePSFto nd the peakintensityat

focus,asaroughindicationof the high aperturdight collectione ciengy,
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Theserelationshipsareplottedin Fig. 1 for arangeof numericalaperturegNA),
NA = n; sin 3)

wheren; is therefractive index of theimmersionmedium.Clearly maximisingthe
depthof eld con icts with thegoalsof high resolutionandlight e ciengy.

1.1 Methods For Extending the Depth of Field

A numberof methodshave beenproposedo work aroundtheselimitations and
produceanextendeddepthof eld (EDF)microscope.

Beforethe advent of chage—coupledievice (CCD) camerasHausler[8] pro-
poseda two stepmethodto extendthe depthof focusfor incoherentmicroscoyy.
First, an axially integratedphotographiamageis acquiredby leaving the camera
shutteropenwhile thefocusis smoothlychangedThe secondstepis to decowolve
theimagewith theintegrationsystentransferfunction.Hauslershavedthataslong
asthefocuschangds morethantwice thethicknesof the object,thetransferfunc-
tion doesnot changefor partsof the objectat di erentdepths— e ectively the
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transferfunctionis invariantwith defocus.Thetransferfunctionalsohasno zeros,
providing for easysingle—steplecowolution.

This methodcould be performedeasilywith a modernmicroscopeasdemon-
stratedrecentlyby JuSkaitisetal [11]. However, theneedto smoothlyvarythefocus
is atime—consumingaskrequiringsomesortof opticaldisplacementvithin themi-
croscopeThisisin con ict with ourgoalof rapidimageacquisition.

A similar approachis to simply image eachplaneof the specimenstepping
throughfocus,thenconstructan EDF imageby taking the axial averageof the 3D
imagestack,or someothermoresophisticateaperationwhich selectshe bestfo-
cusedpixel for eachtransersespecimermoint. This hasbeendescribedn applica-
tion to confocalmicroscopy [21], wheretheoptical sectioningmakesthe EDF post—
processingstraightforward. Wide eld decowolutionimagescouldalsobeused.In
bothcaseghefocal scanningandmultiple planeimagecapturearemajorlimitations
onoverallacquisitionspeed.

Potulurietal [16] have demonstratethe useof rotationalshearinterferometry
with acorventionalwide eld transmissiommicroscopeThis techniquepsinginco-
herentlight, addssigni cant compleity, andsacri ces somesignal-to—noiseatio
(SNR). However the authorsclaim ane ectively in nite depthof eld. The main
practicallimit onthedepthof eld is the changen magni cationwith depth(per
spectve projection)andthe rapid drop in imagecontrastaway from the imaging
lensfocal plane.

Anotherapproachs to usea pupil maskto increaseahedepthof eld, combined
with digitalimagerestorationThis createsdigital-opticalmicroscopesystemDe-
signingwith sucha combinationin mind allows additionalcapabilitiesnot possible
with apurelyopticalsystemWe canthink of the pupil asencodingheopticalwave-
front, sothatdigital restorationcandecodea nal image,which givesustheterm
wavefontcoding

In generak pupil maskwill be somecomplex functionof amplitudeandphase.
Thefunctionmightbesmoothlyvarying,andthereforeusableoverarangeof wave-
lengths.Or it might be discontinuousn stepsizesthatdependon the wavelength,
suchasabinaryphasemask.

Marny articleshave exploredthe useof amplitudepupil masks[14,15,25], in-
cludingfor high aperturesystemg4]. Thesecanbee ective atincreasinghedepth
of eld, but they do tendto reducedramaticallythe light throughputof the pupil.
This posesa major problemfor low light uorescencemicroscoyy.

Wilson et al [26] have designeda systemwhich combinesan annuluswith a
binary phasemask.The phasemaskplacesmostof the input beampower into the
transmittingpart of the annularpupil, which givesa large boostin light throughput
comparedo usingtheannulusalone.Thiscombinatiorgivesatentimesincreasen
depthof eld. TheEDFimageis laterallyscannedn x andy, andthendecorvolution
is appliedasa post—processingtep.

Binary phasemasksare popularin lithographywherethe wavelengthcan be
x ed. However, in wide eld microscojy ary optical componenthat dependson
a certainwavelengthimposesseriousrestrictions.In epi- uorescencetheincident
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and excited light both passthroughthe samelens. Sincethe incidentand excited
light areat di erentwavelengthsarny wavelengthdependenpupil maskswould
needto beimagedontothe lenspupil from beyondthe beamsplitterthat separates
theincomingandoutgoinglight paths.This addssigni cant compleity to the opti-
cal designof awide eld microscope.

The systemproposedy Wilson et al [26] is designedor two-photonconfocal
microscoyy. Optical compleity, monochromatidight, andscanningareissueghat
confocalmicroscopy needgo dealwith anyway, sothis methodof PSFengineering
addsrelatively little overhead.

Wavefrontcodingis anincoherenimagingtechniquethatrelieson the useof a
smoothlyvarying phase—onlpupil mask,alongwith digital processingTwo spe-
ci ¢ functionsthat have beensuccessfulare the cubic [3,6] and logarithmic[5]
phasemaskswherethe phaseis a cubic or logarithmicfunction of distancefrom
the centreof the pupil, in eitherradial or rectangularco-ordinatesThe logarithmic
designis investigatedn detailin Chap.??.

