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1 ExtendedDepth of Field Micr oscopy

In recentyearslivecell �uorescencemicroscopy hasbecomeincreasinglyimportant
in biological andmedicalstudies.This is largely due to new geneticengineering
techniqueswhichallow cell featuresto grow their own �uorescentmarkers.A pop-
ularexampleis green�uorescentprotein.Thisavoidstheneedto stain,andthereby
kill, a cell specimenbeforetaking �uorescenceimages,andthusprovidesa major
new methodfor observinglivecell dynamics.

With this new opportunitycomenew challenges.Becausein earlierdaysthe
processof stainingkilled thecells,microscopistscoulddo little additionalharmby
squashingthepreparationto make it �at, therebymakingit easierto imagewith a
high resolution,shallow depthof �eld lens.In modernlive cell �uorescenceimag-
ing, thespecimenmaybequite thick (in optical terms).Yet a single2D imageper
time–stepmaystill besu� cient for many studies,aslong asthereis a largedepth
of �eld aswell ashigh resolution.

Light is ascarceresourcefor livecell �uorescencemicroscopy. To imagerapidly
changingspecimensthemicroscopistneedsto captureimagesquickly. Oneof the
chief constraintson imagingspeedis thelight intensity. Increasingtheillumination
will resultin fasteracquisition,but cana� ectspecimenbehaviour throughheating,
or reduce�uorescentintensitythroughphotobleaching.

Anothermajorconstraintis thedepthof �eld. Workingathighresolutiongivesa
verythin planeof focus,leadingto theneedto constantly“hunt” with thefocusknob
while viewing thick specimenswith rapidly moving or changingfeatures.When
recordingdata,suchsituationsrequirethetime-consumingcaptureof multiplefocal
planes,thusmakingit nearlyimpossibleto performmany livecell studies.

Ideallywewould like to achievethefollowing goals:

� useall availablelight to acquireimagesquickly,
� achievemaximumlateralresolution,
� andyethavea largedepthof �eld.

However, suchgoalsarecontradictoryin a normalmicroscope.
For a highapertureaplanaticlens,thedepthof �eld is [18]
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Figure1. Depth of �eld (solid line), lateral resolution(dashedline) and peakintensity at
focus(dottedline – arbitraryunits)for anoil immersion(noil = 1:518)aplanaticmicroscope
objective with a typical rangeof NA and� 0 = 0:53mm is thevacuumwavelength

where� z is de�ned asthedistancealongtheopticalaxis for which the intensityis
morethanhalf themaximum.Herethefocalregionwavelengthis � andtheaperture
half–angleis � . A highaperturevaluefor thelateralresolutioncanbeapproximated
from the full–width at half–maximum(FWHM) of the unpolarisedintensitypoint
spreadfunction(PSF)[17]. We canusethesamePSFto �nd thepeakintensityat
focus,asa roughindicationof thehigh aperturelight collectione� ciency,
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Theserelationshipsareplottedin Fig.1 for arangeof numericalapertures(NA),

NA = n1 sin� (3)

wheren1 is therefractive index of theimmersionmedium.Clearlymaximisingthe
depthof �eld con�icts with thegoalsof high resolutionandlight e� ciency.

1.1 MethodsFor Extending the Depth of Field

A numberof methodshave beenproposedto work aroundtheselimitations and
produceanextendeddepthof �eld (EDF)microscope.

Beforethe advent of charge–coupleddevice (CCD) cameras,Häusler[8] pro-
poseda two stepmethodto extendthe depthof focusfor incoherentmicroscopy.
First, an axially integratedphotographicimageis acquiredby leaving the camera
shutteropenwhile thefocusis smoothlychanged.Thesecondstepis to deconvolve
theimagewith theintegrationsystemtransferfunction.Häuslershowedthataslong
asthefocuschangeis morethantwicethethicknessof theobject,thetransferfunc-
tion doesnot changefor partsof the objectat di� erentdepths— e� ectively the
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transferfunctionis invariantwith defocus.Thetransferfunctionalsohasno zeros,
providing for easysingle–stepdeconvolution.

This methodcouldbeperformedeasilywith a modernmicroscope,asdemon-
stratedrecentlyby Juškaitisetal [11]. However, theneedto smoothlyvarythefocus
is atime–consumingtaskrequiringsomesortof opticaldisplacementwithin themi-
croscope.This is in con�ict with ourgoalof rapidimageacquisition.

A similar approachis to simply imageeachplaneof the specimen,stepping
throughfocus,thenconstructanEDF imageby taking theaxial averageof the3D
imagestack,or someothermoresophisticatedoperationwhich selectsthebestfo-
cusedpixel for eachtransversespecimenpoint.This hasbeendescribedin applica-
tion to confocalmicroscopy [21], wheretheopticalsectioningmakestheEDFpost–
processingstraightforward.Wide�eld deconvolution imagescouldalsobeused.In
bothcasesthefocalscanningandmultipleplaneimagecapturearemajorlimitations
onoverallacquisitionspeed.

Potuluriet al [16] have demonstratedtheuseof rotationalshearinterferometry
with aconventionalwide�eld transmissionmicroscope.This technique,usinginco-
herentlight, addssigni�cant complexity, andsacri�cessomesignal–to–noiseratio
(SNR).However the authorsclaim an e� ectively in�nite depthof �eld. The main
practicallimit on thedepthof �eld is thechangein magni�cationwith depth(per-
spective projection)and the rapid drop in imagecontrastaway from the imaging
lensfocalplane.

Anotherapproachis to useapupil maskto increasethedepthof �eld, combined
with digital imagerestoration.Thiscreatesadigital–opticalmicroscopesystem.De-
signingwith suchacombinationin mindallowsadditionalcapabilitiesnotpossible
with apurelyopticalsystem.Wecanthink of thepupil asencodingtheopticalwave-
front, so thatdigital restorationcandecodea �nal image,which givesus the term
wavefront coding.

