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Summary

The ongoingmerger of the digital and optical componentsof the modernmicroscopeis

creatingopportunitiesfor new measurementtechniques,alongwith new challengesfor opti-

cal modelling. This thesisinvestigatesseveralsuchopportunitiesandchallengeswhich are

particularlyrelevant to biomedicalimaging. Fourieropticsis usedthroughoutthe thesisas

theunderlyingconceptualmodel,with a particularemphasison three–dimensionalFourier

optics.

A new challengefor opticalmodellingprovidedby digital microscopy is therelaxationof

traditionalsymmetryconstraintsonopticaldesign.An extensionof opticaltransferfunction

theoryto dealwith arbitrarylenspupil functionsis presentedin this thesis.This is usedto

chartthe3D vectorialstructureof thespatialfrequency spectrumof theintensityin thefocal

regionof ahighaperturelenswhenilluminatedby linearly polarisedbeam.

Wavefrontcodinghasbeenusedsuccessfullyin paraxialimagingsystemsto extendthe

depthof �eld. This is achievedby controllingthepupil phasewith a cubicphasemask,and

therebybalancingopticalbehaviour with digital processing.

In this thesisI presenta high aperturevectorialmodelfor focusingwith a cubic phase

mask,andcompareit with resultscalculatedusingtheparaxialapproximation.Theeffectof

a refractive index changeis alsoexplored. High aperturemeasurementsof thepoint spread

functionarereported,alongwith experimentalcon�rmationof highapertureextendeddepth

of �eld imagingof abiologicalspecimen.

Differentialinterferencecontrastis apopularmethodfor imagingphasechangesin other-

wisetransparentbiologicalspecimens.In this thesisI reportonanew isotropicalgorithmfor

retrieving thephasefrom differentialinterferencecontrastimagesof thephasegradient,us-

ing phaseshifting,two directionsof shear, andnon–iterativeFourierphaseintegrationincor-

poratinga modi�ed spiralphasetransform.Thismethoddoesnot assumethatthespecimen

hasa constantamplitude. A simulationis presentedwhich demonstratesgoodagreement

betweentheretrievedphaseandthephaseof thesimulatedobject,with excellentimmunity

to imagingnoise.
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Part I

Themeand theory

1





Chapter 1

Overview and background

Theoriginal microscopeconsistedof a light source,a lens,anda specimen.For centuries,

mostof thedesignwork on microscopescentredon theopticsof the lensesused.But over

the last few decadesa fundamentalshift hasbeengatheringsteam,as the �eld of digital

microscopy matures.

Arguably this shift was launchedby the modernconfocallaserscanningmicroscope.

Suchmicroscopesdeliveredmajor improvementsin resolutionand3D imaging. Confocal

microscopesweremadepracticalby theintegrationof laserillumination,specimenscanning,

andelectronicimagestorage.To fully analyseandoptimiseaconfocalmicroscope,theoptics

of theseadditionalelementsmustbeconsideredaspartof a full system.

Justasconfocalmicroscopesevolved, conventionalmicroscopesalsobecomeincreas-

ingly automatedandcomputerised.Imagedigitisationis now a routinepartof microscopy,

whetherby acharge–coupleddevice(CCD)cameraor by attachingananalogto digital con-

verterto theoutputof aphotomultipliertube.

Yet the �nal imagefrom a microscopewasgenerallystill consideredto bethe intensity

measurementsmadeby aphotodetector. Imagerestorationanddeconvolutionwerereckoned

to bepost-processingsteps,oftenappliedonly whenfurtherimprovementwasdesiredonthe

bestpossiblemicroscopeimagesthat could be obtainedwith opticsalone. Although such

systemshave oftenbeencalleddigital microscopes,a �re wall remainedbetweenthedesign

domainsof opticalimaginganddigital processing.

The �nal stepin the shift towardsdigital microscopy is to think of any microscopeas

a hybrid of optical, digital andcomputationalparts. Justasdifferent lenseswithin a high

quality microscopeobjective contribute different imaging propertiesin a balanceddance

towardsperfection,differentopticalcomponentscanbecombinedwith computationalsteps

to bringout desirablenew imagingfeaturesin thefull digital microscope.

3



4 Chapter1. Overview andbackground

A potentexampleof this is wavefront coding, investigatedin part II. Wavefront cod-

ing relieson an optical maskwith a carefully designedphasefunction. Whenthe maskis

placedin the lenspupil it dramaticallyaltersthephaseandproducesa terrible imagefrom

anotherwiseexcellentmicroscope.Yet themaskallows animageto beretrievedcomputa-

tionally whichhassimilar resolutionandsuperiordepthof �eld comparedwith imagesfrom

theunalteredmicroscope.

In thedesignof wavefrontcoding,digital microscopy is takento its logical conclusion,

with the possibilitiesof computationalprocessingleadingto deliberateandseeminglyad-

verseopticalmodi�cations to themicroscope.Thefull systemgivesa previously unobtain-

abletradeoff betweenthe imagingcharacteristicsof resolution,depthof �eld anddynamic

range,openingupnew applicationsfor high resolutionmicroscopy.

Interferometryhasa mucholder heritagethanwavefront codingbut it is similar in its

indirectapproachto imaging. Insteadof producingan intensityimageof theamplitudeof

the object,interferometryusessuperpositionof electric�elds to produceintensityfringes.

Thedesireddatais actuallyaphaseimageof thespecimen,whichcanonly beobtainedusing

mathematicalpost-processing.

Onemodernvariantof interferometryis thedifferentialinterferencecontrast(DIC) mi-

croscope.GenerallyDIC is usedin a qualitative way to observe the phasegradientof a

specimen.However, by capturinga seriesof phaseshiftedimages,we canthenreconstruct

animageof thephaseof thespecimen.In chapter7 I simulateanovel methodfor doingthis,

creatinganew varietyof digital microscope.

Fourieropticsis a very usefulway to modelimagingperformancewhencombiningop-

tical elements,anda key bene�t is theeasewith which thesameFourier transformscanbe

usedfor continuedprocessingin thecomputer. However, Fourieropticsasit is widely known

is a2D discipline,which fails to accuratelymodelthe3D natureof highanglefocusing.Top

quality microscopeobjectivesfocusat very high angles,andthis hasleadto an emerging

�eld of 3D Fourieroptics.

The �rst paperson 3D Fourier opticsaredecadesold, but developmentsincethenhas

beensporadic.Becausedirectnumericalcalculationswerebeyondthereachof computers,

researchhasfocusedon specialcaseswhich allow analyticsimpli�cation of the problem.

Computershavenow increasedin powersothatmoregeneral3D Fourieropticscalculations

areplausible,andthis �eld is now ripe for development.

On the experimentalside, relevant developmentsinclude high resolutionspatial light

modulatorswhichcan�lter bothamplitudeandphase,accuratefabricationof phase�lters at

strengthsof many wavelengths,andcontinuingimprovementsin thespeed,resolution,pre-
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cisionandsensitivity of CCDcameras.Thesedevelopmentsall provide increased�e xibility ,

which motivatestheexplorationof modelswith changedassumptions,suchasrelaxingthe

traditionalassumptionof radialsymmetryin highaperturefocusingtheory.

In chapter3, I contributeanextensionof previoustransferfunctiontheorieswhichallows

for 3D Fourieropticsanalysisof generalisedopticalelements,suchasthewavefrontcoding

maskdescribedabove.

In the remainderof this chapter, I will set the historical context for this thesis. Mi-

croscopy researchis aboutthedevelopmentof instrumentationwhich is in turn thenapplied

asameasurementtool in other�elds of science.This meansthata crucialpartof thehistor-

ical context is theapplicationsof themicroscopy techniquesdiscussed.Thenin chapter2 I

giveanoverview of therelevantmicroscopy theory, beforemoving onto the�rst novel work

of this thesisin chapter3.

Two majordomainswheremicroscopy is usedarein materialsinspectionandbiological

research.Although thereis often overlapbetweenthe observation methodsusedin each

domain,my emphasisin thisthesisis onbiomedicalapplicationsof digital microscopy. I will

begin my backgroundreview by categorisingthe differentvarietiesof digital microscopy,

beforefocusingon two speci�c applications:extendeddepthof �eld andphaseimaging.

1.1 Digital microscopy

I de�ne a digital microscopeasany systemfor creatingimagesusinga microscopetogether

with digital technology. Thisgenerallyincludesany systemcontrolandinformationprocess-

ing aspectsof microscopy which arenot purelyoptical,asmostmodernusesof electronics

in microscopedesignemphasisedigital ratherthananalogtechnology. This is a fairly broad

de�nition of digital microscopy, soit is usefulto categorisesuchsystemsin orderof increas-

ing sophistication:

1. A purely optical microscope,wherethe controlsaremanualandthe userviews the

imagedirectly throughtheeyepiece.Thereareno digital componentsin microscopes

of this category.

2. Thesimplestdigital microscope,wheretheopticalimageis captureddigitally. Images

maybedigitisedusinga CCD camera,a photomultipliertube(PMT) combinedwith

ananalog-to-digitalconverter, or by scanningphotographs.

3. Automateddigital microscopes,whereoperationssuchasfocusingand�lter selection

arecontrolledby a computer. In conjunctionwith digital imagecapture,this allows
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automatedcollectionof imagesin differentmicroscopy modesover a periodof time.

Confocalmicroscopesaregenerallyin this categoryor higher.

4. Post-processingdigital microscopes,wherea useful imageis obtainedoptically, but

theuserdependson computerprocessingof thedigitisedopticalmicroscopeimagein

orderto discernspecimenfeaturesof interest.This might include3D visualisationor

deconvolution to increaseresolution.

5. Full hybriddigital microscopes,whereopticalanddigital componentsdependoneach

other to deliver the desiredimaginggoals. Suchmicroscopesarealsocalledhybrid

opticaldigital imagingsystems.

Simpledigitalmicroscopes(category2)evolvedtoallow digitalpresentationandquantitative

imageanalysis. Imageprocessingwasgenerallyrestrictedto suchoperationsas contrast

improvement,noisesuppressionandsegmentationof objects(Wield etal., 1968).

Automateddigital microscopes(category 3) certainlyimprovedtheef�ciency of studies

which involvedrepeatedoperations,andmademany microscopefeaturesmoreconvenient

to use.However, the �nal imagedid not necessarilyshow any improvementon whatcould

beobtainedwithoutany digitisationatall.

Evenconfocalmicroscopesmaybeplacedin category3. Marvin Minksy'soriginal con-

focal microscopeoperatedwithout computers,or indeedeven lasers.He usedanalogelec-

tronicsto controlspecimenscanningandbuild upanimagefor display(Minsky, 1961,1988).

Of course,subsequentadditionof lasersandcomputersmadethesystemmuchmorepow-

erful andindeedconvenient.Thisenabledcommercialisationof thetechnologytwo decades

afterMinsky'spatent(CoxandSheppard,1983a,b).

Thisdevelopmentechoesatrendin theearlyhistoryof digitalmicroscopy: collectionand

processingwereassistedandautomated�rst usinganalogelectronicsandlaterimprovedus-

ing lasersandcomputers.Theoriginal �ying spotmicroscopeusedcathoderay tubes(CRT)

for both scanninganddisplay(YoungandRoberts,1951). Subsequentupgradesreplaced

the illumination CRT by a laser(Slombaet al., 1972)andcontrolledthe scanningusinga

computer(Jarvis,1974). Steinet al. (1969)integrateda computerwith a conventionalmi-

croscopeto automateillumination control andspecimenpositioning,andfor digitising the

image. A detailedhistoryof technologicalupgradesto microscopy wasprovidedby Inoué

(1995).

Post-processingmicroscopes(category 4) have beendevelopingstronglyover the past

two decadesin parallelwith confocalmicroscopes.Deconvolution of a carefullycollected
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focusseriesfrom aconventionalmicroscope(Castleman,1979;AgardandSedat,1983)can

compensatefor the effectsof defocuson the frequency contentof the images,andallow

resolutionand optical sectioningabilities roughly equal to that of confocalmicroscopes.

Deconvolution is oftenusedin �uorescencemicroscopy.

Of course,deconvolution can also be appliedto confocalmicroscopes,with a corre-

spondingfurther increasein resolution(Shaw, 1995;Holmeset al., 1995).However, this is

limited in practiceby the lower dynamicrangeof confocalimagesdueto theconfocalpin-

hole,togetherwith thefactthatconfocalimagesalreadyprovidesuf�cient opticalsectioning

to isolatemostimagedatawithin a focalplane.

Volumedatasetsfrom bothconfocalmicroscopesanddeconvolvedconventionalmicro-

scopescanbevisualisedin 3D (Carlssonet al., 1985).This hasevolvedto becomea highly

usefulmethodfor biologistsandmaterialscientiststo inspect3D specimenstructures.

Thisthesisis concernedwith systemsin category5, full hybriddigital microscopes.This

�eld hasbeendevelopingrapidly in thepasttwo decades.Cathey et al. (1984)pointedout

theadvantagesof designinganoptical systemto speci�cally enhancean imagerestoration

methodappliedafterelectronicimagecapture,anapproachwhich led to the �eld of wave-

front coding(Cathey andDowski, 2002). However, if we relax the requirementof digital

electronics,theninterferometerscanbe thoughtof ashybrid optical systemswith a much

longerhistory. This is becauseno useful imageis obtaineduntil after mathematicalpost-

processingis appliedto theintensityfringesobtainedoptically.

Many hybrid microscopesystemshave recentlybeendeveloped.4p two-photonconfo-

cal microscopy (Hell et al., 1997)producesan imagewith clearaxial ringing of specimen

features.Deconvolution is requiredto obtainan imagewithout thesedistractingartefacts.

Oncethis is done,substantialgainsin resolutionarepossible,at theexpenseof signi�cant

opticalcomplexity.

Closely relatedis standingwave microscopy and structuredillumination microscopy

(Bailey etal.,1993;Gustafssonetal.,1999;Gustafsson,1999).In suchsystems,interference

patternsaresetupwithin thespecimen.By phaseshifting thesepatternsandcombiningthe

results,theobservablespatialfrequency rangeis extended,giving higherresolution.

In section1.2.2I give an overview of methodsfor extendingthe depthof �eld of mi-

croscopy. Someof the methodsare purely digital — they take as input imagesobtained

without any opticalmodi�cation. Othermethods,suchaswavefrontcoding,arehybrid sys-

tems.
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In section1.3 I discussvariousmethodsfor imagingthe phaseof the specimen.Such

methodsgenerallyinvolve hybrid systems,asphasecannotbedigitiseddirectly nor viewed

by theeye.

1.2 Extendeddepth of �eld microscopy

In recentyearslivecell �uorescencemicroscopy hasbecomeincreasinglyimportantin bio-

logicalandmedicalstudies.This is largelydueto new geneticengineeringtechniqueswhich

allow cell featuresto grow their own �uorescentmarkers.A popularexampleis green�uo-

rescentprotein.Thisavoidstheneedto stain,andtherebykill, acell specimenbeforetaking

�uorescenceimages,andthusprovidesamajornew methodfor observinglivecell dynamics.

With this new opportunitycomenew challenges.Becausein earlierdaystheprocessof

stainingoftenkilled thecells,microscopistscoulddo little additionalharmby squashingthe

preparationto make it �at, therebymakingit easierto imagewith ahigh resolution,shallow

depthof �eld lens. In modernlive cell �uorescenceimaging, the specimenmay be quite

thick (in opticalterms).Yetasingle2D imagepertime–stepmaystill besuf�cient for many

studies,aslongasthereis a largedepthof �eld aswell ashigh resolution.

Light is ascarceresourcefor livecell �uorescencemicroscopy. To imagerapidlychang-

ing specimensthemicroscopistneedsto captureimagesquickly. Oneof thechiefconstraints

on imagingspeedis the light intensity. Increasingthe illumination will result in fasterac-

quisition,but canaffectspecimenbehaviour throughheating,or reduce�uorescentintensity

throughphotobleaching.

Anothermajor constraintis the depthof �eld. Working at high resolutiongivesa very

thin planeof focus, leadingto the needto constantly“hunt” with the focus knob while

viewing thick specimenswith rapidly moving or changingfeatures.Whenrecordingdata,

suchsituationsrequirethetime-consumingcaptureof multiple focal planes,thusmakingit

nearlyimpossibleto performmany livecell studies.

Ideallywe would like to achieve thefollowing goals:

� useall availablelight to acquireimagesquickly,

� achievemaximumlateralresolution,

� andyet havea largedepthof �eld.

However, suchgoalsarecontradictoryin anormalmicroscope.
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Figure1.1: Depth of �eld Dz (solid line), lateral resolution1=Dr (dashedline) andpeak
intensityat focusIfocus (dottedline – arbitraryunits) for oil immersion(noil = 1:518)apla-
natic microscopeobjectiveswith a typical rangeof NAs andl 0 = 0:53mm asthe vacuum
wavelength.

For ahighapertureaplanaticlens,thedepthof �eld is (Sheppard,1988)

Dz= 1:77l =
�
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; (1.1)

whereDz is de�ned as the distancealongthe optical axis for which the intensity is more

thanhalf themaximum.Herethefocal regionwavelengthis l andtheaperturehalf–angleis

a. A high aperturevaluefor thelateralresolution1=Dr canbeapproximatedfrom thefull–

width at half–maximum(FWHM) of theunpolarisedintensitypoint spreadfunction (PSF)

(RichardsandWolf, 1959).WecanusethepolarisedPSFto �nd thepeakintensityat focus,

asa rough indicationof the high aperturelight collection ef�ciency (RichardsandWolf,

1959,Eq.(3.18)),
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Theserelationshipsareplottedin Fig. 1.1 for a rangeof numericalapertures(NA),

NA = n1sina (1.3)

wheren1 is therefractive index of theimmersionmedium.Thelateralresolutionwasdeter-

minedusinganumericallyobtainedFWHM of Eq.(5.2)from RichardsandWolf (1959)for
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eacha. Clearlymaximisingthedepthof �eld con�icts with thegoalsof high resolutionand

light ef�ciency.

1.2.1 Focusand depth of �eld

It is worthconsideringwhatdepthof �eld andfocusingactuallymeanin microscopy (Berek,

1927). In a standardimagingsystem,thecollectionlensis movedbackandforth alongthe

opticalaxisto bringcorrespondingregionsof theobjectinto focus.Weknow whenasystem

is in focusbecauseat that lenspositionthe imagefeaturesaresharpest,andthe systemis

imagingthewidestrangeof spatialfrequenciesfrom thecorrespondingplanein theobject.

Moving thelensfrom thispositionwill blur theimage,andwedenotethiswith theequivalent

termsdefocusandmisfocus.

If theobjectis 3D ratherthan2D, thenin generalweneedto alsoconsidercontributions

from outof focusplanesof theobject.The3D transferfunction,asdescribedin section2.4,

is ageneraldescriptionof how thelenswill imagetheoverallandrelativestrengthof spatial

frequenciesfrom all planesof thespecimen.

In a conventionalsystem,higherspatialfrequencieswill rapidly dropoff away from the

focal plane,while the low spatialfrequenciespersistfor a long distance,giving the char-

acteristicimageblur for misfocusedobjects. This is becausemost of the collection and

illuminationpowerpassesthroughall planesof thespecimen,andtherebyeachplaneof the

specimenwill continueto contributepower to the�nal imageevenwhenhighly defocused.

In aconfocalsystem,bothhighandlow frequency componentsarestronglydampedwith

misfocus.This is becausetheadditionof a confocalpinholeto thecollectionsystemall but

eliminatescontributionsfrom defocusedspecimenplanes.

This is mostclearlydemonstratedin re�ection confocalmicroscopy wheretheobjectlies

on a singlesurfacebut at differentheights(Hamiltonet al., 1981). Conventionalimagesof

sucha surfacewill blur out towardsa mediumlevel intensity for regionswith increasing

misfocus.In contrast,a confocalimagewill decayquickly to blackwithout giving blurred

imagesat intermediatelevelsof misfocus.Thisbehaviour is calledoptical sectioning.

Dif ferentialinterferencecontrastmicroscopesdisplaybothkindsof behaviour, because

they produceimageswith a mix of bright�eld andphasegradientinformation. Thebright-

�eld contribution to the imagehasweakoptical sectioning,but the differentialphasecon-

tribution is morestronglyoptically sectioned.In addition,the bright�eld contribution will

imagethephaseof defocusedobjects.
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Becauseof the decouplingof focusplanesprovided by optical sectioningin confocal

microscopy, a through-focusseriesof confocalimagesgivesa gooddatasetfor 3D visual-

isation. An alternative is to apply deconvolution to a conventional3D datasetandthereby

obtainoptical sectioningthroughpost-processing.In both casesthe goal is to reducethe

depthof �eld asmuchaspossible.This providesdualbene�ts. Firstly it meansthataxial

featureswill bemoreclearlyresolvedashigheraxial frequencieswill beimaged.Secondly

it improvesthe optical sectioning,allowing �ner axial slicing without contaminationfrom

objectfeaturesin neighbouringfocalplanes.

Scanningelectronmicroscopy (SEM) is well known for its ability to producestunning

3D images.However, the imagesviewedwith humaneyesareactually2D. Whatgivesthe

impressionof 3D imagingis thevery largedepthof �eld. SEMsoperatewith a very small

apertureto avoid aberrationsdueto thepoor quality of electromagneticlenses.This small

aperturegivesavery largedepthof �eld.

Whenvisualising3D volumedatasetsfrom confocalmicroscopes,we have a complete

3D dataset,sowe canrotatethespecimenin thecomputerandthenrecalculatea 2D view

of the3D volumefor display. On a SEM microscopewe cannotsoeasilyobtaina 3D array

of imageintensities.Whenwe wish to seea specimenfrom a differentangle,we generally

rotateit within theSEM itself.

In seekingto extendthedepthof �eld of conventionalopticalmicroscopes,wearelook-

ing for thekind of 3D imagingbehaviour thatanSEM has.Theuserneedsto beableto get

rapid feedbackwhenthey move androtatethe specimen.Systemspeedis crucial for this

reason,addingto thespeedrequirementsalreadydiscussedon page8.

1.2.2 Methods for extendingthe depth of �eld

A numberof methodshavebeenproposedto work aroundthenormallycon�icting needsof

resolution,depthof �eld andlight ef�ciency to producean extendeddepthof �eld (EDF)

microscope.

Beforetheadventof CCDcameras,Häusler(1972)proposedatwostepmethodto extend

thedepthof focusfor incoherentmicroscopy. First,anaxially integratedphotographicimage

is acquiredby leaving the camerashutteropenwhile the focusis smoothlychanged.The

secondstepis to deconvolvetheimagewith theintegrationsystemtransferfunction.Häusler

showedthataslong asthe focuschangeis morethantwice the thicknessof theobject,the

transferfunctionfor theintegratedimagedoesnot changefor partsof theobjectat different
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depths— effectively the transferfunction is invariantwith defocus.The transferfunction

alsohasnozeros,providing for easysingle–stepdeconvolution.

This methodcouldbeperformedeasilywith a modernmicroscope,asdemonstratedre-

cently by Juškaitiset al. (2001). However, the needto smoothlyvary the focusis a time–

consumingtaskrequiringsomesortof opticaldisplacementwithin themicroscope.This is

in con�ict with ourgoalof rapidimageacquisition.

A similar approachis to simply imageeachplaneof thespecimen,steppingthroughfo-

cus,thenconstructanEDFimageby takingtheaxialaverageof the3D imagestack,or some

othermoresophisticatedoperationwhich selectsthebestfocusedpixel for eachtransverse

specimenpoint (Häuslerand Korner, 1984; Holmeset al., 1991; Schechneret al., 2000;

SchechnerandKiryati, 2000;SynopticsLtd., 2001;Valdecasaset al., 2001). Axial selec-

tion hasbeendescribedin applicationto confocalmicroscopy (Sheppardetal.,1983),where

opticalsectioningmakestheEDFpost–processingstraightforward.Wide�eld deconvolution

imagescouldalsobeused.In all casestherequirementsof focalscanningandmultipleplane

imagecapturearemajorlimitationson overallacquisitionspeed.

Potuluri et al. (2001)have demonstratedtheuseof rotationalshearinterferometrywith

a conventionalwide�eld transmissionmicroscope.This technique,usingincoherentlight,

addssigni�cant complexity, andsacri�cessomesignal–to–noiseratio (SNR).However the

authorsclaim aneffectively in�nite depthof �eld. Themainpracticallimit on thedepthof

�eld is thechangein magni�cationwith depth(perspectiveprojection)andtherapiddropin

imagecontrastaway from theimaginglensfocalplane.

Anotherapproachis to usea pupil maskto increasethe depthof �eld, combinedwith

digital imagerestoration.This createsa digital–opticalmicroscopesystem.Designingwith

sucha combinationin mind allows additionalcapabilitiesnot possiblewith a purelyoptical

system.We canthink of thepupil asencodingtheopticalwavefront,sothatdigital restora-

tion candecodea �nal image,which givesusthetermwavefrontcoding.

In generala pupil maskwill be somecomplex function of amplitudeandphase.The

functionmightbesmoothlyvarying,andthereforeusableovera rangeof wavelengths.Or it

might bediscontinuousin stepsizesthatdependon thewavelength,suchasa binaryphase

mask.

Many articleshaveexploredtheuseof amplitudepupil masks(GibsonandLanni,1989;

GuandSheppard,1992;Ojeda-Castañedaetal.,1988,1989;Streibl,1984a;Tschunko,1974,

1981;Welford, 1960), including their usein high aperturesystems(Camposet al., 2000).