The cubic phasemask(CPM) waspartof the rst generatiorwavefrontcoding
systemsgdesignedor generaEDF imaging.The CPM hassincebeeninvestigated
for usein standardlow aperture)microscoyy [24]. The maskcangive atentimes
increasean thedepthof eld withoutlossof transerseresolution.

Corverting a standardwide eld microscopeto a wavefront coding systemis
straightforvard. The phasemaskis simply placedin the back pupil of the micro-
scopeobjective. Thedigital restoratioris a simplesingle-steglecotvolution,which
canoperateat videorates.Oncea phasemaskis choserto matcha lensandappli-
cation,an appropriatedigital inverse Iter canbe designedoy measuringhe PSE
Theresultingoptical—digitalsystemis specimerindependent.

Themaintradeo is aloweringof the SNRascomparedvith normalwide eld
imaging. The CPM also introducesan imaging artefact where specimenfeatures
away from bestfocusareslightly laterally shiftedin the image.This is in addition
to a perspectie projectiondue to the imaging geometry sincean EDF imageis
obtainedrom alensat asinglepositionontheopticalaxis.Finally, asthe CPMis a
rectanguladesign,it stronglyemphasisespatialfrequencieghatarealignedwith
the CCD pixel axes.

High apertureimaging doesproducethe bestlateral resolution,but it alsore-
quiresmorecomplex theoryto modelaccuratelyYetnearlyall of theinvestigations
of EDF techniqueseviewed above arelow apertureln this chapterwe choosea
particularEDF method wavefrontcodingwith a cubic phaseplate,andinvestigate
its experimentakindtheoreticaberformancdor high aperturemicroscop.

2 High Aperture FluorescenceMicr oscopylmaging

A wavefront coding microscopeis a relatively simple modi cation of a modern
microscopeA systemoverview is shavn in Fig. 2.

Thekey opticalelemenin awavefrontcodingsystemis thewaveplate Thisis a
transpareninoldedplasticdiscwith a preciseasphericheightvariation.Placingthe
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Figure2. An overview of awavefrontcodingmicroscopesystem.Theimage-forminglight
from the objectpasseshroughthe objective lensandphaseplateandproducesanintermedi-
ateencodedmageontheCCD cameraThisblurredimageis thendigitally Itered (decoded)
to producethe extendeddepthof eld result.Examplesatright shaw the uorescingcellim-
ageof Fig. 7(c) at eachstageof thetwo—stepprocessAt lower left anarrav shawvs wherethe
phaseplateis insertedinto the microscope

waveplatein the backfocal planeof a lensintroducesa phaseaberrationdesigned
to createinvariancein the optical systemagainstsomechosenmaging parameter
A cubic phasefunction on the waveplateis usefulfor microscopy, asit makesthe

low apertureopticaltransferfunction (OTF) insensitie to defocus.

While the opticalimageproduceds quite blurry, it is uniformly blurredover a
large rangealongthe optical axis throughthe specimen(Fig. 3). Fromthis blurred
intermediatémage,we candigitally reconstructa sharpEDF image,usinga mea-
suredPSFof the systemanda singlestepdecowolution. The waveplateanddigital

Iter arechosento matcha particularobjective lensandimaging mode,with the
digital Iter further calibratedby the measuredSFE Oncethesestepsare carried
out, wavefrontcodingworkswell for ary typical specimen.

The EDF behaiour relieson modifying the light collectionopticsonly, which
is why it canbeusedin otherimagingsystemsuchasphotographicameraswith-
out needingprecisecontrolover theillumination light. In epi- uorescenceéoththe
illumination light andthe uorescentlight passthroughthe waveplate.The CPM
providesabene ciale ectontheilluminationside,by spreadinguttheaxialrange
of stimulationin the specimenwhich will improve the SNR for planesaway from
bestfocus.

2.1 Experimental Method

Theexperimentaketupfollowedthesystenoutlineshavnin Fig. 2. WeusedaZeiss
Axioplan microscopeavith aPlanNeo uar 40x 1.3NA oil immersionobjective. The



6 M. R. Arnisonetal.

. A

/

\

image planes

\
A
\

objects

|
N @R

-
/

B3 [

~d T

phase
plate

Figure3. How pointsareimagedin standardrersuswavefrontcodingsystems(a) Corven-
tional (smalldepthof eld) systemwith two axially—separatedbjectsto the left of a lens.
Becausesachobjectobtainsbestfocusat a di erentimageplane,the arrov objectpoints
decreasén diametertoward their planeof bestfocus (far right), while the object points of
the diamondare increasinglyblurred. (b) Insertinga CPM phaseplate causegoints from
bothobjectsto be equivalently blurredover the samerangeof imageplanes Signalprocess-
ing canbe appliedto ary one of theseimagesto remove the constantblur and producea
sharply—focuse@&DF image

wavefront coding platewasa rectangulaicubic phasefunction design(CPM 127-
R60Phaseéviaskfrom CDM Optics,Boulder CO,USA) with apeakto valley phase
changeof 56.6wavesat546nmacrossa 13 mmdiameteropticalsurface. This plate
wasplacedin acustommountandinsertednto thedi erentialinterferencecontrast
sliderslotimmediatelyabove the objective, andalignedso thatit wascentredwith
the opticalaxis, coveringthe backpupil.