In generala pupil maskwill besomecomplex functionof amplitudeandphase.
Thefunctionmightbesmoothlyvarying,andthereforeusableoverarangeof wave-
lengths.Or it might be discontinuousin stepsizesthatdependon thewavelength,
suchasa binaryphasemask.

Many articleshave exploredthe useof amplitudepupil masks[14,15,25], in-
cludingfor highaperturesystems[4]. Thesecanbee� ectiveat increasingthedepth
of �eld, but they do tendto reducedramaticallythe light throughputof the pupil.
Thisposesamajorproblemfor low light �uorescencemicroscopy.

Wilson et al [26] have designeda systemwhich combinesan annuluswith a
binaryphasemask.Thephasemaskplacesmostof the input beampower into the
transmittingpartof theannularpupil, which givesa largeboostin light throughput
comparedto usingtheannulusalone.Thiscombinationgivesatentimesincreasein
depthof �eld. TheEDFimageis laterallyscannedin xandy, andthendeconvolution
is appliedasa post–processingstep.

Binary phasemasksare popularin lithographywherethe wavelengthcanbe
�x ed. However, in wide�eld microscopy any optical componentthat dependson
a certainwavelengthimposesseriousrestrictions.In epi-�uorescence,the incident
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andexcited light both passthroughthe samelens.Sincethe incidentandexcited
light are at di� erentwavelengths,any wavelengthdependentpupil maskswould
needto be imagedontothe lenspupil from beyondthebeamsplitter thatseparates
theincomingandoutgoinglight paths.Thisaddssigni�cant complexity to theopti-
cal designof a wide�eld microscope.

Thesystemproposedby Wilson et al [26] is designedfor two-photonconfocal
microscopy. Opticalcomplexity, monochromaticlight, andscanningareissuesthat
confocalmicroscopy needsto dealwith anyway, sothismethodof PSFengineering
addsrelatively little overhead.

Wavefrontcodingis anincoherentimagingtechniquethatrelieson theuseof a
smoothlyvaryingphase–onlypupil mask,alongwith digital processing.Two spe-
ci�c functionsthat have beensuccessfulare the cubic [3,6] and logarithmic [5]
phasemasks,wherethe phaseis a cubic or logarithmicfunction of distancefrom
thecentreof thepupil, in eitherradialor rectangularco-ordinates.Thelogarithmic
designis investigatedin detail in Chap.??.

Thecubicphasemask(CPM) waspartof the�rst generationwavefrontcoding
systems,designedfor generalEDF imaging.TheCPM hassincebeeninvestigated
for usein standard(low aperture)microscopy [24]. Themaskcangive a ten times
increasein thedepthof �eld without lossof transverseresolution.

Converting a standardwide�eld microscopeto a wavefront coding systemis
straightforward.The phasemaskis simply placedin the backpupil of the micro-
scopeobjective.Thedigital restorationis asimplesingle-stepdeconvolution,which
canoperateat videorates.Oncea phasemaskis chosento matcha lensandappli-
cation,an appropriatedigital inverse�lter canbe designedby measuringthePSF.
Theresultingoptical–digitalsystemis specimenindependent.

Themaintradeo� is a loweringof theSNRascomparedwith normalwide�eld
imaging.The CPM also introducesan imaging artefact wherespecimenfeatures
away from bestfocusareslightly laterallyshiftedin the image.This is in addition
to a perspective projectiondue to the imaging geometry, sincean EDF imageis
obtainedfrom alensatasinglepositionontheopticalaxis.Finally, astheCPMis a
rectangulardesign,it stronglyemphasisesspatialfrequenciesthatarealignedwith
theCCD pixel axes.

High apertureimagingdoesproducethe bestlateral resolution,but it alsore-
quiresmorecomplex theoryto modelaccurately. Yetnearlyall of theinvestigations
of EDF techniquesreviewed above are low aperture.In this chapterwe choosea
particularEDF method,wavefrontcodingwith a cubicphaseplate,andinvestigate
its experimentalandtheoreticalperformancefor highaperturemicroscopy.

2 High Aperture FluorescenceMicr oscopyImaging

A wavefront coding microscopeis a relatively simple modi�cation of a modern
microscope.A systemoverview is shown in Fig. 2.

Thekey opticalelementin awavefrontcodingsystemis thewaveplate.This is a
transparentmoldedplasticdiscwith a preciseasphericheightvariation.Placingthe
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Figure2. An overview of a wavefrontcodingmicroscopesystem.The image-forminglight
from theobjectpassesthroughtheobjective lensandphaseplateandproducesanintermedi-
ateencodedimageontheCCDcamera.Thisblurredimageis thendigitally �ltered (decoded)
to producetheextendeddepthof �eld result.Examplesat right show the�uorescingcell im-
ageof Fig. 7(c)ateachstageof thetwo–stepprocess.At lower left anarrow showswherethe
phaseplateis insertedinto themicroscope

waveplatein thebackfocal planeof a lensintroducesa phaseaberrationdesigned
to createinvariancein theoptical systemagainstsomechosenimagingparameter.
A cubic phasefunctionon thewaveplateis usefulfor microscopy, asit makesthe
low apertureopticaltransferfunction(OTF) insensitive to defocus.

While theoptical imageproducedis quiteblurry, it is uniformly blurredover a
largerangealongtheopticalaxis throughthespecimen(Fig. 3). Fromthis blurred
intermediateimage,we candigitally reconstructa sharpEDF image,usinga mea-
suredPSFof thesystemanda singlestepdeconvolution.Thewaveplateanddigital
�lter arechosento matcha particularobjective lensand imagingmode,with the
digital �lter further calibratedby the measuredPSF. Oncethesestepsarecarried
out,wavefrontcodingworkswell for any typical specimen.

TheEDF behaviour relieson modifying the light collectionopticsonly, which
is why it canbeusedin otherimagingsystemssuchasphotographiccameras,with-
out needingprecisecontrolover theillumination light. In epi-�uorescenceboththe
illumination light andthe �uorescentlight passthroughthe waveplate.The CPM
providesabene�ciale� ectontheilluminationside,by spreadingouttheaxialrange
of stimulationin thespecimen,which will improve theSNRfor planesaway from
bestfocus.