Thesecanbeeffectiveatincreasingthedepthof �eld, but they dotendto reducedramatically
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the light throughputof the pupil. This posesa major problemfor low light �uorescence

microscopy.

Steel(1960)proposedandconstructedamodi�ed lenswith negativesphericalaberration.

Thelenspro�le changedfrom linear to sphericalalongtheradius,merging theshapeof an

axiconwith thatof a normallens,andthereforegiving a longerdepthof �eld.

Wilson et al. (2002)have designeda systemwhich combinesan annuluswith a binary

phasemask.Thephasemaskplacesmostof theinputbeampower into thetransmittingpart

of the annularpupil, which givesa large boostin light throughputcomparedto usingthe

annulusalone.Thiscombinationgivesatentimesincreasein depthof �eld. TheEDFimage

is laterallyscannedin x andy, andthendeconvolution is appliedasapost–processingstep.

Binaryphasemasksarepopularin lithographywherethewavelengthcanbe�x ed.How-

ever, in wide�eld microscopy any optical componentthatdependson a certainwavelength

imposesseriousrestrictions. In epi-�uorescence,the incidentandexcited light both pass

throughthesamelens.Sincetheincidentandexcitedlight areat differentwavelengths,any

wavelengthdependentpupil maskswouldneedto beimagedontothelenspupil from beyond

thebeamsplitterthatseparatestheincomingandoutgoinglight paths.This addssigni�cant

complexity to theopticaldesignof a wide�eld microscope.

The systemproposedby Wilson et al. (2002) is designedfor two-photonconfocalmi-

croscopy. Optical complexity, monochromaticlight, andscanningareissuesthat confocal

microscopy needsto dealwith anyway, so this methodof PSFengineeringaddsrelatively

little overhead.

Wavefrontcodingis anincoherentimagingtechniquethatreliesontheuseof asmoothly

varyingphase–onlypupil mask,alongwith digital processing.Two speci�c functionsthat

have beensuccessfularethe cubic (Bradburn et al., 1997;Dowski andCathey, 1995)and

logarithmic(Chi andGeorge,2001;SherifandCathey, 2003)phasemasks,wherethephase

is a cubic or logarithmicfunction of distancefrom the centreof the pupil, in eitherradial

or rectangularco-ordinates.MezouariandHarvey (2003)have proposedquarticandloga-

rithmic radialphasemasksfor reducingtheimpactof bothsphericalaberrationanddefocus.

They note that the improvementin aberrationtoleranceis not as greatas for rectangular

masks,but thatradialphasemasksareeasierto construct.

Elkind et al. (2003)have presentedan iterative methodfor designingphase–onlypupil

masks,basedon the Gerchberg–Saxtonalgorithm. Elkind et al. de�ne the systemperfor-

manceto be measuredby the transferfunction averagedover eachof N transverseplanes

acrossthe desiredEDF range. In eachiterationstepof the methodthey applya constraint

that the systemperformanceshouldbe ascloseaspossibleto an ideal in-focus response.
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They thenvary thepupil maskuntil theperformanceconverges.Their simulatedandexperi-

mentalresultsshow a 10� depthof �eld increase.

Unlike wavefrontcoding,theElkind et al. methoddoesnot needpost-processingto re-

trievethe�nal EDFimage.However, theirresultsalsoshow thatwhile all spatialfrequencies

aretransmittedover the wider depthof �eld, the overall contrastis weaker at the extreme

endof the EDF range. In comparison,contrastlevelsshow little variationacrossthe EDF

rangein wavefrontcodingsystems.

Thecubic phasemask(CPM) waspartof the �rst generationof wavefrontcodingsys-

tems,designedfor generalpurposeEDF imaging.TheCPM hassincebeeninvestigatedfor

usein standard(low aperture)microscopy (Tucker et al., 1999). The maskcangive a ten

timesincreasein thedepthof �eld withoutsigni�cant lossof transverseresolution.

Commercialisationof wavefront codingmicroscopy hasproceededin parallelwith my

researchfor this thesis.Patentlicensing(Cathey andDowski, 1998;Dowski andCogswell,

2003)andapplicationdevelopmentis beingmanagedby CDM Optics(CO,USA). In 2002,

CarlZeissreleasedaproductcalledDeepView whichuseswavefrontcodingto provideEDF

imagingfor materialsandindustrialinspectionmicroscopy. OlympusOpticalCompany have

alsolicensedwavefrontcodingtechnologyin orderto developanEDFendoscopy product.

Converting a standardwide�eld microscopeto a wavefront codingsystemis straight-

forward. The phasemaskis simply placedas closeas possibleto the back pupil of the

microscopeobjective. The digital restorationis a simplesingle-stepdeconvolution, which

canoperateat video rates. Oncea phasemaskis chosento matcha lensandapplication,

an appropriatedigital inverse�lter can be designedby measuringthe PSF. The resulting

optical–digitalsystemis specimenindependent.Thewavefrontcodingprocessis illustrated

in Fig. 1.2.

Themaintradeoff is a loweringof theSNRascomparedwith normalwide�eld imaging.

TheCPMalsointroducesanimagingartefactwherespecimenfeaturesawayfrom bestfocus

areslightly laterallyshiftedin theimage.This is in additionto a perspective projectiondue

to theimaginggeometry, sinceanEDF imageis obtainedfrom a lensat asinglepositionon

theopticalaxis. Finally, astheCPM is a rectangulardesign,it stronglyemphasisesspatial

frequenciesthatarealignedwith theCCD pixel axes.

High apertureimagingdoesproducethebestlateralresolution,but it alsorequiresmore

complex theoryto modelaccurately. Yet nearlyall of the investigationsof EDF techniques

reviewed above are low aperture.For this thesisI have chosena particularEDF method,

wavefront codingwith a cubic phaseplate,andinvestigatedits theoretical(chapter4) and

experimental(chapter5) performancefor highaperturemicroscopy.
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Figure1.2: How pointsareimagedin standardversuswavefrontcodingsystems:(a) Con-
ventional(smalldepthof �eld) systemwith twoaxially–separatedobjectsto theleft of alens.
Becauseeachobjectobtainsbestfocusatadifferentimageplane,thearrow objectpointsde-
creasein diametertowardtheir planeof bestfocus(far right), while theobjectpointsof the
diamondareincreasinglyblurred.(b) InsertingaCPMcausespointsfrom bothobjectsto be
equivalentlyblurredover thesamerangeof imageplanes.Signalprocessingcanbeapplied
to any oneof theseimagesto remove theconstantblur andproducea sharply–focusedEDF
image.
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1.3 Phasemicroscopy

The main mechanismsfor imagingspecimenfeaturesin biological microscopy areampli-

tude, �uorescence,polarisationandphase.Amplitude and�uorescencearecertainlyvery

popular, however until recentlyviewing many biological featuresusingamplitudeor �uo-

rescencecontrastrequiredstainingandtherebykilling thespecimen.Evenwith theadvent

of green�uorescentprotein, the act of viewing a specimenusinga microscopemay have

additionalbiologicalside–effects(Jacquetetal., 2003).

As phaseandpolarisationimagingtechniquesevolvedto becomeeasierandmorepower-

ful, biologistswereableto usethemto view previously invisiblespecimenfeaturesin living

cells.For example,apioneeringtime–lapsemovieof chromosomesdividingwastakenusing

Zernike phasecontrastshortlyafter thetechniquewascommercialisedin the1950's (Bajer

andMolè-Bajer,1956;InouéandOldenbourg, 1998).

Phaseimaging is also useful whencombinedwith �uorescence,as often only certain

featureswithin a cell will �uoresce,so thata phaseimageactsasa backdropshowing key

non-�uorescentfeaturessuchas the nucleusand the cell walls. The ability to seemicro-

tubulesmoving chromosomesaroundduring cell division providesan interestingexample

of the impacton biological researchof new microscopy imagingmodes(Waterman-Storer,

1998;Inoué,2003).

1.3.1 Methods for phaseimaging

Phaseimagingis anambiguousconceptthatbearscarefulde�nition. By comparison,bright-

�eld imagingof specimenamplitudecontrastis relatively straightforward,andis thusahelp-

ful placeto startwhendescribingtheimagingprocess.

Refractive index changesin thespecimenwill give spatialchangesin absorption,trans-

mittanceandre�ectance.Takingthecaseof bright�eld transmissionimaging,wewould like

to imagethetransmittanceof thespecimenin thefocal plane.Assumingweakscatteringin

thespecimen,theintensityof theelectric�eld in theimageplanewill beproportionalto the

transmittanceof the specimen.Conveniently, we canthenrecordthe intensitydirectly by

convertingphotonsinto digital readingsusingaCCD camera.

But theremaybefeatureswewishto observewhichchangetherefractive index or speci-

menthicknesswithoutsigni�cantly changingthetransmittance.Suchchangeswill introduce

variationsinto theopticalpathlengthof theincidentlight. Assumingweakscatteringin the

specimenoncemore,thesepathlengthvariationswill translateinto phasevariationsof the

electric�eld in theimageplane.
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Thereis noequivalentsolidstatedeviceto theCCDcamerafor recordingthephaseof an

electric�eld. Sowe mustusemoreindirectopticalmethods.Theimage�eld canbeprobed

to retrieve the imagephase.Alternatively, the imagingsystemcanbe modi�ed so that the

imageintensityrevealsinformationabouttheobjectphase.In both casesthekey methods

areinterferenceandphaseshifting.

We canuseFourieropticsto modelmany possiblemodi�cations to the imagingsystem

whichconvertobjectphaseinto imageintensity(SheppardandWilson,1980;Streibl,1985).

But fundamentally, Fourieropticspointsto akey limitation of lenssystemmodi�cationsfor

revealingphase.If webreakup anobject�eld f (x) into realandimaginaryparts f = a+ ib

andFourier transform,thenthecorrespondingrealandimaginarypartsremainseparatedas

lineartermsin Fourierspace

a+ ib ( ) A+ iB ; (1.4)

wherecapitalisationdenotesaFouriertransformedfunction.However theobjectmagnitude

andphaseof thesamefunction f = r exp(if ) cannotbesoeasilyuntangledin Fourierspace

r exp(if ) ( ) R
 F f exp(if )g ; (1.5)

whereF denotesFourier transformationand
 denotesconvolution. This meansthereis

no simpleway to applya pupil functionseparatelyto themagnitudeandphaseinformation

from theobject�eld.

Nevertheless,many phaseimagingmethodsrelyonpupilmodi�cations. In Zernikephase

contrast(BornandWolf, 1999)theDC componentof theimageis �ipped by addingaphase

maskin thepupil. For smallopticalpathlengthchanges,this givesanapproximatelylinear

phaseresponsein the imageintensity. However, for objectswith non-uniformamplitude,

theamplitudesignalwill becombinedwith thephasesignal.Zernikephasecontrastdisplays

stronghaloandshading–off artefacts,wheretheimageintensitydecaysto themeanintensity

level within any largeareaof constantphase.

We maythink of theimagesignalbeingseparatedinto partsby theactof diffractionby

the specimen.By blocking the undiffractedpart with variouspupil masks,we canmake

visible thescatteringcausedby refractive index boundaries.This principleappliesto vari-

ousmethodsof phaseimaging,includingdark�eld, schlierenphaseimaging,Zernike phase

contrast,andHoffmanmodulationcontrast(Pluta,1989).

The schlierenand Hoffman techniquesboth give imagesof the phasegradientin the

specimen,ratherthanthe phase.This phasegradientis a partial derivative in a transverse

direction,with the axis of differentiationsetby the rotationof the anisotropicoptical ele-
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mentswhichproducethephasegradientcontrast.Theresultingimagehasaraisedbasrelief

appearance.Differentialphasecontrastalsoproducesa directionalphasegradient,taking

advantageof theaccessto theimagespotprovidedby aconfocalmicroscopeto differentiate

theimageat thedetector(HamiltonandSheppard,1984;Amosetal., 2003).

One particularly popular phasegradientimaging techniqueis Nomarski DIC (Pluta,

1989).Thispopularityre�ects severalstrengthsof DIC:

� the entireapertureof the objective is used,leadingto high resolutionandlight ef�-

ciency,

� thederivativenatureof DIC providesaboostin thecontrastof highspatialfrequencies

in phaseobjects,and

� thederivativealsogivesverystrongopticalsectioningfor phasefeatures.

DIC achievesphasecontrastby splitting the illumination into two orthogonallypolarised

beams,which interactindependentlywith thespecimen.By recombiningthesebeamsafter

theobjective,thephasederivativecanbemeasured.Thedetailsof DIC operationandtheory

aregiven in chapter6. DIC still hasits �a ws: the phasesignal is mixed with amplitude

contrast,thephaseis notentirelylinear, andthephasegradientis anisotropic.

Despitethefact thatit did not addressany of these�a ws,videoenhancedDIC provided

animportantboostin thepower of DIC for imagingbiologicalfeatures(Inoué,1981;Allen

et al., 1981).This techniqueformsa kind of digital microscope,asit side–stepsthenormal

adjustmentof DIC biasfor optimalviewing by theeye,insteadoptimisingtheimagecontrast

for later imageprocessing(SalmonandTran,1998). This enabledviewing of microtubule

dynamics,whichwaspreviouslyinvisiblewith DIC asmicrotubulesonlygiveaslightchange

in refractive index, andthey arevery thin — assmallas25 nmin diameter(Inoué,1989).

As discussedin chapter6, DIC canbe modelledusingFourier opticswith a complex

pupil function. In orderto eliminatetheamplitudesignalandretrieve a linearphasesignal,

pupil modi�cations are not enough,we needto also perform somesort of optical phase

shifting. Phaseshifting impliesa post-processingstepof somekind, which meanswe have

arrivedata full hybridoptical–digitalmicroscope.

A new recipefor usingDIC aspartof a full hybrid digital microscopesystemto extract

a linear isotropic phaseis proposedand simulatedin chapter7. A review of alternative

methodsfor usingDIC to retrieve phaseimagesratherthanphasegradientimagesis given

in section6.2.
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Recentlytwo highly computationalmethodsfor phaseretrieval have emerged. The�rst

is basedon oneof thesimplestwaysto observe phase,which is to defocusslightly. It turns

out thatusingthetransportof intensityequation,anaxial derivativerecordedusingapair of

defocusedimagescanbeusedto retrievea linearphaseimage(PaganinandNugent,1998).

This is, in effect,a kind of phaseshifting,asdefocusmaybemodelledasa quadraticphase

factor in the pupil plane,which hasinterestingimplicationsfor Fourier analysisof phase

imaging(Barone-Nugentetal., 2002;Sheppard,2002).

A secondcomputationalphaseretrieval techniquetakesthis kind of defocusphaseshift-

ing even further, by requiring a full 3D measurementof the intensity PSF. Oncethat is

recorded,it canbe3D Fourier transformedto measurethepupil, whereall thedatashould

lie within thecapof a sphericalshell (seechapter3). By usingthis constrainttogetherwith

the constraintthat the imageintensitymustmatchwhat wasrecorded,this computational

adaptiveopticstechniquebouncesbackandforth betweenthePSFandthepupil to converge

towardsa complex PSFandcomplex pupil function (Hanseret al., 2001,2003). This of

coursedeliversboththePSFphaseandthepupil phase.

Hanseretal. (2002)laterappliedthis to thecomputationalcorrectionof sphericalaberra-

tion in �uorescencemicroscopy, wheresmallchangesin refractive index or coverslipthick-

nesscancausemajor imagingartefacts.A relatedtechniqueusedDIC to retrieve thespeci-

menphasein orderto improvethedeconvolutionof �uorescenceimages(Kametal., 2001).

Theselastmethodsall involvesigni�cant opticalmodi�cation in orderto facilitatesubse-

quentdigital operations.They canall beclearlycategorisedasexamplesof themosthighly

evolvedform of digital microscope,thehybridoptical–digitalmicroscope.

1.4 Roadmap for this thesis

To take full advantageof thedigital microscope,weshouldlook at theinformationprocess-

ing capabilitiesof eachcomponent.Addingany opticalor digital elementmayproduceboth

goodand badeffects, but by keepingthe whole systemin mind, we can balanceout the

differentcomponentsto arriveascloseaspossibleto our imaginggoal.

In orderto fully explore high resolutiondigital microscopy, we needto relax someof

the traditionalconstraintswithin optical imagingmodels. Oneexampleis radial symme-

try, which makessensefor mostoptical componentsbut cannotbe assumedin the digital

domain. Anotheris theassumptionof small phasechangesacrossthe lenspupil, which is

normalwhenstriving for a traditionalperfectfocusbut is no longertakenfor grantedfor hy-
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brid digital systems.Relaxingassumptionsin this way makesmoreoptionsavailablewhen

assemblinghybriddesigns.

This thesispresentsnew theoreticalwork in 3D Fourieropticswhichcanbeusedto help

predicttheperformanceof arbitrarypupil maskswithin ahighresolutiondigital microscope

(chapter3). I theninvestigatetheoreticallyandexperimentallya digital microscopewhich

usesphasecontrol in theform of wavefrontcodingto createhigh resolutionextendeddepth

of �eld images(chapter4 andchapter5). Finally I proposea new form of digital phase

microscope,which usesDIC, phaseshifting andpost-processingto measurethephaseof a

specimen(chapter7).

The next chaptersetsout the relevant acceptedmicroscopy theory, beforeI begin pre-

sentingnovel work in chapter3.



Chapter 2

High aperture lenstheory

High aperturelenstheory is an active frontier of opticsresearch.This meansthat careful

considerationof assumptionsand approximationsis essentialto placeone's work in the

context of evolving theories.In this chapterI begin with the Helmholtzequationanddrill

down throughthemostimportantconstraintsimposedby high apertureimagingto arrive at

thetheoryusedasabasisfor this thesis.

2.1 Electromagneticwaves

It canbeshown from Maxwell'sequationsthat,in theabsenceof charges,anelectromagnetic

�eld E in an isotropichomogeneousmediummustsatisfytheHelmholtzwave equationof

theform (BornandWolf, 1999;Gu,2000;Jackson,1962;Stamnes,1986)

(Ñ2 + k2)E = 0 ; (2.1)

wherek = nk0 = n2p=l 0 is thewave numberin a materialof refractive index n, andk0 and

l 0 are the vacuumwave numberand wavelengthrespectively. We note that in Eq. (2.1)

theCartesiancomponentsof E = (Ex;Ey;Ez) canbedecoupledandtherebysolvedindepen-

dently.

21
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Thesolutionsof Eq. (2.1) arelinearsuperpositionsof electromagneticwavesin simple

harmonicmotion.Wecanwrite suchwaveswith electriceandmagnetich vectorsasthereal

partsof complex exponentials

e(x;t) = Â
h
E(x)e� iwt

i
(2.2)

h(x;t) = Â
h
H(x)e� iwt

i
; (2.3)

wherex is a positionvector, t is time, Â denotesthe real part, E andH are the complex

position–dependentpartsof thevectors,andw is theangularfrequency. By Maxwell'sequa-

tions, the magnetic�eld can always be deducedoncethe electric �eld is known, so we

consideronly electric �eld from now on. We alsodrop any explicit mentionof the time-

dependentparte� iwt asit is super�uousin ourdescriptionsof steadystate�elds.

A genericelectric�eld vectorwith amplitudeE0 andphasef is thenwrittenas

E(x) = E0(x)eif (x) ; (2.4)

with thespecialcaseof aplanepolarisedwave

eik�x (2.5)

propagatingin thedirectionof thewavevector

k = (kx;ky;kz) (2.6)

= km

wherem = (m;n;s) is aCartesianunit vector. A sphericalwave is writtenas

eikr

r
; (2.7)

wherer is the distancefrom the origin of the wave. Theseformulationsassumea quasi–

monochromaticwave, which allows subsequentintegrationover wavelengthfor the poly-

chromaticcaseif needed.Electronicandbiologicaldetectorsrespondto theintensityof the

electric�eld

I = jExj2 + jEyj2 + jEzj2 : (2.8)
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Bothsphericalandplanarwavesareidealisationswhichcanneveractuallyexist. Theba-

sicunit of physicalelectromagneticradiationis adipolewave,createdby anoscillatingpoint

charge.However, for many situationsplanarandsphericalwavesareusefulapproximations.

2.2 Vectorial focusingand point spreadfunctions

Imaging�ne detailsin amicroscoperequiresa lenswith highmagni�cation,highresolution

andlow aberrations.A standardsphericallyshapedlensfallswell short.In orderto construct

ahighnumericalapertureobjective,manufacturersmustwork towardsperfectfocusingwith

severaldifferentlenseswithin thehousing,all in delicatebalance.Modellingsuchanobjec-

tivewouldbecomplicatedenoughif weknew thedetailsof their construction,but generally

they are tradesecrets.Instead,high aperturelens theoryassumesthe lens is a black box

which can producea perfectfocus. Any deviations from this behaviour are modelledas

aberrationsfrom theperfectlens.

Thisstill leavesacrucialquestion:whatis a “perfect” focus?It is de�ned astheconver-

sionof anelectromagneticplanewave,incidentonthebackpupil of thelens,into aspherical

wave converging on thefocal point. In orderto have anincidentplanewave,we areassum-

ing the sourceof the radiationis very far away, which in optical termsmeansa distance

muchbiggerthanthewavelengthof thelight. We canthenpredicttheelectromagnetic�eld

in thefocal region by modellingtheway thesphericalwave diffractsfrom theedgesof the

lenspupil andpropagatestowardsthe focal plane.The importanceof thediffractioneffect

is emphasisedwhena perfectfocus is termed“dif fraction limited” meaningthat aperture

diffraction and the wavelengthof light placethe most importantlimits on the sizeof the

peakintensityspotat focus.

Huygens'principle,whichmayof coursebere-derivedfrom Maxwell'sequations,is that

anelectromagneticwave propagatesusingsphericalwavelets.Kirchhoff usedthis principle

to solve the Helmholtzwave equationfor a wave passingthroughan apertureconsidered

to be largewith respectto thewavelength.ThesolutionusesGreen's theoremto convert a

volumeintegral solutionof Eq. (2.1) into a surfaceintegral. Doing this requireschoosing

a Green's function. Using sphericalwavesin the form of Eq. (2.7) implementsHuygens'

principle.Eachpointon theapertureis asourceof sphericalwaves.
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Figure2.1: Geometryfor the Fresnel–Kirchhoff diffraction integral in Eq. (2.9). P0 is the
sourcepointof asphericalwavefrontW with radiusr0 incidentonanaperture.We integrate
oversurfaceelementsSof theapertureto �nd ascalarapproximationU of theelectric�eld at
theobservationpointP. For this �gure andEq.(2.9)only, s is thedistanceQP. If r0 is large
thenthecontribution from C canbeneglected.Reproducedfrom BornandWolf (1999).

The Fresnel–Kirchhoff integral for diffraction throughan apertureis simpleto express

(BornandWolf, 1999,p. 423)

U(P) = �
ik
4p

eikr0

r0

Z Z

W

eiks

s
(1+ cosc)dS; (2.9)

yet computationallytime-consumingto solve. The geometryand notationare shown in

Fig. 2.1. By moving the sourcepoint P0 to the right of the aperture,makingr0 negative,

we canusethis equationto modela sphericalwavefrontwith focal lengthr0 converging to

focusatP0.

TheFresnel–Kirchhoff diffractionintegralwaslatersimpli�ed by replacingthespherical

waveletswith planewavesby Debye(1909) for scalarwavesandby Wolf (1959) for the

vectorialelectromagneticcase. The wavelet approximationis illustratedin Fig. 2.2. This

model is often called the angularspectrumof planewaves. The approximationto plane

wavesis valid whentheobservationandfocal pointsarebotha long way from theaperture,

andfor aperturesmuchlarger thanthe wavelength. This is equivalentto requiringa high

Fresnelnumber

N =
a2

l R
� 1 ; (2.10)

wherea is the apertureradiusand R is the distancefrom the apertureto the observation

point. This relationis generallytrue for microscopeimaging. For example,a ZeissPlan-

NEOFLUAR 40� 1.3 NA oil immersionlenshasa backpupil radiusof 5 mm anda focal
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Figure2.2: TheDebyeapproximationreplaces(a)sphericalsecondarywaveletswith (b) pla-
narsecondarywavelets,propagatingfrom eachpointG ontheprimarywaveW. Reproduced
from Wolf (1959).

m=(m,n,s)

x=(x,y,z)


Figure2.3: Diagramof the light focusinggeometryusedin calculatingthe vectorialPSF,
indicating the focal region co-ordinatex and the pupil co-ordinatem, the latter of which
mayalsobethoughtof asaunit vectoralignedwith a ray from thepupil S to thefocalpoint
O.

lengthof 4.1 mm. For l = 550nm the Fresnelnumberin the focal region is N � 11000.

On theotherhand,if thepupil is in thebackfocal planeof the lens,thenN = ¥ (Sheppard

andTörök, 1998). Whendesigninghigh NA objectivesit is dif�cult to placethe aperture

stopexactly at thebackfocal plane,andin additiontheopeningat therearof theobjective

housingis usuallynot theactualaperturestopof theobjective. Effectively N � 11000 is a

lowerboundon theFresnelnumberof this lens.

RichardsandWolf (1959)usedtheDebye–Wolf approximationto calculatethe �eld in

thefocal regionof ahighaperturelens

E(x) = �
ik
2p

Z Z Z
Q(m) exp(ikm � x)dm ; (2.11)
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wherex is theobservationpoint with theco-ordinateorigin at thefocal point, andQ(m) is

the vectorialpupil function (McCutchen,1964). The basicgeometryis shown in Fig. 2.3.