A customsquareaperturanaskwasinsertednto anauxiliary slot 22 mmabove
the lens, with the squaremaskcut to t inside the 10 mm circular pupil of the
objectivelens.This squaranaskis neededueto therectangulanatureof the CPM
function,

" (m;n) = A(m® + n°) ; @)

wherem andn arethe Cartesiarco-ordinateacrosshe pupil andA is the strength
of thephaseamask(seeFig. 4). Thesquaremaskwasrotatedto matchthe mnaxesof
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Figure4. Heightvariationacrosshe cubicphasemaskgivenin (4),for A= 1

the CPM. For comparisonstandardvide eld uorescencemagingwasperformed
withoutthe CPM or the squareaperturemaskin place.

Imagesweretakenin epi- uorescenceanodewith a mercurylamp (HBO 50 W)
and uorescein isothiog/anate(FITC) uorescence lters in place.Imageswere
recordedwith a Photometricscooledcamera(CH250) with a ThomsonTH 7895
CCD at 12 bit precision.To ensurewe were samplingat the maximumresolution
of the 1.3 NA lens,a 2.5x eyepiecewas insertedjust beforethe camerainside a
customcameramounttube. This tubealsoallowed preciserotationalalignmentof
thecameraijn orderto matchthe CCD pixel arrayxy axeswith the CPM mnaxes.

With 100xtotal magni cation and19nmm squareCCD pixels, this setupgave a
resolutionof 0:19mm perpixel. Thisis just belowv thetheoreticamaximumresolu-
tion of 0:22mm for a 1.3NA lens(seeFig. 1), for which critical samplingwould be
0:11nm perpixel, sotheresultsareslightly undersampled.

The PSFwas measuredisinga 1 nm diameterpolystyrenebeadstainedwith
FITC dye.Thepeakemissiorwavelengthfor FITC is 530nm. Two dimensionaPSF
imagesweretakenoverafocalrangeof 10mmin 1 mm stepsThisPSFmeasurement
wasusedo designaninverselter torestoreheEDFimage. TheOTF wasobtained
from the Fouriertransformof the2D PSE

Eachwavefrontcodingintermediatdmagewasa single exposureon the CCD
cameraA leastsquareslter wasincorporatednto the inverse Iter to suppress
noisebeyondthe spatialfrequeng cuto of the optical system. A nal wavefront
codingimagewas obtainedby applyingthe inverse Iter to a singleintermediate
image.
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Figure5. ExperimentalPSFsand OTFsfor the wide eld andwavefrontcodingsystemsas
measuredisingalmm uorescentbeadandaNA = 1:30il objective.For eachtypeof micro-
scopea PSFfrom the planeof bestfocusis followed by onewith 4 nm defocus.The upper
imageda-d)shav theintensityof acentralregion of the PSFwhilst thelower graph(e) gives
the magnitudeof the OTF for a line m = 0 throughthe OTF for eachcase:(a) wide eld

Zy = O0mm (solid line), (b) wide eld defocusedy = 4mm (dashedine), (c) CPMzy = Onm
(dottedline), (d) CPM defocusedy = 4 mm (dash—dottedine). The spatialfrequeng n has
beenbeennormalisedsothatn = 1 lies at the CCD cameraspatialfrequenyg cuto . The
PSFshaveareal3mm 13mm

2.2 PSFand OTF Results

Themeasured SFsandderived OTFsfor thefocusedand4 nm defocusedasesre
shavn in Fig. 5, comparingstandardvide eld microscoly with wavefrontcoding
usingaCPM.

Thewide eld PSFshows dramaticchangewith defocusasexpectedfor a high
apertureimage of a 1 nm bead.But the wavefront coding PSF shaws very little
changeafterbeingdefocusedy the sameamount.
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Figure6. The measuredCPM in—focus2D OTF: (&) is the magnitudeof the OTF in log,,
scale,and(b) is the wrappedOTF phasein radians.The spatialfrequenciesn andn have
beenbeennormalisedsothatjmj; jnj = 1 lies atthe CCD cameraspatialfrequeng cuto

The OTF measurementemphasisehis focusindependencéor the wavefront
codingsystemWhile thein—focusOTF for thewide eld systemhasthebestoverall
responsethe OTF quickly dropsafter defocusing.The wide eld defocusedOTF
alsohasmary nulls beforethe spatialfrequeng cuto , indicatedin theseresults
by a downward spike. Thesenulls make it impossiblein wide eld to usethe most
straightforvardmethodof decomvolution—division of theimageby the systemOTF
in FourierspaceTime consumingterative solutionsmustbe usedinstead.

The wavefront coding systemOTF shawvs a reducedSNR comparedwith the
in—focuswide eld OTF. YetthesameSNRis maintainedhroughawide changen
focus,indicatinga depthof eld atleast8 timeshigherthanthewide eld system.
The CPM frequeng responsextendsto 80% of the spatialfrequeng cuto of
the wide eld casebeforedescendingnto the noise oor. This indicatesthat the
wavefrontcodingsystemhasmaintainednuchof thetrans\erseresolutionexpected
from the high aperturelens used.Becausehereare no nulls in the CPM OTF at
spatialfrequenciedbelor the SNRimposedcuto , decowolutioncanbe performed
usingasingle—pas#verselter basednthereciprocalof thesystemOTF.

A limiting factoron the SNR, andthereforethe wavefrontcodingsystemreso-
lution, is the CCD cameradynamicrangeof 12 bits, giving a noise oor of atleast
2:4 10 “ FromFig.5(e)thee ective noise oor seemso beabit higherat 10 2.
Thishasagreatetimpactontheo —axisspatialfrequencieswhereahigherSNRis
requiredto maintainhigh spatialfrequeng responseane ectwhichis clearlyseen
in themeasure@D OTF in Fig. 6.