2.1 Experimental Method

Theexperimentalsetupfollowedthesystemoutlineshown in Fig.2.WeusedaZeiss
Axioplanmicroscopewith aPlanNeo�uar 40x1.3NA oil immersionobjective.The
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Figure3. How pointsareimagedin standardversuswavefrontcodingsystems:(a) Conven-
tional (small depthof �eld) systemwith two axially–separatedobjectsto the left of a lens.
Becauseeachobjectobtainsbestfocusat a di� erentimageplane,the arrow objectpoints
decreasein diametertoward their planeof bestfocus(far right), while the objectpointsof
the diamondare increasinglyblurred.(b) Insertinga CPM phaseplatecausespoints from
bothobjectsto beequivalentlyblurredover thesamerangeof imageplanes.Signalprocess-
ing canbe appliedto any oneof theseimagesto remove the constantblur andproducea
sharply–focusedEDF image

wavefront codingplatewasa rectangularcubic phasefunction design(CPM 127-
R60PhaseMaskfrom CDM Optics,Boulder, CO,USA) with apeakto valley phase
changeof 56.6wavesat546nmacrossa13mmdiameteropticalsurface.Thisplate
wasplacedin acustommountandinsertedinto thedi� erentialinterferencecontrast
sliderslot immediatelyabove theobjective,andalignedsothat it wascentredwith
theopticalaxis,coveringthebackpupil.

A customsquareaperturemaskwasinsertedinto anauxiliaryslot22mmabove
the lens, with the squaremaskcut to �t inside the 10 mm circular pupil of the
objectivelens.Thissquaremaskis neededdueto therectangularnatureof theCPM
function,

' (m; n) = A(m3 + n3) ; (4)

wherem andn aretheCartesianco-ordinatesacrossthepupil andA is thestrength
of thephasemask(seeFig.4).Thesquaremaskwasrotatedto matchthemnaxesof
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Figure4. Heightvariationacrossthecubicphasemaskgivenin (4), for A = 1

theCPM.For comparison,standardwide�eld �uorescenceimagingwasperformed
without theCPMor thesquareaperturemaskin place.

Imagesweretakenin epi-�uorescencemodewith a mercurylamp(HBO 50W)
and �uorescein isothiocyanate(FITC) �uorescence�lters in place.Imageswere
recordedwith a Photometricscooledcamera(CH250)with a ThomsonTH 7895
CCD at 12 bit precision.To ensurewe weresamplingat the maximumresolution
of the 1.3 NA lens,a 2.5x eyepiecewas insertedjust beforethe camerainsidea
customcameramounttube.This tubealsoallowedpreciserotationalalignmentof
thecamera,in orderto matchtheCCDpixel arrayxy axeswith theCPMmnaxes.

With 100xtotal magni�cationand19mm squareCCD pixels,this setupgave a
resolutionof 0:19mm perpixel. This is just below thetheoreticalmaximumresolu-
tion of 0:22mm for a 1.3NA lens(seeFig. 1), for whichcritical samplingwouldbe
0:11mm perpixel, sotheresultsareslightly undersampled.

The PSFwasmeasuredusinga 1mm diameterpolystyrenebeadstainedwith
FITCdye.Thepeakemissionwavelengthfor FITC is 530nm.Two dimensionalPSF
imagesweretakenoverafocalrangeof 10mm in 1mm steps.ThisPSFmeasurement
wasusedto designaninverse�lter to restoretheEDFimage.TheOTF wasobtained
from theFouriertransformof the2D PSF.

Eachwavefrontcodingintermediateimagewasa singleexposureon theCCD
camera.A leastsquares�lter was incorporatedinto the inverse�lter to suppress
noisebeyond the spatialfrequency cuto� of the optical system.A �nal wavefront
codingimagewasobtainedby applyingthe inverse�lter to a single intermediate
image.
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Figure5. ExperimentalPSFsandOTFs for the wide�eld andwavefrontcodingsystemsas
measuredusinga1mm �uorescentbeadandaNA = 1:3oil objective.For eachtypeof micro-
scope,a PSFfrom theplaneof bestfocusis followedby onewith 4mm defocus.Theupper
images(a-d)show theintensityof acentralregionof thePSFwhilst thelowergraph(e)gives
the magnitudeof the OTF for a line m = 0 throughthe OTF for eachcase:(a) wide�eld
zd = 0mm (solid line), (b) wide�eld defocusedzd = 4mm (dashedline), (c) CPM zd = 0mm
(dottedline), (d) CPM defocusedzd = 4mm (dash–dottedline). Thespatialfrequency n has
beenbeennormalisedso that n = 1 lies at the CCD cameraspatialfrequency cuto� . The
PSFshave area13mm � 13mm

2.2 PSFand OTF Results

ThemeasuredPSFsandderivedOTFsfor thefocusedand4mm defocusedcasesare
shown in Fig. 5, comparingstandardwide�eld microscopy with wavefrontcoding
usingaCPM.

Thewide�eld PSFshows dramaticchangewith defocusasexpectedfor a high
apertureimageof a 1mm bead.But the wavefront coding PSFshows very little
changeafterbeingdefocusedby thesameamount.
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Figure6. The measuredCPM in–focus2D OTF: (a) is the magnitudeof the OTF in log10

scale,and(b) is the wrappedOTF phasein radians.The spatialfrequenciesm andn have
beenbeennormalisedsothatjmj; jnj = 1 lies at theCCDcameraspatialfrequency cuto�

The OTF measurementsemphasisethis focusindependencefor the wavefront
codingsystem.While thein–focusOTF for thewide�eld systemhasthebestoverall
response,the OTF quickly dropsafter defocusing.The wide�eld defocusedOTF
alsohasmany nulls beforethe spatialfrequency cuto� , indicatedin theseresults
by a downwardspike. Thesenulls make it impossiblein wide�eld to usethemost
straightforwardmethodof deconvolution– divisionof theimageby thesystemOTF
in Fourierspace.Timeconsumingiterativesolutionsmustbeusedinstead.