Thevectorialpupil describesthestateof thewaveletsacrosstheexit pupil of thelens,which

is constrainedto a sphericalsurfaceby Eq. (2.1). This sphericalsurfaceis known as the

Ewald sphere.This pupil incorporatesmany importantfeaturesof high aperturefocusing,

including:

� the2D �eld acrosstheentrancepupil of thelensat thebackfocalplane;

� aberrationsfrom sphericalfocusingexpressedasphasefunctionsacrossthepupil;

� apodisationasnecessaryto provideaplanaticfocusing;and

� polarisationscrambling:if theincidentlight is linearly polarised,signi�cant energy is

shuntedinto anaxially polarisedcomponent.

The angularapertureof the lenscutsoff the pupil function at an anglea from the optical

axis, forming a capof a sphere.The angularsizeof this caplimits the spatialfrequencies

which thelensmaypass,andis relatedto thenumericalapertureNA by

sina =
NA
n

: (2.12)

Thevectorialpupil is describedin detail in section3.1. RichardsandWolf (1959)demon-

stratedthattheDebye–Wolf integral divergesfrom theparaxialapproximationfor apertures

higherthanabout0.5NA in air, or 0.7NA for oil immersionobjectives.

We referto theelectric�eld E(x) in thefocal region asthepoint spreadfunction(PSF),

which maydenoteeitherthe complex amplitudeor the intensityof E(x) dependingon the

context. Aberrations,suchassphericalaberrationintroducedby achangeof refractive index

asthelight passesthroughthecoverglassinto a wateryspecimen,mayintroducesigni�cant

shifts of the peakintensityaway from the co-ordinateorigin (Török et al., 1997). For this

reasonwetermthegeometricalcentreof thefocalspheretheGaussianfocalpoint,� or simply

thefocalpoint. Thisphrasedenotesthe�x edco-ordinateorigin, asdistinctfrom thevariable

locationof the peakintensity. We refer to the volumearoundthe focal point as the focal

region.

� Gaussianin this context refersto a �rst orderapproximationto the focusposition. Gauss'nameis also
usedin opticsto referto beamswith aGaussianfunctionastheir intensitypro�le. This thesisdoesnotdiscuss
Gaussianbeams.
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Con�rming this vectorialfocusingtheoryby accuratelymeasuringhigh NA PSFsis no

trivial task. We saythat theidealPSFhasa focal spotwhich is “dif fractionlimited” mean-

ing that the mostimportantlimits on the sizeof thespotarethe natureof electromagnetic

diffractionandthewavelengthof the light. Measurementof thePSFis subjectto thesame

limits.

Low resolutionimagesof a high NA intensityPSFweremeasuredby GibsonandLanni

(1991)using50 nm �uorescentbeads.SchraderandHell (1996)useda Twynam–Greenin-

terferometerto measurethePSFof a 1.4 NA lensandcomparewith Eq. (2.11). However,

their measurementresultwasan interferencepattern,ratherthanthe intensityandphaseof

thecomplex �eld E. An alternativeapproachto interferometryachievedhigh resolutionim-

agesof theamplitudeandphaseof thehighNA PSF, albeitwithoutconsideringpolarisation

effects(JuškaitisandWilson, 1998;Juškaitis,2003). Rhodeset al. (2002)measureda high

NA intensityPSFusinga tapered�bre asa near-�eld probe,obtainingseparatexz andyz

sectionswhichcomparedwell with vectorialtheory.

BahlmannandHell (2000)imagedthepolarisationcomponentsof thePSFusinga layer

of �uorescentmoleculeswith �x eddipoleaxesandfoundthebehaviour matchedtheoretical

predictions.Importantapplicationsof the polarisedPSFarein polarisationmicroscopy as

usedto observe the anisotropy (birefringence)of biological features(Inoué,2003;Olden-

bourg andTörök,2000),andz-polarisedconfocalmicroscopy for probingthedipoleaxesof

�uorescentmaterials(Huseetal., 2001).

2.3 Scattering, �uor escenceand imagecontrast

To form animage,werely oninteractionsbetweenanincidentfocusedelectromagnetic�eld

andthe specimen.We canbreakup the specimeninto tiny regionsor particles,and then

describethe scatteringof the incident �eld from eachparticle. However, in general,light

scatteredoncemay theninteractwith a secondparticleandbe scatteredagain. If we have

a weakly scatteringsemi–transparentspecimen,then we can concentrateon just the �rst

scatteringinteraction,and assumethat secondaryscatteringis negligible. This is known

asthe �rst orderBorn approximation,which wasinheritedfrom quantummechanics.This

allows us to treat interactionwith the specimenas a linear system,which hasimportant

implicationsfor Fourieranalysis.

We follow thescalarderivationof theopticalBorn approximationusedin Wolf (1969),

togetherwith vectorialextensions(Nieto-Vesperinas,1991; RohrbachandStelzer,2001).

From Maxwell's equationsit canbe shown that an electromagnetic�eld E(x) in a region
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without chargesmustsatisfythevectorialHelmholtzwave equation(Born andWolf, 1999,

p. 696Eq.(3))

Ñ2E(x) + n(x)k2
0E(x) = 0 ; (2.13)

wheren(x) is thespecimenrefractiveindex (whichmaybecomplex for absorbingmaterials).

This assumesthat thespecimenregion is isotropicwith respectto thepolarisationdirection

of the electric �eld, non-dispersive, and non-magnetic.We also assumethat n(x) varies

slowly sothat it is effectively constantover distancesof theorderof a wavelength.Finally,

weassumetheimmersionandspecimenmaterialis linear.

Assumingthescattered�eld Es is muchweaker thanthe incident�eld Em, andthat the

refractive index gradientis smallthroughoutthespecimen,thenwemodelthescattered�eld

asa perturbationon theincident�eld, giving for thetotal �eld

E(x) = Em(x) + Es(x) : (2.14)

In this modelthe incident�eld seesonly a constantrefractive index nm. We thenobtaina

modi�ed Helmholtzequation

(Ñ2 + k2
m)Es(x) =

�
k2

m � k2
0n(x)2�

E(x) ; (2.15)

wherekm = nmk0. Wede�ne thescatteringpotentialas

V(x) =
�
k2

m � k2
0n(x)2�

; (2.16)

which describesthe sample's interactionwith the incident �eld. Now assumingthat the

scattered�eld is muchweaker thanthe incident�eld jEsj � jEmj, we canapply the Born

approximationto �rst order(ArfkenandWeber,1995,p. 521)

Es(x) �
Z

specimen
V(x0)Em(x0)G(jx � x0j)dx0: (2.17)

TheGreen's functionusedhereis asphericalwave

G(r) =
exp(ikmr)

4pr
: (2.18)

Equation(2.17) is linear and shift-invariantwith respectto the incident �eld and the

scatteringfunction. This meansthat we can think of specimenimaging under the Born
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approximationasa linear system.The next stepusually taken in modelling imagingis to

de�ne anobjecttransmittancefunction

O(x) = Aobj(x)eif obj(x) ; (2.19)

with anamplitudeAobj componentcorrespondingto theratio of transmittedlight to incident

light anda phasecomponentf obj correspondingto theoptical pathdifferencebetweenthe

incidentandtransmittedlight. Thetransmittedlight is thesumof theincidentandscattered

�eld asgivenin Eq. (2.14).

Physicallyweknow thatthescattered�eld is 90� outof phasewith theincident�eld. This

is becausewhenasystemis stimulatedinto resonance,thereis a90� shift betweenthephase

of thestimulationsignalandtheresonancevibration. This phaseshift is crucial to imaging

asit explainswhy changesin theimaginary(absorbing)partof thespecimenrefractiveindex

give contrastin the real part of the image�eld. It alsoexplainswhy variationsin the real

partof theobjecttransmittanceO(x) give moreimagecontrastin a standardsystem:if the

scattered�eld is mostly real, then mathematicallya small real addition to E will have a

greaterimpacton theintensityjEj2 thanasmall imaginaryaddition.However, this factorof

i betweenthetwo �elds is rarelyexplicitly shown in theliterature.

Focusingalsoproducesani phaseshift,evidencedby thei factoroutthefrontof Eq.(2.11),

asthe far-�eld of a sphericalwave is 90� out of phasewith the centre. However, both the

incidentandscattered�elds go throughthesameobjectiveanddetectorlenses,sothey will

bothundergo thesamefocusingphaseshifts.

As notedin section1.3.1,theFouriernatureof Eq. (2.11)meansthereis no straightfor-

wardwayto separatethemagnitudeandphasesignalsfor anobservationpointwithoutsome

sortof phaseshifting involving multiple recordings.

In �uorescenceimaging, the contrastmechanismis of coursequite different. Dipoles

within thedyemoleculesareexcitedby the incident�eld at their resonantwavelength,and

the excited dipolesemit radiationat a differentwavelength. Török and Sheppard(2002)

discussedtheeffectsof thepolarisationof theincident�eld andidenti�ed four cases:

1. Induceddipole,unpolarisedemission.Thedipoleis excitedby thetotal incident�eld,

andtheemissiondipoleaxisis randomlyorientedgiving unpolarisedemission.

2. Permanentdipole,unpolarisedemission.Thedipoleis excitedonly by thecomponent

of theincident�eld parallelto thepermanentdipolemoment.As for thepreviouscase

theemissiondipoleaxisis randomlyoriented.
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3. Induceddipole,polarisedemission.The dipole is excited by the total incident�eld,

andtheemissiondipoleaxisis in thesamedirectionastheincident�eld.

4. Permanentdipole,polarisedemission.The dipole is excited only by the component

of the incident�eld which is parallelto thedipole's permanentaxis,andtheemitted

radiationpatternhasa �x eddipolemoment.

For singlephotonexcitation,theprobabilityof excitation is givenby the intensityId of the

relevantcomponentof theincidentelectric�eld asdescribedin eachcaseabove. For multi-

photon�uorescence,theprobability is I N
d whereN is theorderof themulti-photonprocess,

suchasN = 2 for two-photon.

An exampleof �x eddipole�uorescence(cases3and4) fromcrystalsof green�uorescent

protein is describedby Inoué et al. (2002), while Bahlmannand Hell (2000) used�x ed

dipolesto measurethevectorialPSF.

If thedipolecanfreely rotatebetweenexcitationandemission(cases1 and2), thenthe

imagein a confocal�uorescencemicroscopeis the sameas for an isotropicpoint object

(SheppardandTörök, 1997b). For a weak�uorescentobject,suchasa thin specimen,we

canassumein cases1 and2 that the incident �eld for any region within the specimenis

unaffectedby the object. For this particularsituation,we canusea linear imagingmodel

within thevectorialtheory.

While providing linear imagingbehaviour, both this weak�uorescencemodelandthe

Bornapproximation(Eq.(2.17))ignoremultipleinteractions.Thisneglectsimportantfactors

which commonlyoccur in microscopeimagingof thick objects,suchasdepthshadowing

wheredeeperregionsof the specimenreceive lessexcitation. As with all approximations,

any conclusionsreachedusingtheirhelpmustbehandledwith care.

2.4 3D Fourier optics

TheDebye–Wolf angularspectrumintegralEq.(2.11)is a3D Fouriertransform.This fortu-

itouspropertyallows a vastarrayof analyticalandnumericaltoolsto beapplieddirectly to

theproblemof highaperturefocusing.

The HelmholtzequationEq. (2.1) meansthat the vectorialpupil Q of theDebye–Wolf

equationis constrainedto the2D surfaceof thecapof a sphere,with theangularextentof

the capprescribedby the angularapertureof the lensa (seesection3.1 for detailsof the

geometryof Q). Wecangeneratethe�eld in thefocal region from the3D Fouriertransform

of a 2D surface(McCutchen,1964).This is thebasisof 3D Fourieroptics.
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In practicewe only needto evaluatea 2D Fourier transform,becausethe surfacedelta

function in Q sifts out the third dimensionin the integral. It is by taking accountof the

curvatureof thepupil functionthat3D Fourieropticsremainsaccurateathighapertures.

Fourieropticsis morecommonlyknown in its 2D paraxialincarnation(Goodman,1968),

wherea is assumedto besmallandthereforethecapof thesphereis approximately�at. A

furthersimpli�cation usedin 2D paraxialFourieropticsis thescalarapproximation,where

theeffectsof polarisationof theelectric�eld areassumedto benegligible, sothat theelec-

tric �eld can be representedby a single complex �eld componentE insteadof a triplet

(Ex;Ey;Ez).

Returningto 3D vectorialFourier optics, the curvatureof the pupil canbe taken into

accountusingasimpleamplitudemodi�cation of thepupil function.Thevectorialnatureof

focusingandaplanaticapodisationarealsodescribedusinga modi�cation of the2D pupil

surfacefunction. As with 2D Fourieroptics,any amplitudeor phase�lters placedinto the

backfocalplaneof thelenscanbemodelledusingpupil functions.

Takingthingsastepfurther, many otherimagingcharacteristicscanbeincorporatedinto

a3D Fourieropticsmodelby describingtheireffectsin frequency spaceandthenmodifying

thepupil function. In their vectorialtreatmentof a planarchangein refractive index, Török

etal. (1995)pointedout thattherequiredpupil modi�cationsareconsistentwith anangular

spectrummodel.

Rohrbachand Stelzer(2001,2002a)extendedthis Fourier approachto model optical

trappingof small sphericalparticles. Their pupil function includedthe dipole patternof

specimenresponse,Born approximationsto �rst order(singlescattering)andsecondorder

(multiplescattering),andMie scattering.

These3D Fourier opticsapproachesarevalid without assuminglinear specimenimag-

ing, with Fourierspacemodellingof secondaryscatteringa potentexample(Rohrbachand

Stelzer,2001,2002a).

2.4.1 Transfer functions

Theperformanceof a linear, space-invariantimagingsystemwhenimagingweaklyscatter-

ing objectsis usefullydescribedby thetransferfunction.Thisspeci�estheimagingcontrast

for differentspatialfrequenciesin theobject.Thecoherenttransferfunction(CTF) is simply

thepupil function,asin coherentlinearimagingthescattered�eld reliesonthecomplex �eld

in thefocal plane.For incoherentlinearimaging,theimageis derivedfrom theconvolution
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of theintensityPSFwith theobject.TheFouriertransformof theintensityPSFis termedthe

opticaltransferfunction(OTF).

By determiningthesystemOTF, togetherwith a modelfor theresponseof theobjectto

incident light, we canbuild up a model for the systemasa whole. Transferfunctionsfor

eachopticalcomponentcanbemultiplied to giveanoverall systemtransferfunction,which

canbemultiplied with theobjectspectrumandinverseFourier transformedto calculatethe

expectedimage.

Evenif thesystemis not weaklyscattering(asdescribedin section2.3),andis therefore

non-linear, theFourier transformof the intensityPSFis a usefulmeasureof incoherentfo-

cusingperformance,andis oftenstill termedtheOTF. In suchcasesthe3D OTF describes

theactionof a lensin termsof spatialfrequenciesin the3D PSFproducedat thefocus.An

alternativelabelfor the3D OTF in non-linearcasesis theintensityspectrum(Streibl,1984b).

Maximising theperformanceof high resolutionmicroscopy requiresincreasinglyaccu-

ratemodelsfor thehigh numericalaperturelensesused,for theeffectsof their apodisation

functions,andfor any aberrationsintroducedby thespecimen.Vectorialtheoryfor theac-

curatecalculationof thehigh aperturePSFhasbeenavailablefor a long time (Ignatowsky,

1919,1920;RichardsandWolf, 1959).Yetdespitethepopularityof Fourieropticsfor mod-

elling low aperturesystems,the �eld of high aperturevectorial transferfunctionsremains

relatively unexplored.

Frieden(1967)�rst derived thescalar3D OTF asan autocorrelationusingtheparaxial

approximation.Thisautocorrelationprovidesamethodfor calculatingtheOTF directlyfrom

thepupil function. This is muchsimplerthan�rst obtainingthePSFandthenperforminga

Fouriertransform— especiallyin 3D.

Frieden'swork wasextendedby Sheppardetal. (1994)to coverthescalarhighnumerical

aperturecaseby explicitly avoiding the paraxialassumption.This work derivedanalytical

expressions,assumingcylindrical symmetryin thepupil function.However, modellingarbi-

trary aberrationsandpupil functions,andindeedusinga vectorialapproachtakingaccount

of theasymmetryof incidentpolarisedlight, requiresamoregeneralnon-cylindrical model.

Sheppardand Cogswell (1990) and Gu (2000) provide good overviews of high aperture

scalar3D transferfunctiontheory.

An alternative approachis to calculatetheautocorrelationasa multiplicationin Fourier

space,asshown in Fig.2.4,allowing theuseof thefastFouriertransfer(FFT)algorithm.This

methodwasappliedto vectorialpupil functionsby SheppardandLarkin (1997),resultingin

avectorialOTF. This is ausefulmethod,especiallyfor 2D projections.Howevercalculation



2.4.3D Fourieroptics 33

2D Fourier optics				       3D Fourier optics

P(m,n)
pupil

E(x,y)
PSF

OTF
EE*
IPSF

Q(m,n,s)
pupil

E(x,y,z)
PSF

OTF
E•E*
IPSF

FT FT

IFT IFT

|E|2 |E|2

P P Q Q

Figure2.4: UsingFourieropticsto move betweenthepupil function,thePSF, the intensity
PSF(IPSF),andtheOTF for incoherentlinearimaging.

using3D FFTswould beawkward,delicateandtime consumingdueto theneedfor careful

considerationof samplingissues,accuracy andthelarge3D arraysrequired.

A vectorialOTF wasalsopresentedby Urbańczyk(1986),but theanalysiswasrestricted

to a 2D transverseOTF for low anglesystems.Theearliestmentionof anincoherentscalar

OTF with anaxialdimensionwasby Mertz (1965,pp. 101–102).

Streibl(1984a,b)developeda3D intensityspectrumbasedonpartiallycoherentimaging

theory. He notedthata 3D OTF is usefulfor describingincoherentimagingof weak�uo-

rescentobjects. For a weakphaseobject,he useda partially coherentversionof the Born

approximationto developtransferfunctionsfor amplitudeandphase(Streibl,1985).All of

theresultsplottedreliedon theparaxialapproximation.

Experimentallymeasuredhigh aperturepupil functionsand OTFs have recentlybeen

usedto analysetheperformanceof advanceddigital microscopedesigns.Gustafssonet al.

(1999)usedhigh NA OTFs to characterisetheir structuredillumination �uorescentmicro-

scope,for which Fourier optics provides the conceptualbuilding blocks in engineeringa

sevenfold increasein resolution.Gustafsson(1999)alsousedOTFs to greateffect in a re-

view comparingvariousrecentmethodsfor increasingresolution.Heintzmannet al. (2001)

usedexperimentalOTFs to describeanepi-�uorescencemicroscopewith a micro–electro–

mechanicalsystems(MEMS) arrayof mirrorsin thepupil plane.

Hanseret al. (2003)describeda phaseretrieval methodwhich relieson the spherical

surfaceshapeof thehigh aperturepupil. Thesphericalsurfacewasappliedasa constraint

ontheFouriertransformof their imageintensitymeasurements.Usingiterativeconvergence

they determinedboththecomplex pupil functionandthecomplex PSF.
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All of theseexperimentalmethodsusescalarOTFs,howeverHanseretal. doproposean

extensionto thevectorialcase.

Chapter3 of this thesisextendsthe work presentedin two papersby Sheppardet al.

(Sheppardet al., 1994;SheppardandLarkin, 1997),generalisingwherenecessaryto full

3D Cartesianco-ordinates,in orderto avoid theassumptionof radial symmetry. I usethis

extendedmodelto chartthe3D structureof thevectorialOTF, anddiscusstheimplications

andpotentialuses.

Our original publicationof this work (Arnison andSheppard,2002),which forms the

basisof chapter3, coincidedwith theindependentdevelopmentandpublicationof a vecto-

rial OTF by SchönleandHell (2002). SchönleandHell usedsphericalpolar co-ordinates

ratherthanCartesian,andalsocalculatedthevectorialcoherenttransferfunctionfor confo-

calre�ection microscopy andasphericallyaberratedvectorialOTF for achangein specimen

refractive index basedon themodelpresentedby Töröketal. (1995).

2.5 Imaging systems

Sofar in this chapterI have concentratedon thephysicsof focusingandscattering.While

theselie attheheartof highaperturemicroscopy modelling,thereareotherimportantfactors

whichshouldbeaddressedin orderto form amodelof acompleteimagingsystem.

Coherencedescribesthestrengthof interferenceto beexpectedif wavesfrom disparate

pointsin the imagingsystemarebroughttogether. Coherencecanbecategorisedaseither

lateralor temporal.

Lateralcoherenceappliesto anextendedillumination sourcetogetherwith a �nite con-

denseraperture. Laterally separatedpoints within the extendedsourcewill in generalbe

partially coherent.An in�nitely smallcondenseraperture,a confocalpinhole,or a laseril-

luminationsourcewill all give laterallycoherentillumination. If thephaseof thescattered

light from thespecimenis independentof theincidentphase,suchasfor �uorescenceimag-

ing, thenthesystemis laterallyincoherent.Themostgeneralcaseof partiallateralcoherence

requiresanadditional2D convolutionof theextendedsourcewith thelenspupil to calculate

thePSF. Fourieropticsis veryusefulfor modellingpartiallycoherentoptics,asdemonstrated

for the3D caseby Streibl(1984b)amongothers.

In this thesisI usea laterally incoherentmodelfor modelling�uorescencemicroscopy,

anda coherentmodelfor modellingDIC. The techniqueof wavefront codingrelieson in-

coherentimaging to producea focus invariant transferfunction — the partially coherent

behaviour of wavefront codingsystemsis yet to be explored. Although DIC microscopes
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canbeoperatedwith closedcondenserapertures,in generalthebestperformanceis obtained

with a partially opencondenser, meaningthat a partially coherentmodel for DIC is more

accurate.

Temporalcoherencerefersto the strengthof interferencebetweendifferent axial po-

sitionson the wave-train. Laserlight beingquasi-monochromatichasvery high temporal

coherence,on the orderof 1 m. A spectrumof wavelengthsin the light will broadenthe

temporalbandwidth,with white light having a temporalcoherenceon theorderof microns.

Behaviour for broadbandlight �elds canbedeterminedfrom amonochromaticmodelby in-

tegratingover thewavelengthrange.Fluorescencemicroscopy �lters selecta narrow wave-

lengthrangeandarethereforefocusingis relatively coherentin temporalterms.Prezaet al.

(1999)discussesandteststhe implicationsof temporalcoherencefor DIC phaseimaging.

Throughoutthis thesisI assumequasi-monochromaticlight.

A relatedissueis the changeof wavelengthbetweenthe incidentandemittedlight in

�uorescence.Modelling thefocusingof a singlelensdoesnot requireincorporationof this

behaviour, but it would of courseneedto betakeninto accountfor a full systemdescription

(SheppardandCogswell,1990).

For thevectorialtheoryin this thesis,I assumethepupil �eld is linearly polarised.Par-

tially polarisedor unpolarisedincidentlight couldbemodelledby integratingoverthepolari-

sationangle.For �uorescentmicroscopy, thebeamsplitterwill produceelliptically polarised

light, whichI approximateaslinearlypolarised.Thepolarisationof theemitted�uorescence

will dependon thenatureof thedyemolecules,asdiscussedin section2.3.

Thetoolsdescribedin thischapterarethebuilding blocksneededto constructamodelof

afull imagingsystem.Töröketal. (1995;2000)show how to usegeneralisedJonesmatrices

to build up a full vectorialsystemmodelin realspace,while RohrbachandStelzer(2002b)

built a full vectorialsystemmodelin frequency space.

In this thesisI have largely restrictedmy investigationsto thepupil function,thefocused

�eld, and the intensity spectrum. Cartesianco-ordinatesare usedto suit the rectangular

natureof boththewavefrontcodingphasemaskandthelateralDIC shear.

Fourieropticsis usedthroughoutthis thesisin variousways.It is usedasthedomainfor

developinga vectorialOTF in chapter3, andfor reviewing theconceptsbehindwavefront

codingin chapter4. I developa high apertureFourier opticstheoryfor wavefront coding,

with its accompanyingproblemsof verylargephaseaberrations,lackof radialsymmetry, and

long focal depth,all of which areunusualin high aperturefocusingtheory. Fourieropticsis

alsousedin chapter5 to analysetheexperimentalperformanceof wavefrontcoding.
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Developingandimplementingthemodi�ed spiralphasetransformusedin chapter7 re-

lied fundamentallyon a Fourieropticsapproach.Naturally, for thetheoreticalsimulationof

DIC I useFourieropticsonceagain.



Chapter 3

Vectorial optical transfer function

In this chapterI describea methodfor calculatingthevectorialOTF for anarbitrarypupil.

Our approachis to extendthework presentedin two papersby Sheppardet al. (Sheppard

et al., 1994;SheppardandLarkin, 1997),generalisingwherenecessaryto full 3D Cartesian

co-ordinates,in orderto avoid the assumptionof radial symmetry. We presentgeneralde-

scriptionsof thevectoriallenspupil functions.This pupil functiondescriptionis thenused

in anautocorrelationto form thevectorialopticaltransferfunction(OTF).