2.3 Biological Imaging Results

In orderto experimentallytesthigh resolutionbiological imagingusing the CPM
wavefront coding systemin epi- uorescencewe imagedan anti-tutulin / FITC—
labeledHela cell. For comparisonwe alsoimagedthe samemitotic nucleusin
both a standardwide eld uorescencemicroscopeanda confocallaserscanning
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Figure7. Comparisorimagesof anantitutulin / FITC—labeledHeLa cell nucleusobtained
using threekinds of microscope(a-b) Corventionalwide eld uorescenceimagesof the
samemitotic nucleusacquiredat two di erentfocal planes,6 nm apartin depth.Misfocus
blurring is prevalent,with only oneof thetwo centriolesin focusin eachimage.(c) A CPM
wavefront codingimageof this nucleusgreatlyincreasegocal depthsothatnow both cen-
trioles in the mitotic spindleare sharplyfocused.(d) An equivalent confocal uorescence
EDF image obtainedby averaging24 separateplanesof focus, spaced0:5nm apart. The
resolutionsof the wavefront coding and confocalimagesare comparablebut the confocal
imagetook over 20 timeslongerto produce Note thatwavefrontcodinggivesa perspectie
projectionandconfocalgivesanisometricprojection,which chie y accountdor their slight
di erencean appearance.Objeed NA=1.30il, scalebar:6 mm

system(Fig. 7). The rst wide eld image,Fig. 7(a), shavs a mitotic nucleuswith
one centriolein sharpfocus, while a secondcentriole higherin the specimenis
blurred. This featurebecamesharpwhenthe focuswasalteredby 6 nm, asshavn
in Fig. 7(b). Thewavefrontcodingsystemimagein Fig. 7(c) shovs amuchgreater
depthof eld, with bothcentriolesn focusin thesamemage.We obsenedadepth
of eld increaseof at least6 timescomparedwith the wide eld system giving a
6 mm depthof eld for thewavefrontcodingsystemfor the NA = 1:3 oil objectve.
For further comparisonwe imagedthe samespecimenusing a confocal mi-
croscopeA simulatedEDF imageis showvn in Fig. 7(d), obtainedby averaging24
planesof focus.This givesanimageof similar quality to the wavefrontcodingim-
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age.However, the confocalsystermtook over 20 timeslongerto acquirethe datafor
thisimage,dueto the needto scantheimagepointin all threedimensionsThereis
alsoa changen projectiongeometrybetweerthe two systemsThe confocalEDF
imagehasorthogonabprojection whereaghewavefrontcodingEDF imagehasper
spectve projection.

3 Wavefront Coding Theory

In this sectionwe will investigatetheoreticalmodelsfor wavefront coding mi-
croscopy. We presenta summaryof the developmentof the cubic phasefunction
andthe paraxialtheoryinitially usedto modelit. We thenanalysethe systemusing
vectorialhigh aperturetheory asis normally requiredfor accurag with a 1.3 NA
lens.

High aperturevectorialmodelsof the PSFfor a uorescencemicroscopeare
well developed9,23. TheFourierspacesquivalent,the OTF, alsohasalonghistory
[7,1320]. However, the CPMde nedin (4) is anunusualmicroscopeslement:

1. Microscopeopticsusuallyhave radialsymmetryaroundthe opticalaxis, which
the CPM doesnot.

2. The CPM givesa very large phaseaberrationof up to 60 waves,whilst most
aberratiormodelsare orientedtowardsphasestrengthson the orderof a wave
atmost.

3. In addition,the CPM spreadshelight overaverylongfocal range whilst most
PSFcalculationscanassumeheenegy dropso veryrapidly awayfrom focus.

Thesepeculiaritieshave meantwe neededo take particularcarewith numerical
computationin orderto ensureaccuray, andin the caseof the OTF modelingthe
radialasymmetryhasmotivateda reformulationof previoussymmetricOTF theory

3.1 Derivation of the Cubic PhaseFunction

Therearevariousmethodghatmaybe usedto derive a pupil phaseunctionwhich
hasthe desiredcharacteristicéor EDF imaging.The generaform of a phasefunc-
tion in Cartesiarco-ordinatess

T(m;n) = explik' (m;n)] ; (6)

wherem; n arethelateralpupil co-ordinatesandk = 2 = is thewave-numberThe
cubic phasefunction was found by Dowski and Cathey [6] using paraxialoptics
theoryby assuminghe desiredohasefunctionis a simple1D function of theform

'(m=Am; , fO;1g A, O: (6)

By searchindor thevaluesof A and which give an OTF which doesnot change
throughfocus,they found, usingthe stationaryphaseapproximatiorandthe ambi-

guity function,thatthe bestsolutionwasfor A 20k and = 3. Multiplying out

to 2D, this givesthe cubic phasdunctionin (4).
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3.2 Paraxial Model

Using the Fraunhoferapproximation as suitablefor low NA, we canwrite down
a 1D pupil transmissiorfunction encompassinghe e ectsof cubic phase(4) and
defocus,

T(m) = explik’ (m)] exp(in? ) ; Q)
where is adefocusparametenVe then nd the 1D PSFis

E(x) = ‘ iT(m) exp(ixmydm; (8)
wherex is thzelateralco-ordinate'n thePSF. ThelD OTFis

C(m) = iT(m°+ m=2)T (m°  m=2)dm’: (9)

The2D PSFis simply E(X)E(y).