The wavefront codingsystemOTF shows a reducedSNR comparedwith the
in–focuswide�eld OTF. Yet thesameSNRis maintainedthrougha wide changein
focus,indicatinga depthof �eld at least8 timeshigherthanthewide�eld system.
The CPM frequency responseextendsto 80% of the spatial frequency cuto� of
the wide�eld casebeforedescendinginto the noise�oor . This indicatesthat the
wavefrontcodingsystemhasmaintainedmuchof thetransverseresolutionexpected
from the high aperturelensused.Becausethereareno nulls in the CPM OTF at
spatialfrequenciesbelow theSNRimposedcuto� , deconvolutioncanbeperformed
usingasingle–passinverse�lter basedon thereciprocalof thesystemOTF.

A limiting factoron theSNR,andthereforethewavefrontcodingsystemreso-
lution, is theCCD cameradynamicrangeof 12 bits,giving a noise�oor of at least
2:4 � 10� 4. FromFig. 5(e)thee� ectivenoise�oor seemsto bea bit higherat 10� 3.
Thishasagreaterimpactontheo� –axisspatialfrequencies,whereahigherSNRis
requiredto maintainhighspatialfrequency response,ane� ectwhich is clearlyseen
in themeasured2D OTF in Fig. 6.

2.3 Biological Imaging Results

In orderto experimentallytesthigh resolutionbiological imagingusingthe CPM
wavefront codingsystemin epi-�uorescence,we imagedan anti-tubulin / FITC–
labeledHeLa cell. For comparison,we also imagedthe samemitotic nucleusin
both a standardwide�eld �uorescencemicroscopeanda confocallaserscanning
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Figure7. Comparisonimagesof anantitubulin / FITC–labeledHeLacell nucleusobtained
using threekinds of microscope.(a-b) Conventionalwide�eld �uorescenceimagesof the
samemitotic nucleusacquiredat two di� erentfocal planes,6mm apartin depth.Misfocus
blurring is prevalent,with only oneof thetwo centriolesin focusin eachimage.(c) A CPM
wavefrontcodingimageof this nucleusgreatlyincreasesfocal depthso thatnow bothcen-
trioles in the mitotic spindlearesharplyfocused.(d) An equivalent confocal�uorescence
EDF imageobtainedby averaging24 separateplanesof focus,spaced0:5mm apart.The
resolutionsof the wavefront codingandconfocalimagesarecomparablebut the confocal
imagetook over 20 timeslongerto produce.Notethatwavefrontcodinggivesa perspective
projectionandconfocalgivesanisometricprojection,which chie�y accountsfor their slight
di� erencein appearance.Objective NA=1.3oil, scalebar:6mm

system(Fig. 7). The �rst wide�eld image,Fig. 7(a),shows a mitotic nucleuswith
one centriole in sharpfocus,while a secondcentriolehigher in the specimenis
blurred.This featurebecamesharpwhenthe focuswasalteredby 6mm, asshown
in Fig. 7(b).Thewavefrontcodingsystemimagein Fig. 7(c) showsa muchgreater
depthof �eld, with bothcentriolesin focusin thesameimage.Weobservedadepth
of �eld increaseof at least6 timescomparedwith the wide�eld system,giving a
6mm depthof �eld for thewavefrontcodingsystemfor theNA = 1:3 oil objective.

For further comparison,we imagedthe samespecimenusing a confocalmi-
croscope.A simulatedEDF imageis shown in Fig. 7(d),obtainedby averaging24
planesof focus.This givesanimageof similar quality to thewavefrontcodingim-
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age.However, theconfocalsystemtookover20 timeslongerto acquirethedatafor
this image,dueto theneedto scantheimagepoint in all threedimensions.Thereis
alsoa changein projectiongeometrybetweenthetwo systems.TheconfocalEDF
imagehasorthogonalprojection,whereasthewavefrontcodingEDFimagehasper-
spectiveprojection.

3 Wavefront Coding Theory

In this sectionwe will investigatetheoreticalmodelsfor wavefront coding mi-
croscopy. We presenta summaryof the developmentof the cubic phasefunction
andtheparaxialtheoryinitially usedto modelit. We thenanalysethesystemusing
vectorialhigh aperturetheory, asis normally requiredfor accuracy with a 1.3 NA
lens.

High aperturevectorialmodelsof the PSFfor a �uorescencemicroscopeare
well developed[9,23]. TheFourierspaceequivalent,theOTF, alsohasalonghistory
[7,13,20]. However, theCPMde�ned in (4) is anunusualmicroscopeelement:

1. Microscopeopticsusuallyhaveradialsymmetryaroundtheopticalaxis,which
theCPMdoesnot.

2. The CPM givesa very large phaseaberrationof up to 60 waves,whilst most
aberrationmodelsareorientedtowardsphasestrengthson theorderof a wave
at most.

3. In addition,theCPMspreadsthelight overavery longfocal range,whilst most
PSFcalculationscanassumetheenergydropso� veryrapidlyawayfrom focus.

Thesepeculiaritieshave meantwe neededto take particularcarewith numerical
computationin orderto ensureaccuracy, andin thecaseof theOTF modelingthe
radialasymmetryhasmotivatedareformulationof previoussymmetricOTF theory.