Thisautocorrelationmaybegeometricallyinterpretedasthevolumeof overlapbetween

two sphericalshells.Wederivegeneralformulasfor thevolumeof overlap,whichdonotas-

sumeradialsymmetry, resultingin asingleintegralautocorrelation.Thisequationis straight-

forward, if time consuming,to calculate,andservesasa usefulalternative to the Fourier

transformmethod(SheppardandLarkin, 1997).We thenplot thevectorialOTF for various

cases.Finally wediscusstheimplicationsandpotentialusesof avectorialOTF.

3.1 Vectorial pupil function

The theoryof RichardsandWolf (Wolf, 1959;RichardsandWolf, 1959)describeshow to

determinethe electric �eld in the focal region of a lens which is illuminated by a plane

polarisedquasi-monochromaticlight wave. Their analysisassumesvery largevaluesof the

Fresnelnumber, equivalentto theDebyeapproximation.We canthenwrite theequationfor

the vectorialPSFE(x) of a high NA lens illuminatedwith a planepolarisedwave as the

Fouriertransformof thecomplex vectorialpupil functionQ(m) (McCutchen,1964),

E(x) = �
ik
2p

Z Z Z
Q(m) exp(ikm � x)dm : (3.1)

37
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Herek = 2p=l is thewavenumber, l is thewavelength,m = (m;n;s) is theCartesianpupil

co-ordinate,andx = (x;y;z) is thefocal co-ordinate.Thevectorialpupil functiondescribes

theeffect of a lenson thepolarisationof theincident�eld, thecomplex valueof any ampli-

tudeor phase�lters acrossthe aperture,andany additionalaberrationin the lensfocusing

behaviour from thatwhich producesa perfectsphericalwavefront converging on the focal

point.

Becausewe aredescribingthebehaviour of electromagneticwaves,they mustobey the

Maxwell equations,giving animportantconstraint— thehomogeneousHelmholtzequation

for time-independentvectorialwave �elds,

Ñ2E(x) + k2E(x) = 0 ; (3.2)

assumingaconstantrefractive index in thefocal region.

By expressingthe Helmholtz equationin Fourier space,we can determinethe elec-

tromagneticconstraintson the pupil function Q(m). Applying the Fourier relationship

Ñ2E(x) , �j mj2Q(m), wehave

(jmj2 � k2)Q(m) = 0 ; (3.3)

which meansthatthepupil functionis only non-zeroon thesurfaceQs(m) of a spherewith

radiusk,

Q(m) = Qs(m)d(jmj � k) : (3.4)

This is known astheEwald spherein thetheoryof X-ray diffraction(Ewald, 1916;James,

1965).

For a practicalquasi-monochromaticwave, k cannothave purelya singlevalue,so the

spreadof wavelengthsin theillumination light givesa small�nite thicknessto thespherical

shell.For thispaperweexaminethemonochromaticcaseandassumeathinshellof thickness

dk andtake thelimit dk ! 0.

Becausethe pupil function only exists on the surfaceof a sphere,we canslice Q(m)

alongthes= 0 planeinto apair of functions

Q(m) = Qs(m)d(s�
p

k2 � l2) + Qs(m)d(s+
p

k2 � l2) ; (3.5)

representingforwardandbackwardpropagation.Herewehaveintroducedatransverseradial

co-ordinatel =
p

m2 + n2. Restrictingour attentionto the forward propagationcaseand
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m

s

1C

Figure3.1: A cross-sectionthroughthepupil spherein the(m;s) plane.

anticipatingthat thepupil functionwill laterbe integrated,we cande�ne a 2D functionfor

thevalueof thepupil on thesurfaceof thesphere

P+ (m;n) = Qs(m;n;s+ ) ; (3.6)

wherewe have normalisedtheradiusto k = 1 andindicatedtheconstrainton s to theupper

surfaceof thespherewith

s+ =
p

1� l2 : (3.7)

Theapertureof thelensis representedby slicingacapoff thetopof thesphere,asshown

in Fig. 3.1. The anglea subtendedby the capat the centreof the sphereis relatedto the

numericalapertureNA andtherefractive index n of theimagingmedium(suchasair, water

or immersionoil) by

sina =
NA
n

: (3.8)

For incident light which is plane-polarisedalongthe x axis, we canderive a vectorial

strengthfunctiona(m;n), from thestrengthfactorsusedin thevectorialpointspreadfunction

integrals(RichardsandWolf, 1959;Mansuripur,1986,1993;SheppardandLarkin, 1997)

a(m;n) =

0

B
@

(m2s+ + n2)=l2

� mn(1� s+ )=l2

� m

1

C
A (3.9)
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Figure3.2: Thevectorialstrengthfactorsa(m;n) for linearly polarisedlight propagatingin
theforwarddirection,mappedontothesphericalpupil caps,with a = p=3. a(m;n) is shown
split into its Cartesiancomponentsax, ay, andaz.

wherewe have convertedfrom the sphericalpolar representationin RichardsandWolf to

Cartesianco-ordinates.Weshow anexamplecasefor a(m;n) in �gure 3.2,with a(m;n) split

into its Cartesiancomponents.

Wecannow modelpolarisation,apodisationandaperture�ltering asamplitudeandphase

functionsover thepupil cap,�

P+ (m;n) = a(m;n)S(m;n)T(m;n) ; (3.10)

representingforwardpropagationonly (a � p=2), whereS(m;n) is theapodisationfunction,

andT(m;n) is any complex transmission�lter appliedacrosstheapertureof the lens. This

transmissionfactorcanalsobeusedto modelfocusingaberrations.

For uniform focusing,theHerschelcondition,theapodisationfunctionis simply

Sh(m;n) = 1 : (3.11)

Microscopeobjectivesareusuallydesignedto obey thesinecondition,giving aplanatic

imaging(Hopkins,1943),for whichwewrite theapodisationas

Ss(m;n) = cos
1
2 q (3.12)

=
p

s+ : (3.13)

� In our original publicationof this research(Arnison and Sheppard,2002), Eq. (3.10) (Eq. (12) in the
article)wasincorrectlyderivedto includeanerroneous1=s+ factor. In this chapter, all equationsand�gures
havebeencorrectedandupdatedasappropriate.An erratumfor OpticsCommunicationsis in preparation.
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3.2 Thr ee–dimensionalvectorial optical transfer function

For incoherentimaging,we areinterestedin usingtheOTF to describethefrequency com-

ponentsof the intensityE � E� of the PSF. From Eq. (3.1) andthe Fourier autocorrelation

theorem(Bracewell, 1978),

j f (x)j2 ( )
Z Z Z

F(m +
m0

2
)F � (m �

m0

2
)dm (3.14)

(whereF(m) is theFourier transformof f(x)), we canobtaintheOTF C(K) by taking the

autocorrelationof thepupil functionQ,

C(K) =
Z Z Z

Q(m + 1
2K) � Q� (m � 1

2K)dm : (3.15)

Substitutingthesphericalpupil functionfrom Eq. (3.4)andagainnormalisingtheradiusto

k = 1 wehave

C(K) =
Z Z Z

Qs(m + 1
2K)d(

�
�m + 1

2K
�
� � 1) (3.16)

�Q�
s(m � 1

2K)d(
�
�m � 1

2K
�
� � 1)dm :

The spatialfrequency K = (m;n;s) may be representedgeometricallyas the shift of one

copy of the pupil sphererelative to the other. The total valueof the integral for a given

spatialfrequency K is givenby thetotalvolumeof intersectionof theshiftedsphericalshells,

multipliedateachintersectionpointby thevaluesof thepupil functionsat thatlocation.

Thespheresintersectin acircleperpendicularto thedirectionof theshift betweenthem,

which we call the circle of intersection, asshown schematicallyin �gure 3.3. Whenthe

spheresareshiftedso far that they no longer intersect,the valueof the OTF for that shift

mustbezero,giving theabsolutespatialfrequency cutoff.

At any givenpointalongthecircleof intersection,theintersectionbetweenthespherical

shellshasa rhombiccross-section(Fig. 3.4). Thereforefor any pupil shift K we needto

�nd a generalequationfor the circle of intersection,so that we can �nd the valueof the

shiftedpupil functionsalong the circle, andalsoan equationfor the areaof the rhombic

cross-section.

For conveniencewedenotethetotal lengthof thepupil shift asK

K = jK j =
p

m2 + n2 + s2 : (3.17)
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Figure3.3: 3D viewsof theshiftedsphericalpupil capsfor K = (0:8;0:2;0:2) anda = p=2.
Theintersectioncanbeseenasthearcof acircle.

Figure3.4: Therhombicareaof overlapbetweentwo sphericalpupil caps.
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Figure3.5: A cross-sectionthroughtheintersectingspheresfor agivenoffsetbetweenthem
of K. For thepurposesof this�gure, weassumen= 0. Theradiusr0 of thearcof intersection
is shown hereasOM. Q1 is theprojectionof P1 from �gure 3.6, theendpointof thearcof
intersectionwhereb = b1.
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Figure3.6: Thecircleof intersection,in theplanealongtheline MO thatis perpendicularto
the(m;s) planeof �gure 3.5 (againassumingn = 0 for thepurposesof the�gure). Thearc
of intersectionis shown asP1MP2, whichvarieswith spatialfrequency K andapertureangle
a. For a constantpupil, the lengthof this arc,2b1(K;a), is proportionalto thestrengthof
thetransferfunctionfor a givenspatialfrequency K.

Cross-sectionsof thegeometryfor theintersectingspheresareshown in �gures 3.5and

3.6.Theshiftedpupil spherescanbedescribedusingvectorsas

jm � K=2j = 1 (3.18)

allowing usto solvefor theradiusof thecircleof intersectionof thetwo spheres

r0 = jr0j =

r

1�
K2

4
: (3.19)

If we canfully specify the circle of intersectionusinga vectorequationfor onecase,

we canusevectorscalingandrotationto producethecircle of intersectionfor any givenK.

SettingK0 = (K;0;0), thecircleof intersectionfor this caseis

r0(K0;b) =

0

B
@

0

r0sinb

� r0cosb

1

C
A (3.20)
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whereb is introducedasa parameterto isolatea point on thecircle by its anglewith thes

axis.

Wenow generalisefor arbitraryK. Changesin thelengthof K areaccommodatedalready

by Eq. (3.20). Rotationof K whilst keepingb = 0 at the lowests co-ordinateon thecircle

canbedescribedusingapair of counter-clockwiseEulerrotations,

Rn(q) =

0

B
@

cosq 0 � sinq

0 1 0

sinq 0 cosq

1

C
A (3.21)

Rs(f ) =

0

B
@

cosf sinf 0

� sinf cosf 0

0 0 1

1

C
A (3.22)

�rst aboutthen axis,thenaroundthes axis,giving a generalform for thecircle of intersec-

tion,

r0(K;b) = Rs[� arctan(n=m)]Rn[p=2� arccos(s=K)]r0(K0;b) (3.23)

=

0

B
@

r0
1
lK [mscosb � nKsinb]

r0
1
lK [nscosb+ mKsinb]

� r0
l
K cosb

1

C
A (3.24)

wherearctan(n=m) takesaccountof which quadrant(m;n) is in.

Finally, we needto incorporatethe rhombicshapeof eachintersectionareaalongthe

circle of intersection(Fig. 3.4). By geometry, this shapewill beconstantaroundany given

circle,but will vary accordingto theshift K betweenthepupils. TheareaA of therhombus

is givenby

A(K) =
(dk)2

Kr0
; (3.25)

for K > 0, giving a line integral. For K = 0 the integral becomesa surfaceintegral propor-

tional to dk. For in�nitely thin shells,the line andsurfaceintegralscannotbe numerically

compared.Sincewe areobviously moreinterestedin therangeK > 0, we focuson theline

integral in this paper, for which C(0) ! ¥ . This representsthe averagevalueof the PSF

intensity, which divergesdueto thespatiallyunboundedbehaviour of thePSFin Eq.(3.1).

Having accountedfor thechangingcross-section,wecannow recasttheautocorrelation,

usingthedeltafunctionsin Eq.(3.16)to sift out thevectorialpupil capfunctionP+ (m;n) of
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Eq. (3.6), leaving a onedimensionalintegral alongan arcof thecircle of intersection.We

obtainanunnormalisedequationfor theautocorrelation

CUnNorm(K) =
1

Kr0

Z b1

� b1

P+
�
r0(K;b) + 1

2K
�
� P�

+
�
r0(K;b) � 1

2K
�
r0db ; (3.26)

whereb1 is thehighestpossibleangleb on thecircle of intersectionfor a givenaperturea,

shown asMOP1 in �gure 3.6, andde�ned below in Eq. (3.32). This allows us to integrate

alongthecompletearcof intersectionbetweenthespheres.

Two dimensionalandonedimensionalOTFsareusuallynormalisedagainstthezerofre-

quency value.However, for the3D case,Eq.(3.26)givesasingularityatC(0), sowechoose

to normaliseagainstthe total volumeof theOTF. By theFourierde�nite integral theorem,

this is equivalentto the centralvalueof the intensityPSF, which we caneasilydetermine

(RichardsandWolf, 1959).Weuseuniform(Herschel)apodisationfor determiningthenor-

malisation.SettingjE(0)j2 = 1, thenormalisationfactoris

N(a) =
n

1
4(3+ cos2a) sin4 a

2

o2
: (3.27)

We now arrive at a normalisedform of the 3D vectorialOTF that is easy, albeit time

consuming,to calculate:

C(K) =
1

KN(a)

Z b1

� b1

P+
�
r0(K;b) + 1

2K
�
� P�

+
�
r0(K;b) � 1

2K
�
db : (3.28)

Note that we have madeno assumptionsaboutthe symmetryof the pupil function P+

nor any assumptionsof low aperture,andthereforethis equationis suitablefor calculating

the3D vectorialOTF with arbitrarypupil functionsandapertures.However, thereremains

somesymmetryin C(K) by virtueof thefactthatwede�ned it astheFouriertransformof a

realfunction,theintensityPSF. Thisconstraintresultsin Hermitiansymmetryin theOTF,

C(K) = C� (� K) : (3.29)

It is helpful to notethat theanglesq1;2 at thecentresof thespheresbetweenthes axis

andthepointof intersection,asshown in �gure 3.5,aregivenby

cosq1;2(K;b) = � r0(K;b) � ŝ� s
2

= r0
l
K cosb � s

2 :
(3.30)
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We now needto �nd theappropriatelimits on the integrationto ensurewe only calcu-

late in physicalzones,avoiding regionswherethe sphericalcapsdo not intersect. These

conditionsde�ne thespatialfrequency cutoff:

1. If thespheresareshiftedby morethantwicetheirradius,thenthey will neverintersect.

Therefore:

K � 2 : (3.31)

2. Theaperturewill setalimit jbj � b1 onthelengthof thearcof thecircleof intersection.

This limit canbefoundby geometry, substitutingq1 = a into Eq. (3.30)andsolving

for b

b1(K;a) =

8
>>><

>>>:

arccos
n

K
lr0

( jsj
2 + cosa)

o
K
lr0

�
�
� jsj

2 + cosa
�
�
� � 1

0 Re
n

K
lr0

( jsj
2 + cosa)

o
> 1

p Re
n

K
lr0

( jsj
2 + cosa)

o
< � 1 :

(3.32)

Thesecondcaseis whenthefull spheresintersect,but theaperturea truncatesthecaps

beforethatpoint. Thethird caseis for regionswherefor largeaperturesa > p=2 the

arcof intersectioncompletesa full circle.

3. It is useful for certaincalculationsto know the spatialfrequency cutoff in termsof

limits on K, which maybedeterminedusing(Sheppardetal., 1994)

2(l sina � jsj cosa) = K2 : (3.33)

3.3 Results

We evaluatedEq. (3.28) for Herschelandsine apodisationsat a very high aperture(a =

2p=5 ) NA = 0:95 in air) anda uniform pupil �lter T = 1, to explore theOTF behaviour

underconditionsunsuitablefor modellingwith low NA techniques.Calculationswereper-

formedusingstandardMathematicaintegrationroutines,on a Linux systemwith anAMD

Athlon 1.4 GHz processor. Large plots suchas the one in �gure 3.8 took about2 hours,

while �gure 3.10took 3 minutes.A majorspeedboostcouldbeexpectedif the integration

wascodedin C insteadof usingMathematica.SeeappendixB for additionalcomputational

details.
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Figure3.7: A schematicof the3D vectorialOTF for a = 2p=5 with Herschelapodisation.
Themeshsurfaceindicatesthespatialfrequency cutoff, outsidewhich theOTF is zero.This
surfacehasbeenslicedat n = 0, revealingtheamplitudeC(m;0;s) on thatplaneof the3D
OTF, aftertakingthesumof all vectorcomponents.

EvaluatingthevectorialOTF givessubstantialnumericalterritory to explore. Each3D

point within the spatialfrequency cutoff hasa scalarvaluewhich may be split up into 3

contributionsfrom thevectorialcomponentsof thepupil,

C = Qx ?Q�
x + Qy ?Q�

y + Qz?Q�
z (3.34)

= Cx + Cy + Cz : (3.35)

Thesymbol? denotesautocorrelation.A generaloverview of theshapeof theOTF is given

in �gure 3.7, showing the surfaceof the cutoff and the total valueof the OTF for a slice

throughthefunction.

Figure3.8showstransverseslicesthroughthevectorialOTF for s= 0,with sineapodisa-

tion. Cx showschangingasymmetryacrossthemandn axes.At lower frequencies,theOTF

alongthemaxisis strongerthanalongthen axis,while athighfrequenciesthesituationis re-

versed.Cy hasadramaticfourfold symmetryandlargenegativeregions,but this component

of theOTF is orthogonalwith theinput polarisationandhasrelatively little strength.How-

ever, Cz hassubstantialenergy includingsigni�cant negative regions. This resultsin a total

OTFC with negativeregionswhich indicatesacontrastreversalfor highfrequenciesparallel

to thex axisin thePSF. A line plot of C alongthem axis in �gure 3.9shows thatwhile the

negative region hasa large width, the strengthis signi�cant relative to the mid–frequency
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Figure3.8: TransverseslicesthroughthevectorialOTF for s = 0, with a = 2p=5 andsine
apodisation.The vectorcomponentsand total amplitudeareshown asCx, Cy, Cz, andC.
Eachplot is independentlyscaled,dueto thelargedifferencesin amplitudefor thedifferent
components.Note that in this chapterwe have assumedinput linearpolarisationalongthe
x axis,correspondingto them axis in frequency space.Cx shows aninterestingasymmetry,
with a low x frequency boost(centralhorizontalelongation),yetahighy frequency (vertical
elongation)boost.Thetotal amplitudeC includesnegative regions(indicatedwith a dashed
contourline) athighvaluesof m, inheritedfrom Cz.
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Figure3.9: Line plot of C alongthe m axis with a = 2p=5, for Herschel(solid) andsine
(dashed)apodisation.This givesanindicationof therelativestrengthof thenegative region
of C, andthusthedegreeof contrastreversalthatcanbeexpectedathighm frequenciesand
low n ands frequencies.

responseat m = 1. Thestrengthof thenegative region is smallerfor sineapodisationthan

for Herschelapodisation.

Contrastreversalis a well known featureof the defocused2D OTF. For the objectfre-

quenciesaffected,contrastreversalmeansthat the peaksand troughsof eachsinusoidal

componentareinvertedbetweenthe objectandthe image. Clearly this canhave a serious

impacton theintegrity of theimage.

While the generalcharacteristicsof �gure 3.8 aresimilar to �gures 7–10of Sheppard

andLarkin (1997),we emphasisethat �gure 3.8 is of slicesthroughtheOTF ratherthanthe

projectionsshown in Sheppard& Larkin.

Figure3.10showsaxialslicesthroughthevectorialOTF for n= 0,with sineapodisation.

For this casethemostdramaticfeaturesaway from thes= 0 planeareto beseenin theCy

component.However, again,this componentcontributesrelatively little to thetotalOTF.

To enablemoredirect comparisonwith SheppardandLarkin (1997)we calculatedthe

projectedOTF

C0(m;n) =
Z

C(m;n;s)ds: (3.36)

By the projection-slicetheorem(Bracewell, 1995),this correspondsto the spatialfrequen-

cies in a transverseslice along the focal planeof the intensity PSF. We can againbreak

up this projectedOTF into componentscorrespondingto the intensitiesof the polarisation

componentsof the PSF, C0= C0
x + C0

y + C0
z. Figure3.11(a)showsC0

z for Herschelapodisa-

tion, whichcorrespondsto �gure 9 of SheppardandLarkin (1997),andwith which it agrees

closely. Figure3.11(b)showsC0 for sineapodisation.With a negative region of about10%
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Figure3.10:Axial slicesthroughthevectorialOTF for n= 0,with a = 2p=5 andsineapodi-
sation.Thevectorcomponentsandtotal amplitudeareshown. As for thetransverseslices,
theCy andCz componentsshow interestingstructure.HoweverCy is very weakcompared
with the othercomponents,so this will not have a very large effect overall. The negative
regionsin Cz areseento persistacrossa wide rangeof s frequencies,with a corresponding
impactonC.
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Figure3.11: Axial projectionsof the vectorialOTF. (a) The strengthC0
z of the projection

throughs of thez componentof thevectorialOTF for a = 2p=5 andHerschelapodisation.
This is equivalentto �gure 9 of SheppardandLarkin (1997).(b) Thetotal projectionC0 for
a = 2p=5 andsineapodisation.A specialdashedcontouratC = � 0:5 indicatesthenegative
regions.
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of the valueof the mid frequency response,contrastreversalcanbe expectedfor high m

transversefrequencies.Then frequenciesarestrongeroverall thanthemfrequencies,ashas

beennotedbeforein directstudiesof thevectorialPSF(Hopkins,1943;RichardsandWolf,

1959).

Calculatingthe projectedOTF in this manneris very time-consuming,taking about10

hoursonourLinux system.The2D FFTapproachdescribedby SheppardandLarkin (1997)

is thusmuchmoreef�cient for calculationof projections.

An alternative way to explore the 3D structureof the OTF is to view the dataas iso-

surfaces,which arethe3D equivalentof contourlines. Figures3.12–3.16show isosurfaces

for the total OTF C aswell asthe componentsCx, Cy andCz. All isosurfaceplots arefor

a = 2p=5 andsineapodisation.

3.4 Discussion

ThevectorialOTF is arelativelynew conceptin opticalimagingtheory, andraisessubstantial

questionsof interpretationandmeaning.WehaveexploredthevectorialOTF for unaberrated

focusing. Clearly thereare signi�cant asymmetriesin the vectorial OTF at high NA for

polarisedlight. Cx hasa low x frequency boost,yet a high y frequency boost,while the

total C emphasisesy frequenciesandbecomesnegative for large x frequencies.The size

andstrengthof thenegative regionsin theOTF meansthatcontrastreversalis an important

andunavoidablefeatureof vectorialfocusing.Theseasymmetriesandcontrastreversalsare

normallyabsentin a2D scalarOTF which is freeof aberrations.

The applicationof the vectorial OTF to modelling an entire imaging systemis less

straightforwardthanfor standard2D transferfunctionsasusedin Fourieroptics.Thevecto-

rial OTF presentedhereis simply a representationof thefrequency contentof the intensity

patternin thefocal region of a singlelensilluminatedby a linearly polarisedplanewave. It

couldbeargued,therefore,thatthetermvectorialOTF is not appropriate,andthat it should

becalledinsteadthevectorialintensityspatialfrequency spectrum.However, we have cho-

sento usethe shorthandnotationof vectorialOTF, asthe OTF is well-known to represent

thespatialfrequency contentof theintensityPSFin scalar2D optics.

Theperformanceof a systemwill dependon theimagingbehaviour of at leastonelens,

andthevectorialresponseof thespecimen.For example,to applythis theoryto �uorescence

microscopy, we needto usea modelof thedipoleorientation,rotationandresponseof the

excitedmoleculesfor varyingincidentpolarisationandspatialfrequency (Török andShep-
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Figure3.12: Isosurfaceplotsof thetotal vectorialOTF C. All isosurfacesin this chapterare
for a = 2p=5 andsineapodisation.Thecoloursindicatethevalueof C oneachsurface.The
overall shapeis shown in the top �gure. Note the purplehigh m frequency side-lobesare
actuallynegative, correspondingto contrastreversal. Thebottom�gure shows a cut-away,
revealingamoresymmetricresponsefor low spatialfrequencies.
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Figure3.13: Isosurfacesof C slicedthroughn = 0 (top) ands = 0 (bottom). Theseslices
correspondto �gures 3.10and3.8respectively.
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Figure3.14: Isosurfacesof Cx. The well-known 3D OTF doughnutshapeis clear in the
top �gure, with the missingconein the centre.The bottom�gure highlightstheswitch in
asymmetrybetweenfavouring the n componentat mid-rangespatialfrequencies(cyan) to
favouringthem componentat low-rangespatialfrequencies(greenandorange).



3.4.Discussion 57

Figure3.15:Isosurfacesof Cy. Thereis aninterestingpatternof positiveandnegativespatial
frequency contributions. But as the scalebar indicates,there is very little power in this
component.

pard,2002).By incorporatingthis dipoleresponsemodel,thevectorialOTF might form an

importanttool in modellingthefrequency responseof entireimagingsystems.