Naturally this 1D CPM gives behaiour in which, in low aperturesystemsat
least,the lateral x andy imaging axes are independenbdf eachother This gives
signi cant speedboostsin digital post—processinginotherimportantpropertyof
the CPM is that the OTF doesnot reachzero below the spatialfrequeng cuto
which meansthat decorvolution can be carriedout in a single step. The lengthy
iterative processingf wide eld decowolutionis largely dueto the mary zerosin
the corventionaldefocusedTF. Anotherimportantfeatureof Fraunhofeiopticsis
thatPSFchangesvith defocusarelimited to scalingchangesStructuralchangesn
the PSFpatternarenot possible.

This paraxialmodelfor the cubic phasemaskhasbeenthoroughlyveri ed ex-
perimentallyfor low NA systemg3,24].

3.3 High Aperture PSFModel

We now explore the theoreticalbehaviour for a high NA cubic phasesystem.Nor-
mally we needhigh aperturgheoryfor accuratenodelingof lenseswith NA > 0:5.
However large aberrationdike our cubic phasemaskcan sometimesoverwhelm
the high NA aspectf focusing.By comparingthe paraxialand high NA model
resultswe candeterminethe accuray of the paraxialapproximatiorfor particular
wavefrontcodingsystems.

The theoryof RichardsandWolf [17] describesow to determinethe electric
eld nearto the focus of a lenswhich is illuminated by a planepolarisedquasi-
monochromatidight wave. Their analysisassumesery large valuesof the Fresnel
number equivalentto the Debyeapproximation.We canthenwrite the equation
for the vectorialamplitudePSF E(x) of a high NA lensilluminatedwith a plane
polarisedwave as the Fourier transformof the complex vectorial pupil function

. Z2272Z

Q(m) [13],
E(x) = |2_k Q(m) exp(ikm x)dm: (10)
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Figure8. Diagramof the light focusinggeometryusedin calculatingthe high NA PSF in-
dicatingthe focal region co-ordinatex andthe pupil co-ordinatem, the latter of which may
alsobethoughtof asa unit vectoralignedwith aray from the pupil to thefocal point O

Herem = (m;n; s) is the Cartesianpupil co-ordinateandx = (X;y; 2) is the
focal region co-ordinateThez axisis alignedwith the opticalaxis,andsis thecor
respondingpupil co-ordinateasshowvn in Fig. 8. Thevectorialpupil functionQ(m)
describeghe e ectof alenson the polarisationof theincident eld, the complec
valueof any amplitudeor phaselters acrosgheapertureandary additionalaber
rationin the lensfocusingbehaiour from thatwhich producesa perfectspherical
wavefrontcornverging onthefocal point.

From the Helmholtz equationfor a homogeneoumedium,assumingconstant
refractive index in the focal region, we know that the pupil function is only non-
zeroonthe surfaceof a spherewith radiusk,

Q(m) = P(m) (imj K?): (11)

Becausehe pupil function only exists on the surface of a spherewe canslice it
alongthe s = 0 planeinto a pair of functions

P———r P———

QM = QS (s K B+ Qs (s+ KB (12
representingorward aBd backwardpropagatiori1,22]. Herewe have introduceda
radial co-ordinatd = = m? + n2. Now we take the axial projectionP.(m; n) of the
forward propagatingcomponenbf the pupil function,

Z 1 k P——
P.(m;n) = Q(m)g (s k& 19ds (13)
0
1
= Qmn;s.) = ; 14
Qmin; s+) o (14)

wherewe have normalisedhe radiusto k = 1 andindicatedthe constrainton s to
thesurfaceof thespherewith

&zpl 12 (15)
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For incidentlight which is plane-polarised@long the x axis, we canderive a
vectorial strengthfunction a(m; n), from the strengthfactorsusedin the vectorial
pointspreadunctionintegrals[12,17,22]

(mPs; + n?)42
amn) =8 mnl s.)32 (16)

m

wherewe have corvertedfrom the sphericalpolar representatioin Richardsand
Wolf to Cartesiarco-ordinates.

We cannow modelpolarisationapodisatiorandapertureltering asamplitude
andphaseunctionsoverthe projectedpupil,

PL(mi) = & a(m )S(m T (i) 17)

representindorward propagatioronly ( =2), whereS(m; n) is the apodisation
function,andT(m; n) is any comple transmissionlter appliedacrosgheaperture
of thelens.T canalsobeusedto modelaberrations.

Microscopeobjectivesare usually designedo obey the sine condition, giving
aplanatidmaging[10], for which we write the apodisatioras

S(m;n) = p§ : (18)

By applyinglow angleandscalarapproximationsye canderive from (17) a parax-
ial pupil function,

P.(mn) T(mn): (19)
Returningto the PSE we have

ik zz
E(x) = > P+ (m; n) exp(ikm,  x)dmdn ; (20)

integratedoverthe projectedpupil area . Thegeometryis shavn in Fig. 8. We use
m; = (m; n; s;) to indicatethat mis constrainedo the pupil spheresurface.