3.1 Derivation of the Cubic PhaseFunction

Therearevariousmethodsthatmaybeusedto derivea pupil phasefunctionwhich
hasthedesiredcharacteristicsfor EDF imaging.Thegeneralform of a phasefunc-
tion in Cartesianco-ordinatesis

T(m; n) = exp[ik' (m; n)] ; (5)

wherem; n arethelateralpupil co-ordinatesandk = 2�=� is thewave-number. The
cubic phasefunction was found by Dowski andCathey [6] usingparaxialoptics
theoryby assumingthedesiredphasefunctionis a simple1D functionof theform

' (m) = Am
 ; 
 , f0; 1g; A , 0 : (6)

By searchingfor thevaluesof A and
 which give anOTF which doesnot change
throughfocus,they found,usingthestationaryphaseapproximationandtheambi-
guity function,that thebestsolutionwasfor A � 20=k and
 = 3. Multiplying out
to 2D, this givesthecubicphasefunctionin (4).
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3.2 Paraxial Model

Using the Fraunhoferapproximation,assuitablefor low NA, we canwrite down
a 1D pupil transmissionfunction encompassingthe e� ectsof cubic phase(4) and
defocus,

T(m) = exp[ik' (m)] exp(im2 ) ; (7)

where is adefocusparameter. We then�nd the1D PSFis

E(x) =
Z 1

� 1
T(m) exp(ixm)dm ; (8)

wherex is thelateralco-ordinatein thePSF. The1D OTF is

C(m) =
Z 1

� 1
T(m0+ m=2)T� (m0 � m=2)dm0 : (9)

The2D PSFis simply E(x)E(y).
Naturally this 1D CPM givesbehaviour in which, in low aperturesystemsat

least,the lateral x and y imaging axesare independentof eachother. This gives
signi�cant speedboostsin digital post–processing.Anotherimportantpropertyof
the CPM is that the OTF doesnot reachzero below the spatial frequency cuto�
which meansthat deconvolution can be carriedout in a singlestep.The lengthy
iterative processingof wide�eld deconvolution is largely dueto themany zerosin
theconventionaldefocusedOTF. Anotherimportantfeatureof Fraunhoferopticsis
thatPSFchangeswith defocusarelimited to scalingchanges.Structuralchangesin
thePSFpatternarenotpossible.

This paraxialmodelfor thecubicphasemaskhasbeenthoroughlyveri�ed ex-
perimentallyfor low NA systems[3,24].

3.3 High Apertur ePSFModel

We now explore thetheoreticalbehaviour for a high NA cubicphasesystem.Nor-
mally weneedhighaperturetheoryfor accuratemodelingof lenseswith NA > 0:5.
However large aberrationslike our cubic phasemaskcan sometimesoverwhelm
the high NA aspectsof focusing.By comparingthe paraxialandhigh NA model
resultswe candeterminetheaccuracy of theparaxialapproximationfor particular
wavefrontcodingsystems.

The theoryof RichardsandWolf [17] describeshow to determinethe electric
�eld nearto the focusof a lenswhich is illuminatedby a planepolarisedquasi-
monochromaticlight wave.Their analysisassumesvery largevaluesof theFresnel
number, equivalent to the Debyeapproximation.We can thenwrite the equation
for the vectorialamplitudePSFE(x) of a high NA lens illuminatedwith a plane
polarisedwave as the Fourier transformof the complex vectorial pupil function
Q(m) [13],

E(x) = �
ik
2�

Z Z Z
Q(m) exp(ikm� x)dm : (10)
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m=(m,n,s)

x=(x,y,z)


Figure8.Diagramof the light focusinggeometryusedin calculatingthe high NA PSF, in-
dicatingthe focal region co-ordinatex andthepupil co-ordinatem, the latterof which may
alsobethoughtof asa unit vectoralignedwith a ray from thepupil to thefocalpoint O

Here m = (m; n; s) is the Cartesianpupil co-ordinate,and x = (x; y; z) is the
focal regionco-ordinate.Thezaxisis alignedwith theopticalaxis,ands is thecor-
respondingpupil co-ordinate,asshown in Fig. 8. Thevectorialpupil functionQ(m)
describesthee� ectof a lenson thepolarisationof the incident�eld, thecomplex
valueof any amplitudeor phase�lters acrosstheaperture,andany additionalaber-
ration in the lensfocusingbehaviour from thatwhich producesa perfectspherical
wavefrontconvergingon thefocalpoint.

From the Helmholtzequationfor a homogeneousmedium,assumingconstant
refractive index in the focal region, we know that the pupil function is only non-
zeroon thesurfaceof a spherewith radiusk,

Q(m) = P(m)� (jmj � k2) : (11)

Becausethe pupil function only exists on the surfaceof a sphere,we canslice it
alongthes = 0 planeinto apair of functions

Q(m) = Q(m)
k
s
� (s �

p
k2 � l2) + Q(m)

k
s
� (s+

p
k2 � l2) ; (12)

representingforwardandbackwardpropagation[1,22]. Herewe have introduceda
radialco-ordinatel =

p
m2 + n2. Now we take theaxial projectionP+(m; n) of the

forwardpropagatingcomponentof thepupil function,

P+(m; n) =
Z 1

0
Q(m)

k
s
� (s �

p
k2 � l2)ds (13)

= Q(m; n; s+)
1
s+

; (14)

wherewe have normalisedtheradiusto k = 1 andindicatedtheconstrainton s to
thesurfaceof thespherewith

s+ =
p

1 � l2 : (15)



14 M. R. Arnisonet al.

For incident light which is plane-polarisedalong the x axis, we can derive a
vectorialstrengthfunction a(m; n), from the strengthfactorsusedin the vectorial
pointspreadfunctionintegrals[12,17,22]

a(m; n) =

0
BBBBBBBB@

(m2s+ + n2)=l2

� mn(1 � s+)=l2

� m

1
CCCCCCCCA

(16)

wherewe have convertedfrom the sphericalpolar representationin Richardsand
Wolf to Cartesianco-ordinates.

We cannow modelpolarisation,apodisationandaperture�ltering asamplitude
andphasefunctionsover theprojectedpupil,

P+(m; n) =
1
s+

a(m; n)S(m; n)T(m; n) (17)

representingforwardpropagationonly (� � �= 2), whereS(m; n) is theapodisation
function,andT(m; n) is any complex transmission�lter appliedacrosstheaperture
of thelens.T canalsobeusedto modelaberrations.