If thedipole canfreely rotate,thenthe imagein a confocal�uorescencemicroscopeis

thesameasfor anisotropicpointobject(SheppardandTörök,1997b)andwecanusetheap-

propriatevectorialOTF directly. Streibl(1984b)madeasimilarobservationin hisdiscussion

of thescalar3D OTF, while alsonotingthatfor theOTF to bedirectlyapplicable�uorescent

specimensmustbe “weak” (thin, small changesin refractive index andhighly transparent)

so that secondaryscatteringbecomesnegligible. We canthereforeassumea linear system

whenmodellingincoherenttransmissionmicroscopy of isotropicweaklyscatteringobjects.

Our useof theDebyeapproximationassumesa high Fresnelnumber. However, unless

the Fresnelnumberis in�nite, regions of the PSFvery far from focus will have smaller

Fresnelnumbers.Sinceeachpoint in the OTF naturallyencompassesFourier components

from throughoutthetheoreticallyin�nite extentof thePSF, theDebyeapproximationplaces

a limit on theaccuracy of theOTF. While in generalthecontributionsof regionsaway from

focuswill besmalldueto theconcentrationof power at focus,this approximationwill bea

concernfor very strongaberrationswhich distributesigni�cant energy away from thefocal

point.
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Figure3.16: Isosurfacesof Cz. The upper�gure shows the division betweenpositive and
negative strengthsat low andhigh m respectively. Thenegative regions,exposedby a cut-
away alongtheline n = 0 in thelower �gure, arestrongenoughto overpowerCx at high m
frequenciesandpushtheoverall OTF C into a negative response.This illustrateshow high
aperturedepolarisationof linearly polarisedillumination is responsiblefor high frequency
contrastreversal,andhow this in�uence derivesfrom theaxially polarisedcomponentof the
focal �eld.
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Typically aberrationsin paraxialsystemsaremodelledusingZernike polynomialsde-

scribing the phasevariation acrossa circular pupil (Born and Wolf, 1999), and this is a

usefultool in Fourieroptics.Someaberrations,suchasdefocusor sphericalaberration,can

bedescribedusingtheradialpupil co-ordinatealone,but, in general,aberrationsdependon

boththeradialandpolarco-ordinate.AlthoughZernike polynomialsarenot orthogonalfor

highaperturesystems,dueto theirassumptionof a�at 2D pupil, clearlyany generaldescrip-

tion of aberrationswill allow for radialasymmetry. This providesa further justi�cation for

OTF calculationmethodswhich makeno assumptionsof symmetry.

A high NA equivalentof theZernike functionsis needed,de�ned on thecapof a sphere

ratherthanacrossacircle,to describefocusingaberrations(Sheppard,1997).In addition,the

causesof aberrations,suchasarefractive index changein thespecimen,needto becarefully

mappedfrom rigorousPSFmodelsontothepupil function(Töröketal., 1995;Török,1999;

SchönleandHell, 2002;RohrbachandStelzer,2002a).

Modellingamplitudeandphasemasksplacedin thebackfocalplaneof thelensis some-

whatsimpler— they canbeapplieddirectly to themodelpresentedhereusingthecomplex

transmission�lter T(m;n).

In conclusion,wehavepresentedanautocorrelationbasedmethodfor evaluatingthehigh

NA vectorialOTF usinga simpleline integral. Arbitrary pupil functionsmaybeusedwith-

out theneedfor cylindrical symmetry. We have plottedslices,isosurfacesanda projection

throughthevectorialOTF for unaberratedfocusingwith sineandHerschelapodisation.Al-

thoughin principlethesameinformationis containedin thePSF, theOTF makesit easierto

seefrequency-basedfocusingcharacteristics.

For OTF projections,FFT–basedmethodsare more ef�cient as long as care is taken

with accuracy andsamplingeffects. In addition, suchprojectionsof the OTF only carry

informationabouta singleplaneof thePSF, andcautionis requiredbeforeincluding them

aspartof asystemmodel.

In general,our autocorrelationmethodfor calculatingthevectorialOTF hastheadvan-

tageof beingstraightforwardto evaluatefor arbitrarypupil functionsandarbitrarypointsin

theOTF.
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Chapter 4

Wavefront coding theory

Thischapterinvestigatestheoreticalmodelsfor wavefrontcodingmicroscopy. Weselectthe

cubic phasemask(CPM) for studyasan examplewaveplateusedin wavefront coding to

extendthedepthof �eld by makingthesystemopticaltransferfunction(OTF) insensitiveto

defocus.This hasbeendemonstratedby our experimentsusingwavefrontcodingwith high

resolutionmicroscopy, asdescribedin chapter5.

Here we presenta summaryof the developmentof the cubic phasefunction and the

paraxialtheoryinitially usedto modelit. We thenanalysethesystemusingvectorialhigh

aperturetheory, whichis normallyrequiredfor accuratemodellingof systemsusinga1.3NA

lens,asin ourexperiments.

High aperturevectorialmodelsof the PSFfor a �uorescencemicroscopearewell de-

veloped(Higdon et al., 1999;Török andSheppard,2002;Török et al., 1995,1997). The

Fourierspaceequivalent,theOTF, alsohasa longhistory(Frieden,1967;McCutchen,1964;

Sheppardetal., 1994).However, theCPMis anunusualmicroscopeelement:

1. Microscopeopticsusuallyhave radial symmetryaroundthe optical axis, which the

CPMdoesnot.

2. TheCPMgivesaverylargephaseaberrationof upto 60waves,whilst mostaberration

modelsareorientedtowardsphasestrengthson theorderof awaveatmost.

3. In addition,theCPM spreadsthe light over a very long focal range,whilst mostPSF

calculationscanassumetheenergy dropsoff very rapidlyaway from focus.

Thesepeculiaritieshavemeantweneededto takeparticularcarewith numericalcomputation

in orderto ensureaccuracy. In thecaseof theOTF, modellinga radially asymmetricpupil

motivatedthereformulationof previoussymmetricOTF theory, aspresentedin chapter3.
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Figure4.1: Heightvariationacrossthecubicphasemaskgivenin Eq. (4.3),for A = 1.

4.1 Derivation of the cubic phasefunction

Therearevariousmethodsthatmaybeusedto derive a pupil phasefunctionwhich hasthe

desiredcharacteristicsfor EDF imaging.Thegeneralform of a phasefunctionin Cartesian

co-ordinatesis

T(m;n) = exp[ikj (m;n)] ; (4.1)

wherem;n arethe lateralpupil co-ordinatesandk = 2p=l is the wave-number. The cubic

phasefunction wasdevelopedby Dowski andCathey (1995)usingparaxialopticstheory.

They beganby assumingthatthedesiredphasefunctionis asimple1D functionof theform

j (m) = Amg; g6= f 0;1g; A 6= 0 : (4.2)

Searchingfor the valuesof A andg which give an OTF which doesnot changethrough

focus,they foundthatthebestsolutionwasfor A � 20=k andg= 3. Multiplying out to 2D,

thisgivesthecubicphasefunction

j (m;n) = A(m3 + n3) ; (4.3)

wherem andn arethe Cartesianco-ordinatesacrossthe pupil andA is the strengthof the

phasemask(seeFig. 4.1).

Dowski andCathey's derivationrelieson thestationaryphaseapproximation(Born and

Wolf, 1999) and the ambiguity function (Brenneret al., 1983). The stationaryphaseap-

proximationis usefulin optical integralswherethe integrandincludesa rapidly oscillating
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phaseterm. In suchcasesthe largestcontributions to the integral comefrom the places

wherethe phasederivative is zero,or in otherwordswherethe phaseis stationary. This

observationis thebasisof thestationaryphaseapproximation.Theambiguityfunctionis a

2D polardisplayof thedefocusedOTF for a rectangularlysymmetricparaxialsystem.The

radialpositionmapsto theOTF frequency andthepolaranglemapsto defocus.Dowski and

Cathey simpli�ed the ambiguityfunction by applyingthe stationaryphaseapproximation.

Theresultingfunctionenabledthemto optimisetheirpupil phasefunctionfor minimalOTF

variationwith defocus,andhenceproduceEDFbehaviour.

4.2 Theoretical models

4.2.1 Paraxial model

UsingtheFraunhoferapproximation,assuitablefor low NA, we canwrite down a 1D pupil

transmissionfunctionencompassingtheeffectsof cubicphaseanddefocus,

T(m) = exp[ikj (m)] exp(im2y ) ; (4.4)

wherey is adefocusparameter. We then�nd the1D PSFis

E(x) =
Z 1

� 1
T(m) exp(ixm)dm; (4.5)

wherex is thelateralco-ordinatein thePSF. The1D OTF is

C(m) =
Z 1

� 1
T(m0+ m=2)T� (m0� m=2)dm0: (4.6)

The2D PSFis simplyE(x)E(y).

Naturally this 1D CPM givesbehaviour in which, for low aperturesystemsat least,the

lateralx andy imagingaxesareindependentof eachother. Thisgivessigni�cant speedboosts

in digital post–processing.Anotherimportantpropertyof theCPM is thattheOTF doesnot

reachzerobelow thespatialfrequency cutoff, whichmeansthatdeconvolutioncanbecarried

out in a singlestep. The lengthyiterative processingof wide�eld deconvolution is largely

due to the many zerosin the conventionaldefocusedOTF. Another important featureof

Fraunhoferopticsis thatPSFvariationwith defocusis limited to scalingchanges.Structural

changesin thePSFpatternarenotpossible.
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m=(m,n,s)

x=(x,y,z)


Figure4.2: Diagramof the light focusinggeometryusedin calculatingthe high NA PSF,
indicating the focal region co-ordinatex and the pupil co-ordinatem, the latter of which
mayalsobethoughtof asaunit vectoralignedwith arayfrom thepupil to thefocalpointO.

This paraxialmodelfor the cubicphasemaskhasbeenthoroughlyveri�ed experimen-

tally for low NA systems(Bradburn etal., 1997;Tuckeretal., 1999).

4.2.2 High aperturePSFmodel

We now explore the theoreticalbehaviour for a high NA cubic phasesystem. Normally

we needhigh aperturetheory for accuratemodellingof lenseswith NA > 0:5. However

largeaberrationslike our cubicphasemaskcansometimesoverwhelmthehigh NA aspects

of focusing. By comparingthe paraxialandhigh NA modelresultswe candeterminethe

accuracy of theparaxialapproximationfor particularwavefrontcodingsystems.

We follow a similar line of developmentto section3.1,revisiting Eqs.(3.1),(3.4),(3.5),

(3.7),and(3.9) in thecontext of PSFcalculation.

Thetheoryof RichardsandWolf (1959)describeshow to determinetheelectric�eld in

the focal region of a lenswhich is illuminatedby a planepolarisedquasi-monochromatic

light wave. Theiranalysisassumesvery largevaluesof theFresnelnumber, equivalentto the

Debyeapproximation.We canthenwrite theequationfor thevectorialamplitudePSFE(x)

of a high NA lensilluminatedwith a planepolarisedwave asthe Fourier transformof the

complex vectorialpupil functionQ(m) (McCutchen,1964),

E(x) = �
ik
2p

Z Z Z
Q(m) exp(ikm � x)dm : (4.7)

Herem = (m;n;s) is the Cartesianpupil co-ordinate,andx = (x;y;z) is the focal region

co-ordinate. The z axis is alignedwith the optical axis, ands is the correspondingpupil

co-ordinate,asshown in Fig. 4.2. Thevectorialpupil functionQ(m) describestheeffect of
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a lenson thepolarisationof theincident�eld, thecomplex valueof any amplitudeor phase

�lters acrosstheaperture,andany additionalaberrationin thelensfocusingbehaviour from

thatwhichproducesaperfectsphericalwavefrontconvergingon thefocal point.

FromtheHelmholtzequationfor a homogeneousmedium,assumingconstantrefractive

index in the focal region, we know that the pupil function is only non-zeroon the surface

Qs(m) of a spherewith radiusk,

Q(m) = Qs(m)d(jmj � k) : (4.8)

Becausethepupil functiononly existson thesurfaceof a sphere,we canslice it alongthe

s= 0 planeinto a pairof functions

Q(m) = Qs(m)d(s�
p

k2 � l2) + Qs(m)d(s+
p

k2 � l2) ; (4.9)

representingforwardandbackwardpropagation(ArnisonandSheppard,2002;Sheppardand

Larkin,1997).Herewehaveintroducedaradialco-ordinatel =
p

m2 + n2. Now weexamine

theaxial projectionsP0
� (m;n) of thepupil function,

P0
+ (m;n) =

Z ¥

0
Q(m)ds (4.10)

P0
� (m;n) =

Z 0

� ¥
Q(m)ds; (4.11)

which representforward andbackward propagationrespectively. Togetherthese2D func-

tionsgiveacompletedescriptionof the3D pupil functionQ(m).

Restrictingourattentionto theforwardpropagationcase,wecanwrite

P0
+ (m;n) =

Z ¥

0
Qs(m)d(s�

p
k2 � l2)ds (4.12)

= Qs(m;n;s+ )
1
s+

; (4.13)

wherethe primedenotesprojection. The 1=s+ factoraccountsfor the changein projected

thicknessof the sphericalshell for declinationanglesaway from the s axis. We have nor-

malisedthe radiusto k = 1 and indicatedthe constrainton s to the surfaceof the sphere

with

s+ =
p

1� l2 : (4.14)
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For incident light which is plane-polarisedalongthe x axis, we canderive a vectorial

strengthfunctiona(m;n), fromthestrengthfactorsusedin thevectorialpointspreadfunction

integrals(Mansuripur,1986;RichardsandWolf, 1959;SheppardandLarkin, 1997)

a(m;n) =

0

B
@

(m2s+ + n2)=l2

� mn(1� s+ )=l2

� m

1

C
A (4.15)

wherewe have convertedfrom the RichardsandWolf sphericalpolar representationinto

Cartesianco-ordinates.

Wecannow modelpolarisation,apodisationandaperture�ltering asamplitudeandphase

functionsover theprojectedpupil,

P0
+ (m;n) =

1
s+

a(m;n)S(m;n)T(m;n) (4.16)

representingforwardpropagationonly (a � p=2), whereS(m;n) is theapodisationfunction,

andT(m;n) is any complex transmission�lter appliedacrosstheapertureof thelens.T can

alsobeusedto modelaberrations.

Microscopeobjectivesareusuallydesignedto obey thesinecondition,giving aplanatic

imaging(Hopkins,1943),for whichwewrite theapodisationas

S(m;n) =
p

s+ : (4.17)

By applyinglow angleandscalarapproximations,we canderive from Eq. (4.16)a paraxial

pupil function,

P0
+ (m;n) � T(m;n) : (4.18)

Returningto thePSF, wehave

E(x) = �
ik
2p

Z Z

S
P0

+ (m;n) exp(ikm+ � x)dmdn ; (4.19)

integratedover theaxial projectionof thepupil areaS. Thegeometryis shown in Fig. 4.2.

Weusem+ = (m;n;s+ ) to indicatethatm is constrainedto thepupil spheresurface.

For aclearcircularpupil of aperturehalf–anglea, theintegrationareaScirc is de�ned by

0 � l � sina ; (4.20)
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while for asquarepupil which �ts insidethatcircle, thelimits onSsq are

jmj � sina=
p

2

jnj � sina=
p

2
: (4.21)

ThetransmissionfunctionT is unity for astandardwide�eld systemwith noaberrations,

while for acubicphasesystemEq.(4.1)andEq.(4.3)give

Tc(m;n) = exp[ikA(m3 + n3)] : (4.22)

4.2.3 High apertureOTF model

A high apertureanalysisof theOTF is important,becausetheOTF hasprovento bemore

usefulthanthePSFfor designandanalysisof low aperturewavefrontcodingsystems.For

full investigationof thespatialfrequency responseof ahighaperturemicroscope,wewould

normally look to the 3D OTF (Frieden,1967;McCutchen,1964;SheppardandCogswell,

1990; Sheppardet al., 1994). Chapter3 describesa methodfor calculatingthe 3D OTF

suitablefor arbitrarypupil �lters which canbeapplieddirectly to �nd theOTF for a cubic

phaseplate.But sinceanEDF systeminvolvesrecordinga singleimageat onefocal depth,

a frequency analysisof the 2D PSFat that focal planeis moreappropriate.This can be

performedef�ciently usinga high NA vectorialadaptationof 2D Fourieroptics(Sheppard

andLarkin, 1997).

This adaptationrelieson theFourierprojection–slicetheorem(Bracewell, 1995),which

statesthataslicethroughrealspaceis equivalentto aprojectionin Fourierspace:

f (x;y;0) ( )
Z

F(m;n;s)ds (4.23)

whereF(m;n;s) is the Fourier transformof f (x;y;z). We have alreadyobtainedthe pro-

jectedpupil functionP0
+ (m;n) in Eq. (4.16).Takingthe2D Fouriertransformandapplying

Eq. (4.23)givesthePSFin thefocalplane

E(x;y;0) ( ) P0
+ (m;n) : (4.24)

Since�uorescencemicroscopy is incoherent,wethentaketheintensityand2D Fouriertrans-

form oncemoreto obtaintheOTF of thatsliceof thePSF

jE(x;y;0)j2 ( ) C(m;n) : (4.25)
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We canimplementthis approachusing2D fastFourier transformsto quickly calculatethe

highaperturevectorialOTF for thefocalplane.

4.2.4 DefocusedOTF and PSF

To investigatethe EDF performance,we needto calculatethe defocusedOTF. Defocusis

anaxial shift zd of thepoint sourcebeingimagedrelative to thefocal point. By theFourier

shift theorem,a translationzd of thePSFis equivalentto a linearphaseshift in the3D pupil

function,

E(x;y;0+ zd) ( ) exp(ikszd)Q(m;n;s) : (4.26)

Applying theprojection-slicetheoremasbeforegivesamodi�ed versionof Eq. (4.24)

E(x;y;zd) ( )
Z

exp(ikszd)Q(m;n;s)ds; (4.27)

allowing usto isolateapupil transmissionfunctionthatcorrespondsto agivendefocuszd,

Td(m;n;zd) = exp(iks+ zd) ; (4.28)

whichwe incorporateinto theprojectedpupil functionP0
+ (m;n) from Eq.(4.16),giving

P0
+ (m;n;zd) =

1
s+

a(m;n)S(m;n)Td(m;n;zd)Tc(m;n) : (4.29)

Notethatthedefocusphasefactorexp(iks+ z) wasalreadypresentedin Eq.(4.19),howeverit

is conceptuallyandmathematicallyconvenientto explicitly includeit asanaberrationfactor

acrosstheprojectedpupil within a standard2D Fourierintegral. For example,if we assume

a low aperturepupil, we canapproximateEq. (4.14)to secondorder, giving thewell known

paraxialaberrationfunctionfor defocus

Td(m;n;zd) � exp
�

� ikzd
l2

2

�
: (4.30)

Finally, usingF to denotea Fourier transform,we write down thefull algorithmfor calcu-

lating theOTF of a transverseslicethroughthevectorialPSF:

C(m;n;zd) = F � 1
2D

n�
�F2D

�
P0

+ (m;n;zd)
� ��2

o
: (4.31)
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It is convenientto calculatethe vectorial defocusedPSFusing only the �rst stepof this

approach

E(x;y;zd) = F2D
�
P0

+ (m;n;zd)
�

: (4.32)

Mansuripur(1986,1989,1993)obtainedthe sameresultbut therearedifferencesin detail

andemphasisbetweenhisapproachandwhatI havepresented.

4.2.5 Refractive index changemodel

Sphericalaberrationis a commonproblemin high aperture�uorescencemicroscopy. There

areseveralpotentialcausesbasedonplanarrefractive index changes:

� a refractive index mismatchbetweentheimmersionmediumof thelens(e.g.oil) and

themountingmediumof thespecimen(e.g.water);

� high apertureobjectivesmay be designedto perform bestwith immersionoil of a

particularrefractive index, but asmallchangein temperatureor compositionof theoil

canproduceavariationin its refractive index; and

� thecoverglassthicknessmaynotpreciselymatchthespeci�cationsof theobjective.

Sinceit is not alwayseasyto control thesefactorsexperimentally, additionaloptionsfor

reducingthe impactof sphericalaberrationaredesirable.Someobjectiveshave correction

collars,which compensatefor refractive index changes.However, turningsuchcollarscan

beimpreciseaseachadjustmentof thecollaralsochangesthefocalpointof thelens.Finding

thebestsettinginvolveshuntingwith boththecollar andthefocusof themicroscopewhile

looking for the best image. More complex correctionmethodsmay involve physicalor

computationaladaptiveoptics(Boothetal., 2002;Kam etal., 2001).

Wavefront coding is designedto achieve focus invariance. However, it turns out that

wavefrontcodingalsoreducesthe impactof sphericalaberrationon imagingperformance,

asdescribedfor theparaxialcaseby MezouariandHarvey (2003).To explorethesituation

for high apertureimaging,we implementeda focusingmodelwhich includesboththeCPM

anda refractive index changein thefocal region.

Thereare several different approachesto high aperturemodelling of refractive index

changes.Török et al. (1995)extendedthe Debye–Wolf integral (Eq. (2.11)) to includea

planarrefractive index boundary. They mentionedthat the effectsof the refractive index

changeon the PSFcan be modelledas a pupil surfaceaberrationfunction, which is the

approachusedin calculationsby RohrbachandStelzer(2002a)andSchönleandHell (2002).
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Figure4.3: Cubic phasemaskfocusingmodel including a refractive index changein the
focal region. P is the observationpoint. The casefor n2 > n1 is indicatedby the decrease
in angleq2 < q1. In this chapterwe show resultsfor anoil to waterinterface,for which the
Gaussianfocal point O movestowardsthe lensratherthanaway from it asillustratedhere.
Also in this chaptertheCPMis alwaysin thebackfocalplane(h = 0).

Egneret al. (EgnerandHell, 1999;Egneret al., 1998)describean alternaterefractive

index mismatchtheory, which is derived from the Huygens–Fresneltheorywithout using

the Debye–Wolf approximation. They say this Huygens–Fresnelbasedmodel works for

arbitraryFresnelnumberN, andgive comparisonsfor variouscasesof N. EgnerandHell

alsoshow thattheir theoryis equivalentto thatof Töröketal. (1995)whenN ! ¥ .

We chosethe Török et al. (1995)model for our PSFsimulations.The physicallayout

for this modelis shown in Fig. 4.3. Sincethis modelmodi�es theDebye–Wolf integral it is

alsoFourier transformbased,but it usessphericalpolar co-ordinatesratherthanCartesian

co-ordinatesasusedpreviously in this chapter.

Weonceagainassumethattheinputbeamis planepolarised.Therefractiveindex change

is introducedat a distanced from theGaussianfocal point O. We usetheDebye–Wolf in-

tegral in the �rst mediumto calculatethe electric �eld at the planeof the refractive index

changeusingthesuperpositionof planewaves,which hasthe form of a Fourier transform.

This �eld is thentransformedacrosstheinterfaceby applyingtheFresnelrefractionformu-

las to the planewaveswhich make up the �eld. The �eld in the secondmediumis then
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propagatedfrom this boundaryto theobservationpoint P by onceagaincalculatingthesu-

perpositionof planewaves.

For anobservationpoint P that is far away from theaperture,we arrive at thefollowing

expressionsfor thecomponentsof theelectromagnetic�eld:

Ex = +
iK
2p

Z a

0

Z 2p

0
(cosq1)

1
2 (sinq1)

� [(t pcosq2 + t s) + (cos2f )( t pcosq2 � t s)]

� exp
�

ik0 [rpk + Y(q1;q2; � d) + j (q1; f )]
	

dq1df ;

Ey = +
iK
2p

Z a

0

Z 2p

0
(cosq1)

1
2 (sinq1)(sin2f )

� (t pcosq2 � t s)

� exp
�

ik0 [rpk + Y(q1;q2; � d) + j (q1; f )]
	

dq1df ;

Ez = �
iK
p

Z a

0

Z 2p

0
(cosq1)

1
2 (sinq1)t psinq2cosf

� exp
�

ik0 [rpk + Y(q1;q2; � d) + j (q1; f )]
	

dq1df : (4.33)

In theseexpressions,

K =
k2

2 f l0
2k1

; (4.34)

a is theaperturehalf angle,thesubscripts0 , 1 , and2 referto vacuum,the�rst material,and

thesecondmaterialrespectively, q is theazimuthalpupil angle,f is thepolarpupil angle,t p

andt s aretheFresnelcoef�cients, k = 2p=l is thewavenumber, n is therefractive index, r p

is thelengthof thepositionvector(r p;qp; f p) pointingfrom theorigin (at thefocalpoint) to

theobservationpoint, f is thefocal lengthof thelens,l0 is anamplitudefactor, and

k = n1sinq1sinqpcos(f � f p) + n2cosq2cosqp (4.35)

and

Y(q1;q2; � d) = � d(n1cosq1 � n2cosq2) (4.36)
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de�ne theco-ordinatetransformbetweenthetwo materials.j (q1; f ) is theCPM aberration

functionacrosstheapertureof the lensfrom Eq. (4.3). TheFresnelcoef�cients arede�ned

in theusualway

t s =
2sinq2cosq1

sin(q1 + q2)
(4.37)

t p =
2sinq2cosq1

sin(q1 + q2) cos(q1 � q2)
: (4.38)

4.2.6 Implications of the Debye approximation

Thehighaperturetheoryin thischapterdependsontheDebyeapproximation.High aperture

microscopelensfocusinggenerallyhasa high Fresnelnumber. But with increasingangular

apertures,it becomesdif�cult to placethebackapertureexactly in thebackfocal plane. It

is alsodif�cult to placeany pupil �lters exactly in thebackfocal planebecausethatplane

maybephysicallywithin theobjectivecasing.Theseconstraintspreventhighaperturelenses

from having anin�nite Fresnelnumber.