For a clearcircular pupil of aperturehalf—angle , theintegrationarea gy is
de ned by

0 | sin ; (22)
while for asquargoupil which ts insidethatcircle, thelimits on sqare

jm sin= P3

“ps- 22

jnj sin= p2 (22)

The transmissiorfunction T is unity for a standardwide eld systemwith no
aberrationswhile for a cubicphasesystem(4) and(5) give

Te(m; n) = exp[iKA(M® + n%)] : (23)
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3.4 High Aperture OTF Model

A high apertureanalysisof the OTF is important,becaus¢he OTF hasprovento be
moreusefulthanthe PSFfor designandanalysisof low aperturewavefrontcoding
systemsFor full investigationof the spatialfrequeny responsef a high aperture
microscopewe would normallylook to the3D OTF [7,1319,2(]. We haverecently
publisheda methodfor calculatingthe 3D OTF suitablefor arbitrary pupil Iters
[1] which canbe applieddirectlyto nd the OTF for a cubic phaseplate.But since
an EDF systeminvolvesrecordinga singleimageat onefocal depth,a frequeng
analysioof the2D PSFatthatfocal planeis moreappropriateThis canbeperformed
e cientlyusingahigh NA vectorialadaptatiorof 2D Fourieroptics[22].

This adaptatiorrelieson the Fourier projection—slicaheorem[2], which states
thata slicethroughreal spaces equialentto a projectionin Fourierspace:

f(xy,0) () F(m;n; s)ds (24)

where F(m; n; s) is the Fourier transformof f(X;y; 2. We have alreadyobtained
the projectedpupil function P, (m; n) in (17). Takingthe 2D Fouriertransformand
applying(24) givesthe PSFin thefocal plane

E(xy;0) () P«(mn): (25)

Since uorescencemicroscopy is incoherentwe then take the intensity and 2D
Fouriertransformoncemoreto obtainthe OTF of thatslice of the PSF

C(mn) () JEXY0)f : (26)
We canimplementthis approactusing2D fastFouriertransformgo quickly calcu-
latethe high aperturevectorial OTF for thefocal plane.
3.5 DefocusedOTF and PSF

To investigatehe EDF performancewe needto calculatethe defocusedOTF. De-
focusis anaxial shift zy of the point sourcebeingimagedrelative to thefocal point.
By the Fourier shift theorem,a translationzy of the PSFis equialentto a linear
phaseshift in the 3D pupil function,

E(Xy,0+24) () exp(iksz)Q(m;n;s) : (27)

Applying theprojection-sliceheoremasbeforegivesamodi ed versionof (25)
Z

E(xy;za) () exp(iksz)Q(m;n; s)ds: (28)

allowing usto isolatea pupil transmissiorfunctionthat correspondso a givende-
focuszy,

Ta(m; n; zg) = exp(iks, zq) ; (29)
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Tablel.Opticalparametersisedfor PSFandOTF simulations

Opticalparameter  Simulationvalue
Wavelength 530nm
Numericalaperture  NA = 1:30il

Qil refractive index n, = 1:518
Aperturehalf angle ==

Pupil shape Square

Pupilwidth 7.1mm
Cubicphasestrength 25.8wavespeakto valley

which we incorporatento the projectedoupil function P (m; n) from (17), giving
P.(m;n; zg) = é a(m; n)S(m; N)Tg(m; n; zg) Te(M; n) : (30)

If we assumealow aperturepupil, we canapproximatg15) to secondrder, giving

thewell known paraxialaberratiorfunctionfor defocus
|

5!
Ta(m;n;zg) exp ikzd% : (32)

Finally, usingF to denotea Fouriertransformwe write down thefull algorithmfor
calculatingthe OTF of atrans\erseslicethroughthe PSF:

c(mn;zg) = F 1r}F [P.(m;n; zd)]jzo: (32)

It is convenientto calculatethe defocused®SFusingthe rst stepof the sameap-
proach:

E(XY;zg) = F [P+(m;n; zg)] : (33)

3.6 Simulation Results

We have appliedthis theoreticalmodel to simulatethe wavefront coding experi-
mentsdescribedearlier usingthe parametergjivenin Table 1. The theoreticalas-
sumptionthatthe incidentlight is planepolarisedcorrespondso the placemenbf
ananalyseiin themicroscopéeampath.This polarisationexplainssomexy asym-
metryin thesimulationresults.

Dueto thelarge phasevariationacrosshe pupil, togethewith thelargedefocus
distancesinderinvestigationalargenumberof sample®f the cubicphasegunction
wererequiredto ensureaccurag andpreventaliasing.We createda 2D arraywith
1024 samplesf the pupil function P+ from (30) using(22) for theaperturecuto .
We thenpaddedhis arrayoutto 4096 to allow for su  cientsamplingof theresult-
ing PSK beforeemploying the algorithmsin (33) and(32) to calculatethe PSFand
OTF respectrely. Using fastFouriertransformsgachexecutionof (32) took about
8 minuteson aLinux Athlon 1.4 GHz computemwith 1 GB of RAM.
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Figure9. A comparisorof wide eld (no CPM) OTFs using our vectorial (solid line) and
paraxial(dashedine) simulationsya) in—focusatzy = 0nm and(b) defocusedo zy = 4 nm.
For a diagonalline throughthe OTF alongm = n, we have plotted the value of the 2D
projectedOTF for eachcaseWhile the structureof thein—focusOTF curvesis similarfor the
two modelstherelative di erencebetweerthemincreasesvith spatialfrequeng, reaching
over 130%atthecuto . Oncedefocusis applied,thetwo modelspredictmarlkedly di erent
frequeng responsén bothstructureandamplitude