Microscopeobjectivesareusuallydesignedto obey the sinecondition,giving
aplanaticimaging[10], for whichwe write theapodisationas

S(m; n) =
p

s+ : (18)

By applyinglow angleandscalarapproximations,wecanderivefrom (17)aparax-
ial pupil function,

P+(m; n) � T(m; n) : (19)

Returningto thePSF, we have

E(x) = �
ik
2�

Z Z

�
P+(m; n) exp(ikm+ � x)dmdn ; (20)

integratedover theprojectedpupil area� . Thegeometryis shown in Fig. 8. We use
m+ = (m; n; s+) to indicatethatm is constrainedto thepupil spheresurface.

For a clearcircular pupil of aperturehalf–angle� , the integrationarea� circ is
de�ned by

0 � l � sin� ; (21)

while for asquarepupil which �ts insidethatcircle, thelimits on � sq are

jmj � sin�=
p

2
jnj � sin�=

p
2

: (22)

The transmissionfunction T is unity for a standardwide�eld systemwith no
aberrations,while for a cubicphasesystem(4) and(5) give

Tc(m; n) = exp[ikA(m3 + n3)] : (23)
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3.4 High Apertur eOTF Model

A highapertureanalysisof theOTF is important,becausetheOTF hasprovento be
moreusefulthanthePSFfor designandanalysisof low aperturewavefrontcoding
systems.For full investigationof thespatialfrequency responseof a high aperture
microscope,wewouldnormallylook to the3D OTF [7,13,19,20]. Wehaverecently
publisheda methodfor calculatingthe 3D OTF suitablefor arbitrarypupil �lters
[1] whichcanbeapplieddirectly to �nd theOTF for a cubicphaseplate.But since
an EDF systeminvolvesrecordinga singleimageat onefocal depth,a frequency
analysisof the2D PSFatthatfocalplaneismoreappropriate.Thiscanbeperformed
e� cientlyusinga highNA vectorialadaptationof 2D Fourieroptics[22].

This adaptationrelieson theFourierprojection–slicetheorem[2], which states
thata slicethroughrealspaceis equivalentto a projectionin Fourierspace:

f (x; y; 0) ( )
Z

F(m; n; s)ds (24)

whereF(m; n; s) is the Fourier transformof f (x; y; z). We have alreadyobtained
theprojectedpupil function P+(m; n) in (17).Takingthe2D Fourier transformand
applying(24)givesthePSFin thefocalplane

E(x; y; 0) ( ) P+(m; n) : (25)

Since �uorescencemicroscopy is incoherent,we then take the intensity and 2D
Fouriertransformoncemoreto obtaintheOTF of thatsliceof thePSF

C(m; n) ( ) jE(x; y; 0)j2 : (26)

We canimplementthis approachusing2D fastFouriertransformsto quickly calcu-
latethehighaperturevectorialOTF for thefocalplane.

3.5 DefocusedOTF and PSF

To investigatetheEDF performance,we needto calculatethedefocusedOTF. De-
focusis anaxialshift zd of thepointsourcebeingimagedrelativeto thefocalpoint.
By the Fourier shift theorem,a translationzd of the PSFis equivalent to a linear
phaseshift in the3D pupil function,

E(x; y; 0 + zd) ( ) exp(ikszd)Q(m; n; s) : (27)

Applying theprojection-slicetheoremasbeforegivesamodi�ed versionof (25)

E(x; y; zd) ( )
Z

exp(ikszd)Q(m; n; s)ds : (28)

allowing usto isolatea pupil transmissionfunctionthatcorrespondsto a givende-
focuszd,

Td(m; n; zd) = exp(iks+zd) ; (29)
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Table1.Opticalparametersusedfor PSFandOTF simulations

Opticalparameter Simulationvalue
Wavelength 530nm
Numericalaperture NA = 1:3 oil
Oil refractive index n1 = 1:518
Aperturehalf angle � = �=3
Pupil shape Square
Pupil width 7.1mm
Cubicphasestrength 25.8wavespeakto valley

whichwe incorporateinto theprojectedpupil function P+(m; n) from (17),giving

P+(m; n; zd) =
1
s+

a(m; n)S(m; n)Td(m; n; zd)Tc(m; n) : (30)

If weassumea low aperturepupil, wecanapproximate(15) to secondorder, giving
thewell known paraxialaberrationfunctionfor defocus

Td(m; n; zd) � exp
 
� ikzd

l2

2

!
: (31)

Finally, usingF to denoteaFouriertransform,wewrite down thefull algorithmfor
calculatingtheOTF of a transverseslicethroughthePSF:

C(m; n; zd) = F � 1
n
jF [P+(m; n; zd)]j

2
o

: (32)

It is convenientto calculatethedefocusedPSFusingthe �rst stepof thesameap-
proach:

E(x; y; zd) = F [P+(m; n; zd)] : (33)

3.6 Simulation Results

We have appliedthis theoreticalmodel to simulatethe wavefront coding experi-
mentsdescribedearlier, usingtheparametersgiven in Table1. The theoreticalas-
sumptionthat the incidentlight is planepolarisedcorrespondsto theplacementof
ananalyserin themicroscopebeampath.Thispolarisationexplainssomexy asym-
metryin thesimulationresults.

Dueto thelargephasevariationacrossthepupil, togetherwith thelargedefocus
distancesunderinvestigation,a largenumberof samplesof thecubicphasefunction
wererequiredto ensureaccuracy andpreventaliasing.We createda 2D arraywith
10242 samplesof thepupil functionP+ from (30)using(22) for theaperturecuto� .
Wethenpaddedthisarrayout to 40962 to allow for su� cientsamplingof theresult-
ing PSF, beforeemploying thealgorithmsin (33) and(32) to calculatethePSFand
OTF respectively. UsingfastFouriertransforms,eachexecutionof (32) took about
8 minutesonaLinux Athlon 1.4GHz computerwith 1 GB of RAM.
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Figure9. A comparisonof wide�eld (no CPM) OTFs usingour vectorial (solid line) and
paraxial(dashedline) simulations:(a) in–focusatzd = 0mm and(b) defocusedto zd = 4mm.
For a diagonalline throughthe OTF along m = n, we have plotted the value of the 2D
projectedOTF for eachcase.While thestructureof thein–focusOTF curvesis similar for the
two models,therelative di� erencebetweenthemincreaseswith spatialfrequency, reaching
over 130%at thecuto� . Oncedefocusis applied,thetwo modelspredictmarkedly di� erent
frequency responsein bothstructureandamplitude