If theFresnelnumberis �nite, thenincreasingobjectdistancesfrom thefocal planeand

increasingaberrationswill startto pushtheFresnelnumberdown into theregion wherethe

Debyeapproximationis nolongeraccurateandweshouldturn to morerigoroussolutionsof

Maxwell'sequations.For examplewe couldincorporatea CPM into theEgneret al. (1998)

modelfor specimenrefractive index change.

In addition,for full accuracy we shouldpropagatetheCPM from its positionbehindthe

lensthroughto the backfocal planebeforeapplyingit asa pupil transmission�lter in the

modelpresentedhere.We have attemptedRayleigh–Sommer�eldpropagationof theCPM

andwe found thecomputationtook an impracticallengthof time to converge for distances

on theorderof millimetres.

Ganet al. (1997)simulateda similar situationusingFresnelpropagationwith annular

masksfor confocalimagingandencounteredmixedresults.Thetransverseresolutionof the

systemchangesvery little with increasingdistanceof theannulusfrom thebackfocalplane.

Meanwhile,the axial responsebecomesasymmetric,but alsobecomessharper. A similar

angularspectrummodelof CPMpropagationwouldbeusefulin evaluatingtheimpactof the

CPMdistancefrom thebackfocal planeof theobjective.
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Figure4.4: Pupilphasefor defocusandtheCPM,for asquareaperturesizedto just �t inside
acircularpupil with a = p=2. Line plotsareshown alongtheaxism= n, with l =

p
m2 + n2

as the radial pupil co-ordinate. (a) Comparisonof paraxialdefocusEq. (4.30) with high
aperturedefocusEq. (4.28). (b) Combinationof a strongCPM with defocus. The basic
cubic shapeis maintainedeven with high defocusfor both the paraxialandhigh aperture
defocusmodels.
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Table4.1: Opticalparametersusedfor PSFandOTF simulations

Opticalparameter Simulationvalue
Wavelength 530nm
Numericalaperture NA = 1:3oil
Oil refractive index n1 = 1:518
Waterrefractive index n2 = 1:33
Aperturehalf angle a = p=3
Pupil shape Square
Pupil width 7.1mm
Cubicphasestrength 25.8wavespeakto valley

4.3 Numerical integration issues

Wehaveappliedboththepupil projectionintegralEq.(4.32)andtherefractive index change

integral Eq. (4.33) to simulateour wavefront codingexperiments(describedin chapter5),

usingtheparametersgivenin Table4.1. Bothmodelsinvolvea 2D integralover thepupil.

The key effectswe wereinterestedin wereall phasevariationsacrossthe pupil: defo-

cus, refractive index change,and the CPM. Figure4.4 shows the strengthof pupil phase

variationsfor thecaseswe wantedto model. Theselarge phasevariationsacrossthepupil

producean integrandwith many oscillations,sincethephaseis wrappedat 2p intervalsby

theexponential.Themoststraightforwardmethodfor dealingwith rapidoscillationsin the

integrandis to increasethenumberof samplepointstakenduring integration,asdiscussed

in detailby Mansuripur(1989).

Thepupil projectionintegral wasevaluatedusinga 2D fastFourier transformin Carte-

sianco-ordinates.Thekernelof theFourier transformwasthe2D projectedpupil P0
+ (m;n)

from Eq.(4.29),usingEq.(4.21)for theaperturecutoff. Thepupil wassampledusingauni-

formly spacedgrid of N � N complex numbers.We thenpaddedthis arrayout to 4N � 4N

to allow for suf�ciently �ne samplingof theresultingPSF, beforeemploying thealgorithms

in Eq. (4.32)andEq. (4.31) to calculatethe PSFandOTF respectively. Eachexecutionof

Eq. (4.31)with N = 1024took about8 minuteson a Linux Athlon 1.4 GHz computerwith

1 GB of RAM. The resultspresentedwerecalculatedwith eitherN = 512 or N = 1024.

Detailsof theprojectedpupil integrationcodeandthestepstakento verify it aresetout in

appendixB.

The refractive index changeintegral samplesthe pupil in sphericalpolar co-ordinates.

Debye–Wolf integralsareoften evaluatedin sphericalpolar form whenthe optical system
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beingmodelledhascylindrical symmetryabouttheopticalaxis. Evenfor linearly polarised

illuminationtheintegrationoverf canbesolvedanalyticallyin termsof Besselfunctions,as

long asthepupil functionis cylindrically symmetric,leaving only a singleintegrationto be

donenumerically.

Dueto therectangularnatureof theCPM, this simpli�cation cannotbemade,andboth

dimensionsmust be integratednumerically. For small numbersof samplepoints,spheri-

cal polar co-ordinateswill producealiasingalongthe edgeof the squarepupil. However,

we sampledthe pupil very �nely to capturethe strongphasevariations,which alsomeant

apertureedgeshapealiasingeffectswereminimised.

A 2D Gauss–Legendreapproach(Presset al., 1993) wasusedto evaluateEq. (4.33).

This involveddividing theintegrandup into sectionsof varyinglength,andapplyingto each

sectiona weight which is inverselyproportionalto the length. This wasrepeatedfor the

seconddimensionof theintegral. Gauss–Legendresamplestheedgesof theintegrandmore

closelythanthe middle,which is appropriateasour integrandchangesmorerapidly at the

edges,asdemonstratedin Fig. 4.4.

The numberof integrandsamplepointsN2 requiredfor accurateintegration increases

with boththestrengthof thecubicphasefunction,andwith thedistancePOof theobserva-

tion point from theGaussianfocalpoint (seeFig. 4.3).

To determinethe value of N requiredto achieve the accuracy we desired,we took a

sampleobservationpoint,andtestedtheconvergenceof theintegral resultat thatpoint. First

we storedthe result calculatedwith a very large numberof iterations(N = 2000, giving

N2 = 4� 106 samplepoints)andthenwe reducedN to a muchlower value(N = 100)and

steadilyincreasedit, until the result converged with desiredaccuracy to matchthe value

foundatN = 2000.Theresultsshown below werecalculatedwith N = 400.Thecalculation

of a250� 250wzaxialslicethroughthePSFwith N = 400tookabout5 hoursonourLinux

Athlon system(w is a transverseco-ordinatealongthe line x = y). Detailsof therefractive

index changeintegrationcodeandthestepstakento verify it aresetout in appendixB.

All the resultspresentedin the next sectionwerecalculatedusing the projectedpupil

code,apartfrom Fig. 4.8 which usedtherefractive index changecode.Theprojectedpupil

codewasusefulfor calculatingtransverseplanesof thePSF, andthecorrespondingOTFs,

with a very �ne sampling. Although the refractive index changecodewas at least10�

slower for producingequivalenttransverseplaneresults,it wasmoreuseful for line plots

or wz sections,aseachobservation point wasevaluatedindependently, whereasthe pupil

projectioncodehadto calculatea whole transverseplanefor eachz step.Suchwzsections

areconvenientassphericalaberrationproducesfeatureswhich aremoreclearlyseenin wz
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sectionsthanin transverseplanes.Theprojectedpupil integral couldbe mademuchmore

ef�cient for calculatingwzPSFsectionsby projectingthepupil alongaline orthogonalto the

axis,for examplealongthemaxis,ratherthanalongthesaxisasdonein Eq.(4.12)(Larkin,

1999).

4.4 Simulation results

We begin by exploring theeffect of defocuson theparaxialandvectorialfrequency content

in a wide�eld system. We de�ne a wide�eld systemas having a circular pupil with no

CPM. Thediscrepancy betweenthe two modelsis shown in Fig. 4.5(a)for the focal plane

wide�eld OTF. Weshow asimilarcomparisonof thedefocusedwide�eld OTF in Fig.4.5(b).

Wecanseethereis amajordifferencein thepredictionsof thetwo models,especiallyathigh

frequencies.Thediscrepancy betweenthemodelsincreasesmarkedlywith defocus.

Wavefrontcodingreliesonaninverse�lter todeconvolvetheblurredimageandretrievea

highresolutionEDFimage.Theinverse�lter for ourexperimentswasderivedfrom aparax-

ial simulationof thewide�eld (noCPM)OTF andthemeasuredCPMOTF. Thediscrepancy

betweenthevectorialandparaxialresultsin Fig. 4.5(a)implies that thebestdeconvolution

accuracy will beobtainedby usingthesimulatedvectorialOTF whenconstructingthedigital

inverse�lter for ahighaperturesystem.

TheCPM is designedto producefocusinvariance.In practice,for bothsimulationsand

experiments,a CPM strengthof 25.8wavespeakto valley provideda workableEDF range

of about8mm. SincetheCPM PSFis symmetricon eithersideof the focal plane,theend

pointsof this EDF rangeare at zd = � 4mm. Fig. 4.5(b) illustratesthe dramaticchanges

introducedby thisamountof defocusin awide�eld system.

Our modelsassumetheillumination is linearly polarised.This produceda minor asym-

metry in thePSFandOTF results,with slightly differentresponsesalongthex andy axes.

However, this effect tendedto beovershadowedby otherfactors,sowe have not explicitly

emphasisedit in theresultsshown here.

Wenow investigatethesimulatedbehaviour of aCPMsystemaccordingto ourvectorial

theory. Figures4.6and4.7show thevectorialhighaperturePSFandOTF for thetransverse

focalplanewith a strongCPM.Thedramaticeffectof theCPM is clearlyvisible in thePSF

results. The shapeof the CPM PSFin Fig. 4.6(c)hasa grid–like structurewhich is quite

different to the normal point focus producedwithout a CPM shown in Fig. 4.6(a). EDF

behaviour is apparentin thebarelyvisible changebetweenFig. 4.6(c)and4.6(d),compared

with theusualrapidblurringdefocusproducesasseenin Fig. 4.6(b).
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Figure4.5: A comparisonof wide�eld (no CPM) OTFsusingour vectorial(solid line) and
paraxial(dashedline) simulations:(a) in–focusatzd = 0mm and(b) defocusedto zd = 4mm.
For a diagonalline throughthe OTF along m = n, we have plotted the value of the 2D
projectedOTF for eachcase. While the structureof the in–focusOTF curves is similar
for the two models,the relative differencebetweenthemincreaseswith spatialfrequency,
reachingover130%at thecutoff. Oncedefocusis applied,thetwo modelspredictmarkedly
differentfrequency responsein bothstructureandamplitude.
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Figure4.6: Thesimulatedvectorialhigh aperturePSFfor wide�eld andwavefrontcoding,
showing the effect of defocus: (a) wide�eld in–focuszd = 0mm, (b) wide�eld defocused
zd = 4mm, (c) CPM in–focuszd = 0mm, (d) CPM defocusedzd = 4mm. This amountof
defocusintroducesvery little discernibledifferencebetweentheCPMPSFs.Indeedparaxial
CPMsimulations(notshown here)arealsosimilar in structure.SeeFig.5.4to comparewith
measuredPSFs.The incidentpolarisationis in thex direction. The imagesarenormalised
to thepeakintensityof eachcase.Naturally thepeakintensitydecreaseswith defocus,but
muchlessrapidly in theCPM system.Theareashown for eachPSFis 13mm� 13mm.
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Figure4.7:Thesimulatedvectorialhighaperturein–focusCPMOTF: (a)is themagnitudeof
theOTF in log10 scale,and(b) is thewrappedphasein radians.While thefrequency response
is muchstrongeralongthem andn axes,themagnituderemainsabove10� 3 throughoutthe
spatialfrequency cutoff. Compensatingfor theOTF phaseis importantin digital restoration.
Thephaseof theOTF is verysimilarto thecubicphasein thepupil. Thezd = 4mm defocused
OTF (notshown)hasasimilarappearanceto thisin–focuscase.SeeFig.5.5to comparewith
themeasuredOTFs.
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TheCPM OTF in Fig. 4.7shows thatfrequency responsesarestrongestalongthem and

n axes,while thephasevariesstronglyacrosstheOTF. Neitherof thesefeaturesarepresent

in thewide�eld OTF whenno CPMis applied.

Figure4.8 shows axial slicesthroughthesimulatedwide�eld andCPM PSFfor differ-

entdepthsbelow a refractive index change.Thecharacteristic“banana”shapeof theaxial

CPM PSFis clearlyshown in Fig. 4.8(a). The focal spotof wide�eld focusing,shown for

comparisonin Fig. 4.8(d),is stretchedaxially by theCPM to becomea line with increasing

curvatureaway from the focal plane. This curvaturewill producea slight warpingof the

EDF imageaway from a strictly perspective projection,even thoughthe bendingis minor

within theEDF rangezd = � 4mm. Also notableis thattherearetwo maxima(shown in red

atzd � � 9mm) in theCPMpattern.Althoughthesemaximaprovedto benumericallystable,

wehavebeenunableto con�rm or deny themin measuredCPM PSFs.

Theadditionof a refractive index change,shown in Figs.4.8(b-c),shifts theCPM PSF

towardsthelens,rotatesit slightly clockwiseasviewedin theseslices,anddistortsthetrans-

versetail of thePSF. However, aftertakinginto accounttheaxialshift, thecentral8mm axial

regionof thesphericallyaberratedPSFin Fig. 4.8(b)hasasimilarstructureto theCPMPSF

in Fig. 4.8(a)withoutsphericalaberration.

This impliesthatfor thesimulatedconditionstheCPM aberrationdominatestheaberra-

tionscausedby a refractive index change,andthatimagingwith theCPMwill besomewhat

resistanttobothdefocusandsphericalaberration.A similarresistancetosphericalaberration

hasbeenreportedfor paraxialimagingwith logarithmicwavefrontcoding�lters (Mezouari

andHarvey, 2003). However, just aswith defocus,therearelimits to how muchspherical

aberrationtheCPM cancopewith. Thed = 40mm casein Fig. 4.8(c)shows increaseddis-

tortion of the CPM PSF, which implies that the �nal deconvolved imagewould be visibly

degraded.

Theseresultsalsoallow usto comparetherelative peakintensityof thedifferentcases.

Thewide�eld PSFsliceshown in Fig. 4.8(d)hastwice thepeakintensityof thed = 40mm

wide�eld caseshown in Fig. 4.8(f), and30 timesthepeakintensityof theCPM PSFslices

in Figs.4.8(a-c).This dramaticreductionin peakintensitycausedby theCPM is inevitable

whenspreadingthe focusedlight over a muchlonger focal range,and is the chief reason

for the reductionin SNR whenusinga CPM for EDF imaging. However, the d = 40mm

CPM PSFin Fig. 4.8(c)still has85%of thepeakintensityof theunaberratedCPM PSFin

Fig. 4.8(a),which againindicatestheresistancetheCPM PSFhasagainstsphericalaberra-

tion.
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Figure4.8: The effect of a refractive index changeon axial wz slicesthroughthe PSFfor
CPM andwide�eld cases,usinga vectorialmodel.Thetransverseco-ordinatew runsalong
the line x = y. The top row shows the CPM axial “banana”shapewith (a) no refractive
index change,(b) focal depthd = 20mm below the refractive index boundary, and(c) d =
40mm. The bottomrow shows wide�eld (yet squareaperturefor Fig. 4.8 only) PSFsfor
(d) no refractive index change,(e) d = 20mm, and(f) d = 40mm. Thesesimulationscanbe
comparedagainstthemeasuredCPM PSFshown in Fig. 5.7.
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Figure4.9: Axial slice throughtheparaxialCPM PSFalongthesamewzplaneasFig. 4.8.
TheparaxialPSFis axially stretchedin comparisonwith thevectorialcase,with noblurring
visible in theparaxialPSFfor thefocal rangeshown. Theparaxialcasealsoshowsasimpler
transversepatternthanthevectorialcase.

TheCPMPSFdoeshavesomeinterestingsimilaritieswith thesphericallyaberratedPSF.

By comparingFig. 4.6(c)with Figs.1–3in SheppardandTörök(1997a),wecanseethatthe

structureof theCPMPSFin thetransverseplaneis similar to thestructureof thespherically

aberratedPSFin theaxial plane.

Theaxial slicethroughthevectorialCPM PSFin Fig. 4.8(a)alsoprovidesa goodbasis

for comparisonwith the paraxialapproximationshown in Fig. 4.9. As is to be expected,

theparaxialresultsdisplaya simplerPSFstructurethanthevectorialresults.Theparaxial

approximationis relatively stretchedin the axial direction. A longerEDF rangewould be

predictedfrom theparaxialmodelthanfrom thevectorialmodel.

Returningto frequency space,thedefocusedzd = 4mm vectorialCPM OTF (not shown)

andtheparaxialin–focusanddefocusedzd = 4mm CPMPSFsandOTFs(notshown) areall

qualitatively similar to thevectorialzd = 0mm caseshown in Figs.4.6and4.7. However, if

weperformaquantitativecomparisonweseethattherearemarkeddifferences.Figure4.10

shows therelative strengthof theCPM OTF for a diagonalcrosssection.For the in–focus

case,thedifferencesbetweenthevectorialandparaxialmodelsaresimilar to thosefor the

wide�eld OTF in Fig. 4.5(a),with up to 100%differenceat high spatialfrequencies.How-

ever, asthedefocusincreases,thestructureof thevectorialCPMOTF beginsto divergefrom

theparaxialmodel,asdoesthepointwheretheOTF strengthdropsbelow 10� 4. This is still

a much lower discrepancy thanthe wide�eld model for similar amountsof defocus,as is

clearby comparisonwith Fig. 4.5.
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Figure4.10:Themagnitudeof thewavefrontcodingOTF for the(a)vectorialand(b) parax-
ial models,plottedalonga diagonalline m = n throughthe OTF, with differentvaluesof
defocus: in–focuszd = 0mm (solid line), defocusedzd = 2mm (dashedline), defocused
zd = 4mm (dottedline). In commonwith thewide�eld system,themodelsdiffer themostat
high spatialfrequencies,up to 100%at large l for the in–focuscase.As defocusincreases,
the differencesbecomemore extreme,with the vectorial simulationpredictinga quicker
reductionin effectivecutoff.
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Theseplotsallow usto assesstheSNRrequirementsfor recordingimageswith maximum

spatialfrequency response.For bothwide�eld andCPMsystems,theexperimentaldynamic

rangewill placean upperlimit on the spatialfrequency response.In wide�eld a 103 SNR

will capturenearlyall spatialfrequenciesupto thecutoff (seeFig.4.5(a)),allowing for good

contrastthroughout.Furtherincreasesin SNRwill bring rapidly diminishingreturns,only

graduallyincreasingthemaximumspatialfrequency response.

For CPM imaging the same103 SNR will producegoodcontrastonly for low spatial

frequencies,with themiddlefrequencieslying lessthana factorof tenabovethenoise�oor ,

and the upper frequenciesdipping below it. However, a SNR of 104 will allow a more

reasonablecontrastlevel acrossthe entireOTF. For this reason,a 16 bit camera,together

with othernoisecontrolmeasures,is neededfor aCPMsystemto achieve thefull resolution

potentialof high aperturelenses.This needfor high dynamicrangecreatesa tradeoff for

rapid imagingof living specimens— fasterexposuretimeswill reducetheSNRandlower

theresolution.

ArguablythemostimportantOTF characteristicusedin EDFdigital deconvolution is the

phase.As canbeseenfrom Fig. 4.7theCPMOTF phaseoscillatesheavily dueto thestrong

cubicphase.Thiscorrespondsto thenumerouscontrastreversalsin thePSF. Therestoration

�lter is derivedfrom theOTF, andthereforeaccuratephasein theOTF is neededto ensure

thatany contrastreversalsarecorrectlyrestored.

A comparisonof theamountof OTF phasedifferencebetweenfocal planesfor thevec-

torial andparaxialmodelsis shown in Fig. 4.11. We calculatedthis usingthe unwrapped

phase,obtainedby taking samplesof the OTF phasealonga line m = n, thenapplyinga

1D phaseunwrappingalgorithmto thosesamples.After �nding theunwrappedphasesfor

differentfocal planes,zd = 2mm andzd = 4mm, we thensubtractedthemfrom the in-focus

caseat zd = 0mm.

Ideally theOTF phasedifferencebetweenplaneswithin theEDF rangeshouldbe very

small. It is clearhowever that therearesomenotablechangeswith defocus.Both paraxial

andvectorialmodelsshow a linearphaseramp,with oscillations.

Thislinearphaserampis predictedby thestationaryphaseapproximationto the1D CPM

OTF, Eq. (A12) in Dowski andCathey (1995).SincetheFouriertransformof a phaseramp

is alateraldisplacement,thisgivesalateralmotionof thePSFfor differenttransverseplanes.

In practicethis hasthe effect of giving a slightly warpedprojection. A mismatchbetween

themicroscopeOTF andthe inverse�lter of this sortwill simply resultin a corresponding

lateraloffset of imagefeaturesfrom that transverseplaneof the object. Otherwisespatial

frequenciesshouldberecoverednormally.
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Figure4.11:TherelativeOTF phaseanglebetweenfocalplanes,alongadiagonalline m= n
throughthe CPM OTF, for (a) the vectorialmodel,and(b) the paraxialmodel. For both
(a) and(b) we show two cases,theunwrappedphasedifferencebetweenthezd = 0mm and
zd = 2mm OTF (solid line) and the unwrappedphasedifferencebetweenzd = 0mm and
zd = 4mm (dashedline). All casesshow a linear phaserampwith an oscillationof up to
p=2. This phaserampcorrespondsto a lateralshift of thePSF. Thevectorialcaseshows an
additionalcurvatureandlarger overall phasedifferencesof up to p radians(or 0.5 waves)
acrossthespectrum.
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Theoscillationswill haveasmalleffect; they arerapidandnotoverly largein amplitude:

peakingat p=2 for both vectorial and paraxialmodels. This will effectively introducea

sourceof noisebetweentheobjectandthe �nal recoveredimage.Whilst theseoscillations

arenotpredictedby thestationaryphaseapproximation,they arestill evidentfor theparaxial

model.

Themostdramaticdifferencebetweenthetwo modelsis in thecurvatureof thevectorial

case,which is particularlystriking in thezd = 4mm plane,andnot discernibleat all in the

paraxialcase. The primary effect of this curvaturewill be to introducesomeadditional

blurringof specimenfeaturesin thezd = 4mm plane,which theinverse�lter will notbeable

to correct. The total strengthof this curvatureat zd = 4mm is aboutp acrossthecomplete

m= n line, or 0.5waves,which is asigni�cant aberration.

4.5 Discussion

TheCPM producesa strongaberrationwhich appearsto overshadow theeffectsof defocus,

sphericalaberrationand vectorial high aperturefocusing. The paraxialapproximationof

CPMfocusingcertainlylosesaccuracy for largervaluesof defocuswhencomparedwith the

vectorialmodel,but not nearlyso muchaccuracy is lost as in the paraxialapproximation

of wide�eld focusing. Yet signi�cant differencesremainbetweenthe two models,notably

0.5wavesof curvatureaberrationin thevectorialcase,andthis suggeststhatvectorialhigh

aperturetheory will be important in the future designof high aperturewavefront coding

systems.

We canalsolook at the two modelsasproviding an indicationof thedifferencein per-

formanceof CPM wavefrontcodingbetweenlow apertureandhigh aperturesystems.The

curvatureaberrationin thehigh aperturecasevarieswith defocus,which meansthat it can-

not be incorporatedinto any single-pass2D digital deconvolution scheme.This effectively

introducesanadditionalblurring of specimenfeaturesin planesaway from focus,lowering

the depthof �eld boostfrom what canbe achieved with the sameCPM strengthin a low

aperturewavefrontcodingsystem.

In generaltheCPMperformsalittle betterat low aperturesfor EDFapplications.But the

highapertureCPMsystemstill maintainsusefulfrequency responseacrossthefull spectrum

of anequivalentwide�eld system,especiallyfor on–axisfrequencies.With a CPM strength

of 25.8waves,this steadyfrequency responseis only just startingto decayat eitherendof

an8mm EDF working range,which is a dramaticbooston the1mm depthof �eld predicted

for a1.3NA lensin wide�eld (seeFig. 1.1).
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Why doesthe CPM createsucha stablepatternunderchallengingconditions? Nye

(1999)pointsout that creatinga small spotusingperfectlens focusingis actuallyhighly

unnaturalandunstable.Thesmallestperturbationto thesystemcreatesdramaticchangesin

the focal spot. Natural focusing,on the otherhand,createsmorestableconcentrationsof

energy, asseenin the bright lattice of lines at the bottomof a swimmingpool on a sunny

day. Largechangesin thewatersurfacedo not fundamentallydisruptthelinearshapeof the

focusedlight.

A majorthemeof this thesisis combiningopticalanddigital designto �nd new solutions

to imagingproblems.Within ahybridsystem,thelinearfocusshapeseenin Fig.4.8(a)turns

out to bea usefulandresilientway of probingthespecimenwhenmaintainingtheabsolute

maximumdynamicrangeandresolutionis not the �rst priority. Ironically, we have used

wavefront codingaspart of an advancedhybrid optical–digitalmicroscopeto deliberately

designa systemwhich is robust againstdefocuseffects,only to �nd that naturegot there

�rst.



Chapter 5

High aperturecubic phaseexperiments

A wavefrontcodingmicroscopeis a relatively simplemodi�cation of amodernmicroscope.

A systemoverview is shown in Fig. 5.1.