The wavefront codinginverse lter for our experimentswas derived from the
theoreticalwide eld (no CPM) OTF andthe measuredCPM OTF. Thediscrepang
in the focal planetheoreticalwide eld OTF betweenthe paraxialapproximation
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Figurel0. The simulatedvectorial high aperturePSFfor wide eld andwavefront coding,
shawing the e ect of defocus:(a) wide eld in—focuszy = 0mm, (b) wide eld defocused
Zy = 4mm, (c) CPM in—focuszy = 0nm, (d) CPM defocusedzy = 4 mm. This amountof

defocusintroducesrery little discernibledi erencebetweerthe CPM PSFsIndeedparaxial
CPM simulations(not shavn here)are alsosimilar in structure.The PSFsshavn have the

sameareaasFig.5(13mm 13mm). Theincidentpolarisatiorisin thex direction.Theimages
arenormalisedo the peakintensityof eachcase Naturallythe peakintensitydecreasewith

defocusput muchlessrapidly in the CPM system

@ (b)

1.0 05 0.0 05 1.0 -1.0 0.5 0.0 0.5 10
m

Figurell. Thesimulatedvectorialhigh aperturén—focusCPM OTF: (a) is the magnitudeof
theOTF in log,, scale,and(b) is thewrappedphasen radiansWhile thefrequeng response
is muchstrongeralongthe m andn axes,the magnituderemainsabore 10 2 throughoutthe
spatialfrequeng cuto . The phaseof the OTF is very similar to the cubicphasen the pupil.
Compensatindpr the OTF phasds importantin digital restorationThezy = 4 mm defocused
OTF (not shawvn) hasa similar appearanc#o this in—focuscase SeeFig. 6 to comparewith
themeasure®TFs

andour vectorialhigh aperturecalculationis shovn in Fig. 9(a). We shav a similar
comparisorof thedefocusedvide eld OTFin Fig. 9(b). We canseethereis amajor
di erencdn the predictionsof the two models,especiallyat high frequenciesThe
discrepang betweerthemodelsincreasesnarkedlywith defocusThisimpliesthat
the bestdecorolution accurag will be obtainedby usingthe vectorialwide eld
OTF whenconstructinghe digital inverse lter for ahigh aperturesystem.

We now investigatethe simulatedbehaviour of a CPM systemaccordingto our
vectorialtheory Figures10and11 shav the vectorialhigh aperturePSFand OTF
for the focal planewith a strongCPM. The defocusedzqg = 4 nm vectorial CPM
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Figurel2. Themagnitudeof thewavefrontcodingOTF for the (a) vectorialand(b) paraxial

models,plottedalonga diagonalline m = n throughthe OTF, with di erentvaluesof defo-

cus:in—focuszy = 0mm (solidline), defocusedy = 2nm (dashedine), defocusedy = 4mMm

(dottedline). In commonwith the the wide eld systemthe modelsdi er the mostat high

spatialfrequenciesup to 300%for the in—focuscase As defocusincreasesthedi erences
becomemoreextreme,with the vectorialsimulationpredictinga quicker reductionin e ec-

tive cuto

OTF (notshavn) andtheparaxialin—focusanddefocusedy = 4 nm CPMPSFsand
OTFs(notshawn) areall qualitatively similarto the vectorial CPM resultsshovn in
Figs.10and11.

However, if we performa quantitatve comparisorwe seethattherearemarked
di erencesFigure 12 shows the relative strengthof the CPM OTF for a diagonal
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crosssection.Thedi erencedetweerthe modelsaresimilarto thewide eld OTF
in Fig. 9(a) for the in—focuscase,with up to 100%di erenceat high spatialfre-
quenciesHowever, asthedefocusncreaseshestructureof thevectorial CPMOTF
beginsto diverge from the paraxialmodel,aswell asthe point wherethe strength
dropsbelow 10 4. Thisis still a muchlower discrepang thanthe wide eld model
for similaramountsf defocusasis clearby comparisorwith Fig. 9.

Theseplotsallow usto assesshe SNRrequirementgor recordingimageswith
maximum spatialfrequeng responseFor both wide eld and CPM systemsthe
experimentaldynamicrangewill placeanupperlimit on the spatialfrequeng re-
sponseln wide eld a 10° SNR of will capturenearlyall spatialfrequenciesip to
thecuto (seeFig.9(a)),allowingfor goodcontrasthroughoutFurtherincreasen
SNRwill bringrapidly diminishingreturnsonly graduallyincreasinghemaximum
spatialfrequeng response.

For CPM imagingthe same10® SNRwill producegoodcontrastonly for low
spatialfrequencieswith themiddlefrequenciedying lessthanafactorof tenabove
thenoise oor , andthe upperfrequencieslippingbelaw it. However, a SNR of 10*
will allow a morereasonableontrastievel acrossthe entire OTF. For this reason,
a 16 bit cameratogetherwith othernoisecontrol measuresis neededor a CPM
systemto achieve thefull resolutionpotentialof high aperturdensesThis needfor
highdynamicrangecreatesatradeo for rapidimagingof living specimens-faster
exposuretiimeswill reducethe SNRandlower theresolution.

Arguablythe mostimportantOTF characteristizsedin the EDF digital decon-
volution is the phase As canbe seenfrom Fig. 11 the CPM OTF phaseoscillates
heavily dueto the strongcubic phase.This correspondso the numerouscontrast
reversaldn the PSE Therestorationlter is derivedfrom the OTF, andthereforeac-
curatephasan the OTF is neededo ensurehatary contrasteversalsarecorrectly
restored.