The wavefront codinginverse�lter for our experimentswasderived from the
theoreticalwide�eld (no CPM) OTF andthemeasuredCPMOTF. Thediscrepancy
in the focal planetheoreticalwide�eld OTF betweenthe paraxialapproximation
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x

y

Figure10. The simulatedvectorialhigh aperturePSFfor wide�eld andwavefront coding,
showing the e� ect of defocus:(a) wide�eld in–focuszd = 0mm, (b) wide�eld defocused
zd = 4mm, (c) CPM in–focuszd = 0mm, (d) CPM defocusedzd = 4mm. This amountof
defocusintroducesvery little discernibledi� erencebetweentheCPM PSFs.Indeedparaxial
CPM simulations(not shown here)arealsosimilar in structure.The PSFsshown have the
sameareaasFig.5 (13mm� 13mm).Theincidentpolarisationis in thex direction.Theimages
arenormalisedto thepeakintensityof eachcase.Naturallythepeakintensitydecreaseswith
defocus,but muchlessrapidly in theCPM system
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Figure11. Thesimulatedvectorialhighaperturein–focusCPMOTF: (a) is themagnitudeof
theOTF in log10 scale,and(b) is thewrappedphasein radians.While thefrequency response
is muchstrongeralongthem andn axes,themagnituderemainsabove 10� 3 throughoutthe
spatialfrequency cuto� . Thephaseof theOTF is verysimilar to thecubicphasein thepupil.
Compensatingfor theOTF phaseis importantin digital restoration.Thezd = 4mm defocused
OTF (not shown) hasa similar appearanceto this in–focuscase.SeeFig. 6 to comparewith
themeasuredOTFs

andourvectorialhighaperturecalculationis shown in Fig. 9(a).We show asimilar
comparisonof thedefocusedwide�eld OTF in Fig.9(b).Wecanseethereis amajor
di� erencein thepredictionsof thetwo models,especiallyat high frequencies.The
discrepancy betweenthemodelsincreasesmarkedlywith defocus.This impliesthat
the bestdeconvolution accuracy will be obtainedby usingthe vectorialwide�eld
OTF whenconstructingthedigital inverse�lter for a highaperturesystem.

We now investigatethesimulatedbehaviour of a CPM systemaccordingto our
vectorialtheory. Figures10 and11 show thevectorialhigh aperturePSFandOTF
for the focal planewith a strongCPM. The defocusedzd = 4mm vectorialCPM
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Figure12. Themagnitudeof thewavefrontcodingOTF for the(a) vectorialand(b) paraxial
models,plottedalonga diagonalline m = n throughtheOTF, with di� erentvaluesof defo-
cus:in–focuszd = 0mm (solid line), defocusedzd = 2mm (dashedline), defocusedzd = 4mm
(dottedline). In commonwith the the wide�eld system,the modelsdi� er the mostat high
spatialfrequencies,up to 300%for the in–focuscase.As defocusincreases,thedi� erences
becomemoreextreme,with thevectorialsimulationpredictinga quicker reductionin e� ec-
tive cuto�

OTF (notshown) andtheparaxialin–focusanddefocusedzd = 4mm CPMPSFsand
OTFs(notshown) areall qualitatively similar to thevectorialCPMresultsshown in
Figs.10and11.

However, if weperforma quantitativecomparisonwe seethattherearemarked
di� erences.Figure12 shows the relative strengthof the CPM OTF for a diagonal
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crosssection.Thedi� erencesbetweenthemodelsaresimilar to thewide�eld OTF
in Fig. 9(a) for the in–focuscase,with up to 100%di� erenceat high spatialfre-
quencies.However, asthedefocusincreases,thestructureof thevectorialCPMOTF
begins to divergefrom theparaxialmodel,aswell asthepoint wherethestrength
dropsbelow 10� 4. This is still a muchlower discrepancy thanthewide�eld model
for similaramountsof defocus,asis clearby comparisonwith Fig. 9.

Theseplotsallow usto assesstheSNRrequirementsfor recordingimageswith
maximumspatial frequency response.For both wide�eld and CPM systems,the
experimentaldynamicrangewill placean upperlimit on thespatialfrequency re-
sponse.In wide�eld a 103 SNRof will capturenearlyall spatialfrequenciesup to
thecuto� (seeFig.9(a)),allowing for goodcontrastthroughout.Furtherincreasesin
SNRwill bringrapidlydiminishingreturns,only graduallyincreasingthemaximum
spatialfrequency response.

For CPM imagingthesame103 SNR will producegoodcontrastonly for low
spatialfrequencies,with themiddlefrequencieslying lessthanafactorof tenabove
thenoise�oor , andtheupperfrequenciesdippingbelow it. However, a SNRof 104

will allow a morereasonablecontrastlevel acrosstheentireOTF. For this reason,
a 16 bit camera,togetherwith othernoisecontrol measures,is neededfor a CPM
systemto achievethefull resolutionpotentialof highaperturelenses.Thisneedfor
highdynamicrangecreatesatradeo� for rapidimagingof living specimens– faster
exposuretimeswill reducetheSNRandlower theresolution.

ArguablythemostimportantOTF characteristicusedin theEDF digital decon-
volution is thephase.As canbe seenfrom Fig. 11 theCPM OTF phaseoscillates
heavily dueto the strongcubic phase.This correspondsto the numerouscontrast
reversalsin thePSF. Therestoration�lter is derivedfrom theOTF, andthereforeac-
curatephasein theOTF is neededto ensurethatany contrastreversalsarecorrectly
restored.