Thekey opticalelementin a wavefrontcodingsystemis thewaveplate.This is a trans-

parentmoldedplasticdisc with a preciseasphericheightvariation. Placingthe waveplate

in thebackfocal planeof a lensintroducesa phaseaberrationdesignedto createinvariance

in the optical systemagainstsomechosenimagingparameter. A cubic phasefunction on

thewaveplateis usefulfor microscopy, asit makesthelow apertureopticaltransferfunction

(OTF) insensitiveto defocus.

While theopticalimageproducedisquiteblurry, it is uniformlyblurredoveralargerange

alongtheopticalaxisthroughthespecimen(Fig.1.2).Fromthisblurredintermediateimage,

we candigitally reconstructa sharpEDF image,usinga measuredPSFof thesystemanda

singlestepdeconvolution. Thewaveplateanddigital �lter arechosento matcha particular

objective lensandimagingmode,with the digital �lter further calibratedby the measured

PSF. Oncethesestepsarecarriedout,wavefrontcodingworkswell for any typicalspecimen.

TheEDF behaviour relieson modifying thelight collectionopticsonly, which is why it

canbeusedin otherimagingsystemssuchasphotographiccameras,without needingpre-

cisecontrolovertheilluminationlight. In epi–�uorescencemicroscopy boththeillumination

light andthe�uorescentlight passthroughthewaveplate.TheCPMprovidesabene�cialef-

fectontheilluminationside,by spreadingout theaxial rangeof stimulationin thespecimen,

whichwill improvetheSNRfor planesaway from bestfocus.

89
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Figure5.1: An overview of a wavefront coding microscopesystem. The image-forming
light from theobjectpassesthroughtheobjective lensandphasemaskandproducesanin-
termediateencodedimageon theCCD camera.This blurredimageis thendigitally �ltered
(decoded)to producetheextendeddepthof �eld result.Examplesatright show the�uoresc-
ing cell imageof Fig. 5.8(c)at eachstageof the two–stepprocess.At lower left a pair of
arrowsshow wheretheCPMandsquareapertureareinsertedinto themicroscope.
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Figure5.2: CustomCPM mountdesignedto �t in theDIC slot of a ZeissAxioplan micro-
scope.Thescrew allows lateralalignmentof theCPM with thesquareaperture.Themount
wasdesignedandbuilt at theUniversityof Sydney by CarolCogswellandKenWeigert.All
lengthsin millimetres.
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5.1 Experimental method

The experimentalsetupfollowed the systemoutline shown in Fig. 5.1. We useda Zeiss

Axioplan microscopewith a ZeissPlanNeo�uar 40x 1.3 NA oil immersionobjective. The

wavefrontcodingplatewasarectangularcubicphasefunctiondesign(CPM127-R60Phase

Mask from CDM Optics,Boulder, CO, USA) with a peakto valley phasechangeof 56.6

wavesat546nmacrossa13mmdiameteropticalsurface.Thisplatewasplacedin acustom

mount(shown in Fig. 5.2) andinsertedinto thedifferentialinterferencecontrastsliderslot,

4 mmabovetheobjective.TheCPMwasalignedsothatit wascentredwith theopticalaxis,

coveringthebackpupil.

A customsquareaperturemaskwas insertedinto an auxiliary slot 22 mm above the

lens,with the squaremaskcut to �t insidethe 10 mm circular pupil of the objective lens.

This squareapertureis neededdueto the rectangularnatureof the CPM functiongiven in

Eq. (4.3). Thesquareaperturewasrotatedto matchthemnaxesof theCPM.After clipping

by the squareaperture,the CPM strengthwasreducedto 25.8 wavespeakto valley. For

comparison,standardwide�eld �uorescenceimagingwasperformedwithout the CPM or

thesquareaperturemaskin place.

Fluorescentimageswere taken in epi-�uorescencemodewith a mercurylamp (HBO

50 W) and �uorescein isothiocyanate(FITC) �uorescence�lters in place. Two cameras

wereusedto recordimages:

1. A Photometricscooledcamera(CH250) with a ThomsonTH 7895 CCD at 12 bit

precision.This camerawaspurchasedin 1994.Thequantumef�ciency is about40%.

Thepixelsare19mm square.

2. A PhotometricsCascade650 cooledcamera(RoperScienti�c, USA) with a Texas

InstrumentsTC253CCD,purchasedin 2002.TheCCD pixel wells have a maximum

countof 27000(~15 bit) andhave a quantumef�ciency of 50% for light at 530nm.

TheCCD hason–chipgainto avoid readoutnoiseanda16 bit readoutto thePC.

To ensureweweresamplingat themaximumresolutionof the1.3NA lens,a2:5� eyepiece

wasinsertedjust beforethecamerainsidea customcameramounttube. Thetubeis shown

in Fig. 5.3. This tubeallowedpreciserotationalalignmentof thecamera,in orderto match

theCCD pixel arrayaxeswith theCPM mnaxes.

With 100x total magni�cation, this setupgave a resolutionof 190nm per pixel for the

CH250 camera,and 74nm per pixel for the Cascadecamera. The theoreticalmaximum

transverseresolutionfor a 1.3 NA lensis 220nm (seeFig. 1.1), for which critical sampling
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wouldbe110nmperpixel. SotheCH250resultsareslightly undersampledandtheCascade

resultsareslightly oversampled.

Initial alignmentof theaxesof theCPM with thesquareapertureandtheCCD camera

wascarriedout by visual inspection.AlthoughtheCPM wascircular, we knew theaxisof

theCPM from machinedrawings. We then�ne tunedthealignmentby observingtheCPM

PSF.

5.1.1 PSFmeasurements

Weusedboth�uorescentbeadsandapinholeasapproximatepointobjectsfor measuringthe

PSF. The �uorescentbeadspecimenwasdesignedto fully samplethe transverseresolution

of thesystem,using100nmpolystyrenebeadsstainedwith �uorescentdye.

We began with a vial of 100 nm yellow–green�uorescentbeadssuspendedin water

(FluoSpheres505 / 515 F-8803,MolecularProbes,USA). Although thesebeadswerenot

stainedwith FITC, they aredesignedto behave in asimilarmanner.

The ZeissFITC �lter usesblue incident light andgreencollection to help isolatethe

FITC �uorescent responsefrom re�ected light and emissionfrom other dyes. The peak

absorptionandemissionwavelengthsfor FITC are495 nm and530 nm respectively. The

yellow–greenFluoSphereshave correspondingpeaksat 505nm and515nm. Accordingto

MolecularProbes,thesebeadsareef�ciently excited at 488 nm, andshow no appreciable

bleachingafter 30 minutesexposureto a 250 W lamp. Therefore,they arehighly suitable

for characterisingwavefrontcodingfor highaperture�uorescenceimaging.

The FluoSpheresuspensionhad2% solids. This wasdiluted with distilled waterby a

factorof 109 sothatthebeadswerefar enoughapartin thespecimento recordaPSFfrom a

singlebead.A 3mL dropof thedilute suspensionwasplacedon a 22mm� 22mm number

1.5coverglass.Thiswasleft to air dry, in thedarkto avoid photo-bleachingof the�uorescent

dye.

After drying, a 3mL drop of mountingmedium(InSpeckI-7223 �uorescent intensity

calibrationkit, refractive index 1.47, MolecularProbes,USA) wasplacedon a slide, the

preparedcoverglasswasplacedon top with thebeadsidedownwards,andtheedgesof the

coverglassweresealedwith nail polish. We useda low–�uorescenceimmersionoil (Zeiss

Immersol518F)whenrecordingthePSF. Thisoil hasaspeci�edrefractive index of 1.518at

23� C.

Themountingmediumweuseddoesnotset,soin principlethebeadscoulddrift through

themedium.But duringair drying thebeadsbecameattachedto thecoverglass,andin our
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experiencethey remainedattachedaftermounting.Thismeanstheirpositionwasstable,and

notaffectedby Brownianmotionasit wouldbeif they werein solution.It alsomeantthatthe

refractive index changebetweenthecoverglassandthemountingmediumwould have only

a minor impact. However, therewerestill severalpotentialsourcesof sphericalaberration,

dueto uncertaintyin the refractive index of the immersionoil andthecoverglass,together

with possiblevariationsof thecoverglassthickness.

The secondPSFspecimenuseda metalpinholeto provide a strongersignal,allowing

observationof thePSFstructureat greaterdistancesfrom thefocal point. This is important

becausethe CPM stretchesthe PSFover a much wider region, which also decreasesthe

overallstrengthof thePSFsignalcomparedwith wide�eld. To preparethepinholeonaslide

for observation, the top andbottomof a 1mm diameterpinholewerecoatedin immersion

oil. Thepinholewasmountedon a slideundera number1.5coverslip,andthenilluminated

with astandardlampin bright�eld transmission.By applyingagreen�lter in thebaseof the

microscopewe narrowed the bandwidthof the illumination. An analyserin the collection

pathwasorientedto matchthemnaxesof theCPM.

For boththe100nm �uorescentbeadspecimensandthepinholespecimen,the3D PSF

wasrecordedwith theCascade650cameraby takinga continuousseriesof transverseim-

agesat 1mm stepsthroughfocus. This is a dramaticundersamplingof theaxial resolution

of our 1.3 NA objective, but unfortunatelyit wasthe limit of accuracy of the microscope

focuscontrol. TheOTF for a givenfocal planewasobtainedby taking the2D fastFourier

transformof thecorrespondingPSF.

To further increasethe SNR of the measuredPSF, long exposures,on-chip gain, and

frameaveragingwereall usedduring imageacquisition.The 100nm beadCPM PSFwas

recordedby takingtheaverageof 100frameseachwith anexposurelengthof 800ms,with

theCascadeon-chipgainat 2048,which is half themaximumsettingof 4096.Thepinhole

CPM PSFwasmuchbrighter, sowe settheon-chipgainto 0, andaveraged10 frameswith

anexposureof 100mseachfor thebrightestplanesof thePSF. Fewer exposuresof shorter

lengthwereusedto recordthewide�eld PSFastheintensitywasmuchbrighter.

Thesemeasuressubstantiallyreducedrandomnoisein theimagesof thePSF. Themain

limit on theSNRfor the100nmbeadswasbackgroundglare.Themostlikely sourceof this

glare was re�ections from slightly mismatchedrefractive indexesat interfaceswithin the

specimen,exacerbatedby the inevitablecrosstalkbetweentheexcitedand�uorescedlight,

notall of which is eliminatedby theFITC �lters.
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5.1.2 Biological imaging

To calibratethesystemfor biologicalspecimenimaging,wemeasuredthePSFin aseparate

experimentusinga1mm diameterpolystyrenebeadstainedwith FITC dye.Two dimensional

PSFimagesweretakenover a focal rangeof 10mm in 1mm stepsusingtheCH250camera.

This PSFmeasurement(shown in Fig. 6.5 of Arnison et al. (2003))wasusedto designan

inverse�lter usingtheapproachdescribedby Bradburn (1998).The�rst stepin thismethod

was to take the inverseof the modulusof the measuredOTF. The OTF wasobtainedby

applyingaFouriertransformto themeasuredPSF. Thesecondstepwasto incorporatealeast

squares�lter into this inverse�lter to suppressnoisebeyondthespatialfrequency cutoff of

theopticalsystem.Theinverse�lter wasthenusedto restoretheEDF imageby single–step

deconvolution.

Eachintermediatewavefrontcodedimageof our biologicalspecimenswasa singleex-

posureon theCH250camera.Each�nal wavefrontcodedimagewasobtainedby applying

theinverse�lter to asingleintermediateimage.

5.2 PSFand OTF results

ThemeasuredPSFsandderivedOTFsfor thefocusedand4mm defocusedcasesareshown

in Figs.5.4and5.5,comparingstandardwide�eld microscopy with wavefrontcodingusing

a CPM. The wide�eld PSFshows dramaticchangewith defocus,as expectedfor a high

apertureimageof a 100nm bead. But the wavefront codingPSFshows very little change

afterbeingdefocusedby thesameamount.

TheOTF measurementsin Fig. 5.4(a)emphasisethis focusindependencefor thewave-

front codingsystem.While the in–focusOTF for thewide�eld systemhasthebestoverall

response,the OTF quickly dropsafter defocusing.The wide�eld defocusedOTF alsoap-

pearsto bounceat1.1cycles/ mm, indicatinganull below thespatialfrequency cutoff. Such

nulls make it impossiblein wide�eld to usethemoststraightforwardmethodof deconvolu-

tion — divisionof theimageby thesystemOTF in Fourierspace.Timeconsumingiterative

solutionsmustbeusedinstead.

The wavefront codingsystemOTF shows a reducedSNR comparedwith the in–focus

wide�eld OTF. Yet thesameSNRis maintainedthroughawidechangein focus,indicatinga

depthof �eld at least8 timeshigherthanthewide�eld system.TheCPMfrequency response

extendsto 80%of thespatialfrequency cutoff of thewide�eld casebeforedescendinginto

thenoise�oor . This indicatesthatthewavefrontcodingsystemhasmaintainedmuchof the
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Figure5.4: ExperimentalPSFsandOTFs for the wide�eld andwavefront codingsystems
asmeasuredusinga 100nm �uorescentbeadanda NA = 1:3oil objective. For eachtype
of microscope,a PSFfrom the planeof bestfocusis followed by onewith 4mm defocus.
The upperimages(a-d) show the intensityof a centralregion of the PSFwhilst the lower
graph(e) givesthemagnitudeof theOTF for a line m = 0 throughtheOTF for eachcase:
(a) wide�eld zd = 0mm, (b) wide�eld defocusedzd = 4mm, (c) CPM zd = 0mm, (d) CPM
defocusedzd = 4mm. The PSFshave area13mm� 13mm andcanbe comparedwith the
simulationsin Fig. 4.6. The raw OTF resultswere noisy right acrossthe spectrum. For
clarity they have beenmedian�ltered and truncatedwhenthe signaldroppedbelow their
respectivenoise�oors.
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Figure5.5: ThemeasuredCPM in–focus2D OTF : (a) is themagnitudeof theOTF in log10
scale,and(b) is thewrappedOTF phasein radians.ThisOTF wasobtainedfrom theFourier
transformof a 100nm �uorescentbeadPSFin Fig. 5.4. This �gure canbecomparedwith
thesimulationresultsin Fig. 4.7.

transverseresolutionexpectedfrom thehigh aperturelensused.Becausethereareno nulls

in theCPMOTF atspatialfrequenciesbelow theSNRimposedcutoff, deconvolutioncanbe

performedusingasingle–passinverse�lter basedon thereciprocalof thesystemOTF.

A limiting factoron theSNR,andthereforethewavefrontcodingsystemresolution,is

theCCD cameradynamicrangeof 16 bits,giving a noise�oor of at least1:5� 10� 5. From

Fig. 5.4(e)the effective noise�oor seemsto be dramaticallyhigherat 10� 2. As discussed

in section5.1.1, backgroundglare imposeda limit on the SNR for the �uorescent bead

PSF. This reductionin SNRhasa greaterimpacton theoff–axisspatialfrequencies,where

a higherSNR is requiredto maintainhigh spatialfrequency response,an effect which is

clearlyseenin themeasured2D OTF in Fig. 5.5.

Usingthe1mm pinhole,wewereableto probetheaxialbehaviour of theCPMPSF. The

measuredPSFat zd = � 15mm is comparedwith vectorialandparaxialtheoryin Fig. 5.6.

Clearlythevectorialtheoryis correctlypredictinghighorderstructurein thedefocusedPSF

which is missingfrom the paraxialsimulation. However, the PSFis very dim at 15mm,

an axial distancewhich is well outsidethe working EDF rangefor the CPM usedin these

measurements.

PSFslicesalongtheopticalaxisareshown in Fig.5.7for bothwide�eld andCPM.These

canbecomparedwith thetheoreticalpredictionsshown in Figs.4.8and4.9.While it is clear

thatwe have undersampledthePSF, we have neverthelessobtaineda goodoverview of the

extendedCPMPSF, whichmatchesvectorialtheoryin thebroadfeaturesof thevisiblestruc-
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Figure5.6: The effect of deepdefocuson the CPM PSF. Shown for zd = � 15mm arethe
2D PSFs(a) measuredwith the 1mm pinhole,(b) simulatedwith vectorial theory, and(c)
simulatedwith paraxialtheory. The projectedpupil integrationcodefrom chapter4 was
usedto calculatethesimulationimages.Theimagewidth for eachcaseis 21mm.

ture,suchasthebananashapeandtheapproximatedimensions.To comparemoreclosely

with the�ne detailof thesimulatedPSFs,�ner z stepsareneeded,which couldbeprovided

by piezodrivenobjectivemount.A smallerpinholecouldalsobeused,for exampleholesin

a50nmthin layerof evaporatedgoldcanbeassmallas5 nmin diameter(Brakenhoff etal.,

1979),althoughany vectorialdiffractioneffectsdueto sucha smallaperturewould have to

becarefullyconsidered(Roberts,1987).

5.3 Biological imaging results

In orderto experimentallytesthigh resolutionbiologicalimagingusingtheCPM wavefront

codingsystemin epi-�uorescence,weimagedananti-tubulin / FITC–labelledHeLacell. For

comparison,we alsoimagedthesamemitotic nucleusin botha standardwide�eld �uores-

cencemicroscopeanda confocallaserscanningsystem(Fig. 5.8). TheCPM andwide�eld

imageswererecordedwith ourPhotometricsCH250camera.

The�rst wide�eld image,Fig. 5.8(a),showsamitotic nucleuswith onecentriolein sharp

focus,while asecondcentriolehigherin thespecimenis blurred.This featurebecamesharp

whenthefocuswasalteredby 6mm, asshown in Fig. 5.8(b).Thewavefrontcodingsystem

imagein Fig. 5.8(c)shows a muchgreaterdepthof �eld, with both centriolesin focusin

thesameimage.Weobservedadepthof �eld increaseof at least6 timescomparedwith the

wide�eld system,giving alowerboundof 6mm onthedepthof �eld for thewavefrontcoding
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Figure5.7: Slicesalong the z axis throughthe (a) wide�eld PSFand (b) CPM PSF. The
transverseco-ordinatew runsalongtheline x = y. ThePSFsweremeasuredusingthe1mm
pinhole. Theseplots can be comparedwith the vectorial simulationsin Fig. 4.8 and the
paraxialCPM PSFsimulationin Fig. 4.9. The measuredCPM PSFhasthe clearbanana
shapeaspredicted.A slight clockwiserotationandgeneralverticalasymmetryin theCPM
PSFcould indicatesphericalaberration. However, the wide�eld PSFalso displayssome
asymmetry. Coarsesteppingis clearlyvisible,dueto the1mm gapbetweentransverseplanes
of themeasuredPSFs.The1mm pinholewidth alsolimits the clarity of any �ne structure
in thePSFs,while giving a very strongsignalwhich wascrucial for imagingtheextended
structureof theCPM PSF. Thew andz axisunitsareall in thesamescaleof mm. Thez axis
wastakenfrom themicroscopefocusdial, andhasanarbitraryoffsetbetween(a)and(b).
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Figure5.8: Comparisonimagesof an anti-tubulin / FITC–labelledHeLa cell nucleusob-
tainedusingthreekindsof microscope.(a-b) Conventionalwide�eld �uorescenceimagesof
thesamemitotic nucleusacquiredat two differentfocal planes,6mm apartin depth.Misfo-
cusblurring is prevalent,with only oneof the two centriolesin focusin eachimage. (c) A
CPM wavefrontcodingimageof this nucleusgreatlyincreasesfocal depthsothatnow both
centriolesin themitotic spindlearesharplyfocused.(d) An equivalentconfocal�uorescence
EDFimageobtainedby averaging24separateplanesof focus,spaced0:5mm apart.Theres-
olutionsof thewavefrontcodingandconfocalimagesarecomparablebut theconfocalimage
took over 20 timeslongerto produce.Note thatwavefrontcodinggivesa perspective pro-
jection andconfocalgivesan isometricprojection,which chie�y accountsfor their slight
differencein appearance.ObjectiveNA=1.3oil, scalebar: 6mm.
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systemwith anNA = 1:3oil objective.Thiscompareswell with an8mm EDFworkingrange

predictedby thetheoryin chapter4.

For furthercomparison,we imagedthesamespecimenusinga confocalmicroscope.A

simulatedEDF imageis shown in Fig. 5.8(d), obtainedby averaging24 planesof focus.

Thisgivesanimageof similarquality to thewavefrontcodingimage.However, theconfocal

systemtookover20timeslongertoacquirethedatafor thisimage,dueto theneedtoscanthe

imagepoint in all threedimensions.Thereis alsoa changein projectiongeometrybetween

thetwo systems.TheconfocalEDFimagehasorthogonalprojection,whereasthewavefront

codingEDF imagehasperspectiveprojection.

We usedwavefrontcodingto imageseveral otherbiological specimenswith the NA =

1:3oil objective in epi-�uorescenceandbright�eld. Specimensincludedculturedneurons

andpollengrains.Theresultsweresimilar to thoseshown above for theHeLacells.

5.4 Conclusion

Wavefront coding is a new approachto microscopy. Insteadof avoiding aberrations,we

deliberatelycreateandexploit them. The apertureof the imaging lensstill placesfunda-

mentallimits on performance.Howeverwavefrontcodingallowsusto tradeoff thoselimits

betweenthedifferentparameterswe needfor a given imagingtask. Focal range,signalto

noise,mechanicalfocusscanningspeedandmaximumfrequency responseareall negotiable

usingthishybriddigital–opticalapproachto microscopy.

Thetheoreticalsimulationsin chapter4 predictthattheCPMfocal regionbehaviour will

be alteredat high apertures,which will becomemoreimportantwith higherSNR imaging

systems.For largevaluesof defocus,theseresultspredictatighterlimit onthefocalrangeof

EDF imagingthanis thecasefor paraxialsystems,aswell asadditionalpotentialfor image

artefactsdueto aberrations.

Thehighapertureexperimentalresultspoint to thesigni�cant promiseof wavefrontcod-

ing. They clearly agreewith the vectorial theory more closely than the paraxial theory.

Although,asis generallythe casein microscopy, many importantfeaturesof focusingare

still visible aftertakingtheparaxialapproximation.

ThefundamentalEDF behaviour remainsin forceat high apertures,asdemonstratedby

bothexperimentandtheory. This givesa solid foundationto build on. TheCPM waspart

of the�rst generationwavefrontcodingdesign.Usingsimulations,new phasemaskdesigns

canbe testedfor performanceat high aperturesbeforefabrication. With this knowledge,
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furtherdevelopmentof wavefrontcodingtechniquesmaybecarriedout,enhancingits useat

highapertures.



Part III

PhasemeasurementusingDIC

microscopy
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Chapter 6

DIC theory and phaseretrieval

Differentialinterferencecontrast(DIC) is apopularway to imageunstainedbiologicalspec-

imens. In this chapterI summariserelevant existing theory for DIC imaging,andreview

variousmethodsfor enhancingthephaseimagingthatDIC provides.Thischapterformsthe

backgroundto anew recipefor phaseretrieval which is proposedin chapter7.

6.1 Theory

A vectorialhighaperturetheoryfor DIC hasnotyetbeenpresented.Themostadvancedthe-

ory publishedis by Prezaetal. (1999).They proposedapartiallycoherentparaxialtheoryof

DIC imagingfor 3D objectsusingtheBorn approximationfor isotropicweakphaseobjects

andcomparedsimulationsagainstexperimentalmeasurementsof manufacturedphaseob-

jects.A detailedstudyof thetransferfunctionfor DIC wasmadeby CogswellandSheppard

(1992).A generaloverview of DIC imagingwaspresentedin Pluta(1989).

We follow the coherentparaxial2D model by Prezaet al. (1999). The optical setup

requiredfor DIC imagingis shown in Fig. 6.1. Linearly polarisedlight is split by the �rst

Wollastonprism into two orthogonallypolarisedbeamswith slightly differentpropagation

directions. After focusingby the condenserlens,the two beamsareseparatedat the focal

planeby asheardistance2Dx. If thereis aphasegradientin thespecimenat thefocalplane,

thenthetwo beamswill acquireslightly differentopticalpathlengthsf 1x andf 2x. Thebeams

arethencollectedby theobjective lens,beforebeingcombinedatasecondWollastonprism

toproduceasinglelinearlypolarisedbeam,wheretheaxisof polarisationcarriesinformation

aboutthephasedifferencebetweenthetwo beamsat thefocal plane.Theanalyserconverts

this into intensitysothatthephasegradientDf x = f 1x � f 2x is imaged.

105
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Figure6.1: Diagramof the optical systemfor DIC imaging,reproducedfrom Prezaet al.
(1999).

Usinggeometricalopticsandassumingathin objectwith weakabsorptionandphase,we

canwrite theDIC imageintensityas

f2q(x;y) = a2
1x + a2

2x + 2a1xa2xcos[f 1x � f 2x + 2q] ; (6.1)

wherea1x(x+ Dx;y)anda2x(x � Dx;y) aretheamplitudesfor two pointsin theobjectsepa-

ratedby ashear2Dx, and2q is theopticalDIC biaswhich is commonlysetby translatingthe

secondWollastonprism(Pluta,1989;CogswellandSheppard,1992).An alternativemethod

for changingthebiaswhich is moreconvenientin somecasesis known asthedeSenarmont

method,wherea quarterwaveplateis insertedbeforethe analyser, allowing the biasto be

changedby rotatingtheanalyser(Hariharan,1993).Somemicroscopemanufacturers,such

asNikon,offer thismethodaspartof their standardsetupfor DIC.