A comparisorof theamountof OTF phasedi erencebetweerfocal planesfor
the vectorialand paraxialmodelsis shavn in Fig.13.We calculatedthis usingthe
unwrappeghasepbtainedoy takingsampleof the OTF phasealongaline m= n,
thenapplyinga 1D phaseunwrappingalgorithmto thosesamplesAfter nding the
unwrappedohasedor di erentfocal planes,zg = 2mm andzy = 4nm, we then
subtractedhemfrom thein focuscaseatzy = Omm.

Ideally the OTF phasedi erencebetweerplaneswithin the EDF rangeshould
beverysmall.lt is clearhoweverthattherearesomenotablechangewith defocus.
Both paraxialandvectorialmodelsshav alinear phaseramp,with oscillations.

Thislinearphaseampis predictedby the stationaryphaseapproximatiorto the
1D CPM OTF, Eg. (A12) in Dowski and Cathe [6]. Sincethe Fourier transform
of a phaserampis a lateral displacementthis givesa lateral motion of the PSF
for di erentfocal planes.n practicethis hasthee ectof giving a slightly warped
projection.A mismatchbetweenthe microscopeOTF andthe inverse Iter of this
sortwill simply resultin a corresponding setof imagefeaturesfrom thatfocal
plane.Otherwisespatialfrequencieshouldbe recorerednormally.
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Figurel3. Therelative OTF phaseanglebetweerfocal planesalonga diagonalline m = n
throughthe CPM OTF, for (&) the vectorialmodel,and(b) the paraxialmodel.For both (a)
and (b) we shawv two casesthe unwrappedphasedi erencebetweenthe zz = Onm and
Zg = 2mm OTF (solid line) andthe unwrappedphasedi erencebetweenzy = 0nm and
Zy = 4nm (dashedline). All casesshaw a linear phaseramp with an oscillation of up to
=2. This phaserampcorrespondso a lateralshift of the PSE The vectorialcaseshavs an
additionalcurvature and larger overall phasedi erencesf up to 4 radians(or 2 waves)
acrosghespectrum

The oscillationswill have asmalle ect;they arerapidandnot overly largein
amplitude:peakingat =2 for both vectorialand paraxialmodels.This will e ec-
tively introducea sourceof noisebetweerthe objectandthe nal recoseredimage.
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Whilst theseoscillationsare not predictedby the stationaryphaseapproximation,
they arestill evidentfor the paraxialmodel.

The mostdramaticdi erencebetweenthe two modelsis in the cunature of
the vectorial case,which is particularly striking in the zy = 4nm plane,and not
discernibleat all in the paraxialcase(Fig.13).This primarye ectof this curvature
will beto introducesomeadditionalblurring of specimerfeaturesn thezy = 4mm
plane,which theinverse lter will not be ableto correct.The total strengthof this
cunatureat zy = 4nm is about2 acrossthe completem = n line, or onewave,
whichis asigni cant aberration.

3.7 Discussion

The CPM actsasa strongaberrationvhich appeardo dominateboththee ectsof
defocusand of vectorial high aperturefocusing. The paraxialapproximationcer
tainly losesaccurag for largervaluesof defocusbut not nearlyso muchasin the
defocusedvide eld case.Yetsigni cant di erencesemainbetweerthe two mod-
els, notablya onewave curvatureaberrationin the vectorialcase andthis suggests
that vectorial high aperturetheory will be importantin the future designof high
aperturewvavefrontcodingsystems.

We canalsolook atthetwo modelsasproviding anindicationof thedi erencen
performancef CPMwavefrontcodingbetweerow apertureandhigh aperturesys-
tems.Thecurvatureaberrationin the high aperturecasevarieswith defocuswhich
meanghatit cannotbeincorporatednto any 2D digital decotvolutionschemeThis
e ectively introducesan additionalblurring of specimenfeaturesin planesaway
from focus,loweringthe depthof eld boostachiezedwith the sameCPM strength
in alow aperturevavefrontcodingsystem.

In generatheCPM performsalittle betteratlow aperturesor EDFapplications.
But the high apertureCPM systemstill maintainsusefulfrequeng responsecross
thefull rangeof anequivalentwide eld systemgspeciallyfor on—axisfrequencies.

4 Conclusion

Wavefront coding is a new approachto microscopy. Insteadof avoiding aberra-
tions, we deliberatelycreateand exploit them. The apertureof the imaging lens
still placesfundamentalimits on performanceHowever wavefront codingallows
usto tradeo thoselimits betweenthe di erentparametersve needfor a given
imaging task. Focal range,signalto noise,mechanicafocus scanningspeedand
maximumfrequeng responsereall negotiableusingthis digital—-opticalapproach
to microscoyy.

The high apertureexperimentalresultspresentechere point to the signi cant
promiseof wavefront coding. The theoreticalsimulationspredict an alteredbe-
haviour for high apertureswhich will becomemore importantwith higher SNR
imaging systemsFor large valuesof defocustheseresultspredicta tighter limit
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onthefocal rangeof EDF imagingthanis the casefor paraxialsystemsaswell as
additionalpotentialfor imageartefactsdueto aberrations.

The fundamentaEDF behaiour remainsin force at high aperturesasdemon-
stratedby bothexperimentandtheory This givesa solid foundationto build on. The
CPM waspartof the rst generatiorwavefront codingdesign.Using simulations,
new phasenaskdesignsanbetestedfor performancet high aperturebeforefab-
rication.With this knowledge furtherdevelopmenif wavefrontcodingtechniques
may be carriedout, enhancingts useat high apertures.
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