A comparisonof theamountof OTF phasedi� erencebetweenfocal planesfor
thevectorialandparaxialmodelsis shown in Fig.13.We calculatedthis usingthe
unwrappedphase,obtainedby takingsamplesof theOTF phasealonga line m = n,
thenapplyinga1D phaseunwrappingalgorithmto thosesamples.After �nding the
unwrappedphasesfor di� erentfocal planes,zd = 2mm andzd = 4mm, we then
subtractedthemfrom thein focuscaseatzd = 0mm.

Ideally theOTF phasedi� erencebetweenplaneswithin theEDF rangeshould
beverysmall.It is clearhowever thattherearesomenotablechangeswith defocus.
Bothparaxialandvectorialmodelsshow a linearphaseramp,with oscillations.

This linearphaserampis predictedby thestationaryphaseapproximationto the
1D CPM OTF, Eq. (A12) in Dowski andCathey [6]. Sincethe Fourier transform
of a phaseramp is a lateral displacement,this givesa lateral motion of the PSF
for di� erentfocal planes.In practicethis hasthee� ectof giving a slightly warped
projection.A mismatchbetweenthemicroscopeOTF andthe inverse�lter of this
sort will simply result in a correspondingo� setof imagefeaturesfrom that focal
plane.Otherwisespatialfrequenciesshouldberecoverednormally.



High ApertureWavefrontCodingFluorescenceMicroscopy 21

-0.5p

0.0p

0.5p

1.0p

1.5p

2.0p

2.5p

3.0p

3.5p

4.0p

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

ra
di

an
s

l

zd = 2 mm
zd = 4 mm

(a)

-0.5p

0.0p

0.5p

1.0p

1.5p

2.0p

2.5p

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8

ra
di

an
s

l

zd = 2 mm
zd = 4 mm

(b)

Figure13. Therelative OTF phaseanglebetweenfocal planes,alonga diagonalline m = n
throughtheCPM OTF, for (a) thevectorialmodel,and(b) theparaxialmodel.For both (a)
and (b) we show two cases,the unwrappedphasedi� erencebetweenthe zd = 0mm and
zd = 2mm OTF (solid line) and the unwrappedphasedi� erencebetweenzd = 0mm and
zd = 4mm (dashedline). All casesshow a linear phaserampwith an oscillationof up to
�=2. This phaserampcorrespondsto a lateralshift of thePSF. Thevectorialcaseshows an
additionalcurvatureand larger overall phasedi� erencesof up to 4� radians(or 2 waves)
acrossthespectrum

Theoscillationswill have a small e� ect; they arerapidandnot overly large in
amplitude:peakingat �= 2 for both vectorialandparaxialmodels.This will e� ec-
tively introduceasourceof noisebetweentheobjectandthe�nal recoveredimage.
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Whilst theseoscillationsarenot predictedby the stationaryphaseapproximation,
they arestill evidentfor theparaxialmodel.

The most dramaticdi� erencebetweenthe two modelsis in the curvatureof
the vectorialcase,which is particularlystriking in the zd = 4mm plane,andnot
discernibleat all in theparaxialcase(Fig.13).This primarye� ectof this curvature
will beto introducesomeadditionalblurring of specimenfeaturesin thezd = 4mm
plane,which the inverse�lter will not beableto correct.Thetotal strengthof this
curvatureat zd = 4mm is about2� acrossthe completem = n line, or onewave,
which is asigni�cant aberration.

3.7 Discussion

TheCPM actsasa strongaberrationwhich appearsto dominateboththee� ectsof
defocusandof vectorialhigh aperturefocusing.The paraxialapproximationcer-
tainly losesaccuracy for largervaluesof defocus,but not nearlysomuchasin the
defocusedwide�eld case.Yet signi�cant di� erencesremainbetweenthetwo mod-
els,notablya onewave curvatureaberrationin thevectorialcase,andthis suggests
that vectorialhigh aperturetheory will be importantin the future designof high
aperturewavefrontcodingsystems.

Wecanalsolookatthetwo modelsasprovidinganindicationof thedi� erencein
performanceof CPMwavefrontcodingbetweenlow apertureandhighaperturesys-
tems.Thecurvatureaberrationin thehigh aperturecasevarieswith defocus,which
meansthatit cannotbeincorporatedinto any 2D digital deconvolutionscheme.This
e� ectively introducesan additionalblurring of specimenfeaturesin planesaway
from focus,loweringthedepthof �eld boostachievedwith thesameCPMstrength
in a low aperturewavefrontcodingsystem.

In generaltheCPMperformsalittle betteratlow aperturesfor EDFapplications.
But thehigh apertureCPMsystemstill maintainsusefulfrequency responseacross
thefull rangeof anequivalentwide�eld system,especiallyfor on–axisfrequencies.

4 Conclusion

Wavefront coding is a new approachto microscopy. Insteadof avoiding aberra-
tions, we deliberatelycreateand exploit them.The apertureof the imaging lens
still placesfundamentallimits on performance.However wavefrontcodingallows
us to tradeo� thoselimits betweenthe di� erentparameterswe needfor a given
imaging task.Focal range,signal to noise,mechanicalfocusscanningspeedand
maximumfrequency responseareall negotiableusingthis digital–opticalapproach
to microscopy.

The high apertureexperimentalresultspresentedherepoint to the signi�cant
promiseof wavefront coding. The theoreticalsimulationspredict an alteredbe-
haviour for high apertures,which will becomemore importantwith higherSNR
imagingsystems.For large valuesof defocus,theseresultspredicta tighter limit
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on thefocal rangeof EDF imagingthanis thecasefor paraxialsystems,aswell as
additionalpotentialfor imageartefactsdueto aberrations.

ThefundamentalEDF behaviour remainsin forceat high apertures,asdemon-
stratedby bothexperimentandtheory. Thisgivesasolidfoundationto build on.The
CPM waspart of the �rst generationwavefrontcodingdesign.Using simulations,
new phasemaskdesignscanbetestedfor performanceathighaperturesbeforefab-
rication.With this knowledge,furtherdevelopmentof wavefrontcodingtechniques
maybecarriedout,enhancingits useat highapertures.
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