NotethatEq.(6.1)doesnotassumeaconstantobjectamplitude.TheDIC imagecontains

amixtureof informationabouttheamplitudeandphaseof thespecimen.

While thegeometricalopticsmodelof DIC is usefulfor describingthismixtureof phase

andamplitudeimaging,in thenext chapterwe will simulateDIC for a NA = 0:5 objective,

so we needa moreaccuratemodel for simulatingphaseretrieval methods. A signi�cant
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increasein realismis obtainedby using a paraxialFourier optics model, assuminga 2D

weakphaseobject.

We begin by consideringthe bright�eld PSFEBF(x;y). We candetermineEBF usinga

paraxialversionof theFourier opticsapproachgiven in sections4.2.2–4.2.4.Theparaxial

pupil wasgivenin Eq.(4.18),whichwesetto unity for bright�eld imaging

PBF(m;n) �

8
<

:
1 if m2 + n2 < sin2a

0 elsewhere
; (6.2)

wherea is theaperturehalf-angle.WecanthenobtainthefocalplanePSFusinga2DFourier

transformacrossthecircularpupil

EBF(x;y) = F f PBF(m;n)g : (6.3)

This model is scalarin that we assumedepolarisationduring focusingis negligible dueto

therelatively low aperture.

TheDIC PSFcanthenbewrittenasthesuperpositionof two laterallyoffsetbeamseach

with adifferentbiasphase

EDIC(x;y) =
1
2

h
e� iqEBF(x� Dx;y) � eiqEBF(x+ Dx;y)

i
: (6.4)

UsingtheFouriershift theoremandEq. (6.2),we cantake the inverseFourier transformof

thePSFto arriveataparaxialpupil functionfor DIC

PDIC(m;n) =

8
<

:
� 2i sin(q+ kDxm) if m2 + n2 < sin2a

0 elsewhere
: (6.5)

In orderto calculateacoherentimageof thecomplex weakphaseobject

w(x;y) = a(x;y) exp[if (x;y)] ; (6.6)

we take the2D Fouriertransformto gettheobjectspectrumW(m;n) andthenmultiply with

thepupil function,Fouriertransformandtake theintensityto gettheimage

I (x;y) = jF f P(m;n)W(m;n)gj2 : (6.7)
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Figure6.2: Imageprocessingof DIC images. (a) A confocaltransmissionDIC imageof
metaphasechromosomesfrom anorchidroot tip preparationshowing thedirectionalgradi-
entshadingwhich is characteristicof DIC. (b) Thesameimageafter line integrationalong
the horizontalaxis shows streakingdue to the unknown constantof integration for each
line. (c) Thesameimageafterapplyingahalf–planeHilbert transformdemonstratesthatthe
chromosomefeaturesnow couldbeisolatedfrom thebackgroundusingsimplethresholding.
Scalebar= 2mm. Reproducedfrom Arnisonetal. (2000).

DIC microscopy is usuallypartially coherentbothtemporally(white light) andlaterally

(opencondenseraperture). This requiresadditionalconvolution operationsto model, as

detailedby Prezaet al. (1999). However, Prezaet al. alsonotedthat coherentimagingis

reasonablyaccurate. Objectswhich are bandwidthlimited to within the passbandof the

coherenttransferfunctionwill beimagedwith a similar spatialfrequency responsefor both

coherentandpartiallycoherentimaging.Coherentringingeffectsareonly encounteredwhen

theobjectspectrumexceedsthepassbandof thepupil.

6.2 Enhancementmethods

DIC is popularfor biological imagingbecauseit canimagemany featureswithout theneed

for staining. An exampleDIC imageis shown in Fig. 6.2(a). DIC is often combinedwith

othercontrastmethods,for example�uorescencemayselectfor speci�c featureswhile DIC

givesan overview of the cell structureincluding the cell walls andnucleus. DIC is also

oftenusedin lasertrappingexperimentsto track themotionof the trappedbeadin relation

to cell components(Coleetal.,1995).For theseapplications,generallynoadditionaloptical

modi�cationsor post-processingis required.

NeverthelesstherearecaseswhereDIC enhancementis desirable.Researchersmaywish

to concentrateon the phaseinformation,for exampleto imagevery small objectssuchas
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microtubulesor asa quantitativemeasureof specimenproperties(Inoué,1989).Sometimes

amplitudecontrastfrom thespecimendominatesthephasesignaltheresearcheris interested

in. Or researchersmaywantto visualisethespecimenphasein 3D,whichis dif�cult because

of the differentialnatureof DIC imaging(Arnison et al., 2000). Being able to imagethe

specimenphasein isolation from specimenamplitudecontrastobviously offers the most

�e xibility for applicationslike these.

To summarise,four majorproblemspersistin usingDIC to imagespecimenphase:

1. standardDIC systemsarequalitative in nature,with a non-linearresponseto optical

pathlengthgradientsin thespecimen;

2. theDIC outputintensityis amix of amplitudeandphasegradientcontrast;

3. for many applicationsit is usefulto obtaintheactualphaseof thespecimen,whereas

DIC givesadirectionalphasegradient;and

4. it is desirablethatany phasereconstructionmethodbe straightforward,non-iterative

andyet robust.

Several approachesto solving theseproblemshave beenproposedin recentyears. Phase

shiftingDIC is aquantitativeopticalapproachto isolatingthephasegradientby shifting the

DIC prism bias(HariharanandRoy, 1996;Cogswellet al., 1997;Xu et al., 2001). While

phaseshifting DIC relieson a geometricalopticsapproximationof DIC imagingin order

to isolatethephase,Ishiwataet al. (1996)demonstratedanalternative methodfor isolating

thephasebasedonapartiallycoherentmodel.Theirmethodinvolvesmultiplying theimage

intensityby thesinof theDIC prismbias,thenintegratingover thebiasto isolatethephase.

Shimadaet al. (1990) brie�y outline a methodwhich at �rst glancesolves the main

threeproblemsof linearity, phaseisolation and isotropic integration. They demonstrated

phaseretrieval from a seriesof DIC imageswith changingprism biasandsheardirection.

However, thedetailsarenot clearlyspeci�ed for their phaseshifting andphaseintegration

steps. In addition, their methodis designedfor re�ection DIC, and implicitly assumesa

constantobjectamplitude.

Approachesinvolving iterativecomputationwhichalsoonly partiallysolvethe�rst three

problemsincludeline integration(Fig.6.2(b))preferablycombinedwith deconvolution(Kam,

1998),variance�ltering anddirectionalintegrationusingiterativeenergyminimisation(Feinei-

gle et al., 1996),androtationaldiversity(Preza,2000).Thelattertechniqueinvolvestaking

severalrotatedDIC imagesandcombiningthemusingiterativedeconvolution. Non-iterative
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yetanisotropicmethodsincludedirectdeconvolution(vanMunsteretal.,1997)andthehalf–

planeHilbert transform(Fig.6.2(c)from Arnisonetal. (2000))whichis aqualitativeFourier

approachto integratingthephasegradient.



Chapter 7

Phaseimaging usingDIC and spiral

phase

To datenoauthorhasoutlineda full methodwhich completelyaddressesall four DIC prob-

lemsoutlinedin section6.2. In this chapterwedetaila combinedopticalandcomputational

extensionof DIC which solves thesemajor problems,resulting in a phaseimagewhich

is linearly proportionalto the objectphaseandwhich hasa laterally isotropicresponseto

specimenphase.Themethodcombinesphaseshifting, two directionsof shear, andFourier-

spaceintegrationusinga modi�ed spiral phasetransform.We simulatedthemethodusing

a phantomobjectwith spatiallyvaryingamplitudeandphase.Simulatedresultsshow good

agreementbetweenthe�nal phaseimageandtheobjectphase.

7.1 Method

Ourmethodcombinesfour techniques.The�rst techniqueis conventionalDIC microscopy,

as describedin section6.1, which resultsin the 2D imageintensity previously given in

Eq.(6.1),

f2q(x;y) = a2
1x + a2

2x + 2a1xa2xcos[f 1x � f 2x + 2q] : (7.1)

wherea1x(x+ Dx;y)anda2x(x � Dx;y) aretheamplitudesfor two pointsin theobjectsepa-

ratedby a shear2Dx setby theDIC Wollastonprism,Df x = f 1x � f 2x is thecorresponding

phasedifferencebetweenthosetwo points,and2q is theopticalDIC bias.Herewe assume

geometricaloptics and the Born approximation,but we do not assumea constantobject

amplitude.

111
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Thesecondtechniqueis phaseshifting DIC (HariharanandRoy, 1996;Cogswellet al.,

1997;Xu etal.,2001).Thistechniqueretrievesalinearphasegradientthroughphaseshifting

by rotatingthe bias2q. The biasmaybe convenientlysetby �rst insertinga quarterwave

platebeforetheanalyser. Rotatingtheanalyserthenrotatesthebias(Hariharan,1993).We

canthenobtainthephasegradientin thex directionusing

Df x = tan� 1
�

fp=2 � f3p=2

f0 � fp

�
; (7.2)

wherefour DIC imagesf havebeenrecordedatbiasesof 2q = 0;p=2;p;3p=2. Wehavenow

removedboththeobjectamplitudeandvignettingfrom thesignalandobtainedalinearphase

gradientin thex direction.Thisstepalsoremovesmany potentialphase-independentsystem

errors,suchasweakspotson thecameraor non-uniformillumination. But we have so far

only imagedthecomponentof thephasegradientwhich is parallelwith thesheardirection

(vanMunsteretal., 1998).

The third techniqueis to repeatthe previous two stepswith the shearrotatedto ob-

tain Df y. The sheardirectionmay be changedby rotatingeither the specimenor the DIC

prismsby 90� . We notethat a recentlyannouncedvariantof DIC calledtotal interference

microscopy (Carl Zeiss,Germany) is designedto allow easyrotation of the shearangle.

Combinationsof DIC with multiplesheardirectionsandphaseshifting havebeenpublished

previously (Hartmanet al., 1980; Prezaet al., 1998; Preza,2000; Shimadaet al., 1990).

However in thosepapersa simplerphaseshifting techniquewasappliedwhich assumeda

constantobjectamplitude.

UsingtheFouriershift theorem,we canwrite down theFouriertransformsof our phase

gradients

Df x(x;y) ( ) 2isin(2pDxm)F (m;n) (7.3)

Df y(x;y) ( ) 2isin(2pDyn)F (m;n) ; (7.4)

wherem;n arethespatialfrequency co-ordinates,i =
p

� 1, ( ) denotesa2D Fouriertrans-

form, andcapitalisationdenotesaFouriertransformedfunction.

Thissetsthestagefor thefourth technique:usingEqs.(7.3)and(7.4)to obtainthephase

f (x;y). We applya Fourier-spaceintegrationapproachwhich is direct,straightforward,and
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reasonablyaccuratefor imagesthatdo not containdiscontinuities,suchasbiologicalphase

images.Webegin by combiningthex andy phasegradientsto form acomplex function,

g(x;y) = Df x + iDf y : (7.5)

We thenperforma 2D Fourier transformon g(x;y) andapply the Fourier shift theoremto

give

F (m;n) =

8
<

:

0 if [sin(2pDxm);sin(2pDxn)] = [0;0]

G(m;n)=H(m;n) otherwise
(7.6)

with

H(m;n) = 2i [sin(2pDxm) + i sin(2pDxn)] (7.7)

wherewehaveassumedDx = Dy. An inverseFouriertransformof F (m;n) givesthedesired

phasef (x;y). Phaseunwrappingpresentsa similar problemwhich canbe solved usinga

rangeof directanditerativemethods(GhigliaandPritt, 1998;Volkov etal., 2002).

For smallsheardistancesDx wecanusesinx � x to approximateEq.(7.7)with

Hd(m;n) = 4piDx(m+ in) : (7.8)

This is equivalentto approximatingthephasegradientsDf x andDf y with thepartialderiva-

tives¶f =¶x and¶f =¶y, andthenapplyingtheFourierderivativetheorem.

Summarisingthealgorithmstepswe have:

1. DIC imaginggiving f ,

2. phaseshifting giving Df x,

3. shearrotationgiving Df y, and

4. Fourierphaseintegrationgiving thedesiredphasef .

7.2 Simulation results

We have carriedout simulationsto evaluatethe full method. We useda coherentparaxial

imagingmodelasdescribedin section6.1,whichhasbeenshownto givereasonablyaccurate

predictionsfor DIC (Prezaet al., 1999). However, extendingour modelfor this simulation
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to includepartialcoherenceandvectorialdiffractionshouldnot poseany fundamentaldif�-

culties.

The phantomobject we simulatedis shown in Fig. 7.1(a-b),with a transmissionam-

plitude varying from 80% to 100%anda phasevarying from 0 wavesto 0.3 waves. The

illuminating beamwasmonochromaticwith wavelengthl = 550nm, imagingthe sample

througha 0.5NA lens.Theshearof theDIC Wollastonprismwassetat2Dx = 1mm.

DIC imagingwasmodelledusingfastFourier transforms(FFT) with 1024� 1024pix-

els including windowing andpadding,with the subsequentimagebeing363� 363 pixels

correspondingto a 25mm squareregion of the object. DIC wassimulatedusingthe pupil

functions

Px(m;n) = � 2isin(q+ kDxm) (7.9)

Py(m;n) = � 2isin(q+ kDxn) ; (7.10)

for shearin thex andy directionsrespectively, wherek = 2p=l . An examplepupil function

usedin themodelis shown in Fig. 7.2. Weadded10%randomnoiseto theintensityof each

simulatedDIC image,anexampleof which is shown in Fig. 7.1(c).Notetheimagecontains

amixtureof amplitudeandphaseinformation,with theamplitudeinformationgeometrically

distorteddue to the asymmetricalpupil function in Eq. (7.9). We usedthis DIC imaging

modelto simulateandcomputesteps2 and3 of thealgorithm. Thephasegradientin thex

directionDf x is shown in Fig. 7.1(d).

The �nal step,Eqs.(7.6) and(7.7),wascarriedout using726� 726FFTs,aftermirror

re�ecting thephasegradientimageto signi�cantly reduceedgediscontinuityeffects,asde-

scribedby GhigliaandPritt (1998,pp.191-192).Themirror re�ection wasimplementedby

creatinga largerimagegr with four re�ectedcopiesof g(x;y) insideit

gr =

"
g(x;y) g(� x;y)

g(x; � y) g(� x; � y)

#

; (7.11)

beforeapplyinga Fourier transformto get G(m;n). We alsowindowed H(m;n) to avoid

amplifyinghighfrequency noisein theimage,by settingH(m;n) = 0 for spatialfrequencies

outsidethe apertureof the simulatedimagingsystem.Fig. 7.3 shows the spiral transform

derived from the Fourier shift theoremH comparedwith the derivative approximationHd.

Steps1-3took54sto executeonanAMD Athlon 1.4GHzPC,while performingstep4 took

4 s.
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Figure 7.1: Linear phaseimaging simulationresults. (a) Object transmissionamplitude.
(b) Objectphase.(c) SimulatedDIC imagewith shearin the x (horizontal)direction,bias
2q= 3p=2andarti�cial imagingnoiseat10%of thesignal.(d) PhaseshiftedDIC imageDf x.
Thisstepisolatesthephasegradientfrom theDIC image.(e)Final retrievedphasefrom our
algorithm.Theobjectamplitude,noiseanddirectionalphaseshadinghaveall beenremoved
by our algorithm, leaving an imagewhich is a closematchto the object phaseshown in
(b). (f) Phaseerrorbetweenthenormalisedobjectphaseandthenormalisedretrievedphase.
Notetheonly largeerrorsarewherethephaseobjectmeetstheupperandloweredgesof the
image.Thewidth of the�eld of view is 25mm.
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Figure7.2: Imaginarypartof thesimulatedDIC pupil for shearin thex (horizontal)direction,
bias2q = 3p=2. The realpart is zerothroughout.Theaxisunitsarepixelswithin discrete
Fourierspace.
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Figure7.3: Modi�ed spiralphasetransforms.(a) Magnitudeand(b) phaseof thederivative
approximationHd of Eq. (7.8). (c) Magnitudeand (d) phaseof H of Eq. (7.7) after we
appliedanaperturewindow to avoid boostingthenoise.



7.2.Simulationresults 117

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  2  4  6  8  10  12  14

object amplitude
object phase

DIC image
retrieved phase (shift)

retrieved phase (derivative)

Figure7.4: A onedimensionalline plot throughFig. 7.1, vertically downwardsfrom the
imagecentre.Shown aretheobjectamplitude,objectphase,DIC imagewith shearin thex
directionandthe�nal phaseimagesfrom ourshift algorithmusingH from Eq.(7.8)andthe
derivative algorithmusingHd from Eq. (7.7). Thelatter threevalueshave beennormalised
to enablecomparison.Thehorizontalaxisis in micronsandtheverticalaxisis in normalised
units.Theretrievedphasehasbeeneffectively isolatedfrom theobjectamplitudeandsignal
noise. The error dueto Fourier edgeartefactsincreasesasthe plot movesaway from the
centreof theimage.
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Figure7.5: Retrievedphasewhenthemirror re�ection stepwasomittedfrom theshift algo-
rithm.

The�nal phaseimagef generatedusingH from Eq. (7.7) is shown in Fig. 7.1(e).This

imageshows we have extractedonly the phasefrom the phantomobject, with no visible

corruptionby eithertheobjectamplitudeor randomnoise.After normalisingboththeobject

phaseandthe retrievedphase,a normalisedimageof the error (Fig. 7.1(f)) anda line plot

(Fig. 7.4) show goodagreementbetweentheshift algorithmretrievedphaseimageandthe

phaseof the object, with a maximumerror of 17% at the edgeof the image. The mean

squarederroris 1:5� 10� 3.

Usingtheshift algorithminsteadof thederivativealgorithmmadea relatively smalldif-

ference,as seenin Fig. 7.4, with the derivative methodhaving a meansquarederror of

1:8� 10� 3 andapeakerrorof 18%.However, theresultsfrom bothalgorithmsweresignif-

icantlyworseif themirror re�ection stepof Eq.(7.11)wasleft out,asillustratedin Fig. 7.5.

7.3 Discussion

Theretrievedphaseimageis qualitatively excellent.However, certainerrorspersist,mostly

at the top andbottomedgesof the image. The error in thoseregionsis causedby the in-

tersectionof the object with the imageboundary. TheseFourier edgeartefactsmight be

avoidedwhenacquiringimagesexperimentallyby placingthespatiallyvaryingpartsof the

objectentirelywithin the�eld of view. However, avoidingsuchobjectclippingis notalways

possible,which is why we have deliberatelyplacedpartsof our simulatedobjectacrossthe

imageboundary. The edgeartefactscould alsobe removedduringprocessingby usingan
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improvedphaseintegrationtechniqueat thecostof increasedcomplexity andcomputation

(Ghiglia and Pritt, 1998). We note that our methoddoesnot producestreakingartefacts

of the sort shown in Fig. 6.2(b), in contrastwith the real-spaceline integrationtechniques

describedby Kam(1998)andShimadaetal. (1990).

For simplicity in explainingour algorithm,Eqs.(7.1) and(7.2) assumegeometricalop-

tics. However, our imagingsimulationincludeddiffraction,which will attenuatehigh spa-

tial frequenciesin thephasegradientandtherebyintroduceadditionalerror in theretrieved

phase.Yetdespiteoursimulatedobjectphasehaving abroadspatialfrequency spectrum,the

Fourieredgeartefactsnotedabove producedlargererrorsthanthegeometricalopticsbasis

of our algorithm. Supplementingour methodwith iterative deconvolution would produce

moreaccurateresults,effectively addingtheability to dealwith spatiallyvaryingamplitudes

to theapproachby Preza(2000).

Carefulconsiderationof samplingis requiredto maintainhigh accuracy. We areassum-

ing thatthephasegradientDf x is not too large.Unless

Df x < p (7.12)

theDIC phasesignalwill wraparound.An additionallimit is imposedbydiffraction(Sprague

andThompson,1972)
Df x

2Dx
< ksina : (7.13)

For thesystemwe have simulated,Eq. (7.12)is a tighterconstrainton Df x thanEq. (7.13).

Thesizeof thediffractionspotprovidesa tighterlimit onDf x thanthesheardistanceonly if

thesheardistance2Dx is lessthanhalf thewidth of thebright�eld PSF, wherethePSFwidth

is de�ned by SpragueandThompson(1972)to be l =sina. Vignettingwill alsoaffect the

signalfor largephasegradients.

An alternative for linear phaseimaging is quantitative phasemicroscopy (Barty et al.,

1998). This methodobtainsthe axial intensityderivative usingdefocusandconverts it to

separateamplitudeandphaseimagesusing the transportof intensityequation(TIE). One

importantdifferenceto our techniqueis that the TIE imagecontrastfor �ne phasedetails

decreaseswith highercondenserapertures(Barone-Nugentet al., 2002;Sheppard,2002),

whereasDIC imaginggivesthe bestcontrastandresolutionat the largestcondenseraper-

tures.
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It is interestingto notethat thephaseintegrationmethodin Eqs.(7.5–7.7)is relatedto

theHilbert transform,especiallywhenexpressedin theapproximateform in Eq. (7.8). Hd

mayberewrittenas

Hd(m;n) = 4piDx
p

m2 + n2exp[i arctan(n=m)] : (7.14)

Applying thespiralphasetermexp[i arctan(n=m)] in Fourierspacehasbeenproposedasa

2D versionof theHilbert transform,which is traditionallyde�ned in 1D only (Larkin et al.,

2001).It is alsoknown asacomplex Riesztransform.This2D Hilbert transformis isotropic,

ascomparedwith theanisotropic2D half–planeHilbert transformoutlinedby Arnisonetal.

(2000). While both the modi�ed spiral phasetransformin Eq. (7.14) andthe 2D Hilbert

transformproposedby Larkin etal. areisotropic,ourmodi�ed spiraldiffersby virtue of the

amplitudeweighting,presentin Eq. (7.14)asthesquareroot term.

A similar phaseintegrationsolutionmay beobtainedusingvectorsinsteadof complex

numbersin Eq.(7.5),asdetailedin appendixA.

In conclusion,wehavedetailedanextensionof DIC whichenablesisotropiclinearphase

imagingusingphaseshifting, two directionsof shear, andnon-iterative Fourierphaseinte-

grationincorporatingamodi�ed spiralphasetransform.Simulatedresultsshow goodagree-

mentbetweenthe �nal phaseimageand the object phase,for a 2D phantomobject with

spatiallyvaryingamplitudeandphase.Themethodcanin principlebeusedwith any DIC

imagingsystem,with potentialapplicationsincludingbiologicalmicroscopy, 3D visualisa-

tion, surfacepro�ling, refractive index pro�ling, andx-ray microscopy (David et al., 2002;

Kaulichetal., 2002).
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Chapter 8

Conclusion

This thesishasexploredseveralkey developmentsin modernmicroscopy.

1. Thedigital andoptical componentsof the microscopearebecomingincreasinglyin-

tertwined.

2. 3D Fourier optics is gaininggroundasa powerful tool for modellinghigh aperture

focusing.

3. Accuratemodellingof aberrationsin high apertureimagingsystemsposesinteresting

challenges,whetherthoseaberrationsaredeliberateor otherwise.

4. Thereis renewed interestin phase,including controlling the phaseof the pupil and

measuringthephaseof thespecimen.

I have describedboth theoreticalandexperimentaltechniqueswhich are in the processof

stretchingtheir wings into the hybrid digital–opticaldomain. Thesetechniqueswerethen

appliedasappropriatefor two examplesof hybrid microscopy with promisingpotentialfor

biomedicalimaging:controllingthepupil phaseusingacubicphasemask(CPM)to produce

the desiredimagingbehaviour, andmeasuringthe specimenphaseusingdifferential inter-

ferencecontrast(DIC) microscopy. I have demonstratedthat 3D Fourier opticsis a useful

conceptualmodelfor designing,simulating,andmeasuringtheperformanceof modernhigh

resolutionmicroscopes.

8.1 Summary of results

Hybrid microscopy changesthewaywelook atperformance.Chapter3 presentedageneral-

isationof 3D opticaltransferfunction(OTF) theorywhichcanassessthespatialfrequencies

123
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producedby focusingdesignswith arbitrarypupil functions.I usedthis theoryto completely

mapthe3D spatialfrequenciesof the intensityin the focal region for linearly polarisedil-

lumination,resultswhich hadnot beenpresentedpreviously despitethe 80 yearhistory of

vectorialfocusingtheory.

But arbitrary pupil designsmay fundamentallychangethe natureof focusing,which

meansweneedto adaptourfocalregionmeasurementtechniques.In chapter5 I documented

experimentswhich measuredat high resolutionthegreatlyextendedpoint spreadfunctions

(PSFs)whichareproducedby wavefrontcodingmicroscopes.

This extendedPSFin turn makesnew demandson theoreticalcalculationsin the focal

region. Chapter4 outlined the theoreticaland numericaltools necessaryto chart the in-

creasedterritoryusingvectorialdiffraction,andappliedthemto modellingwavefrontcoding

microscopy with a rectangularcubicphasefunctionasthepupil.

Part II describedhighapertureimagingusingaCPM,a�rst generationwavefrontcoding

pupil designedto enableextendeddepthof focus(EDF) imaging. This approachhingeson

thecreationof suitableconditionsfor reliablepost-processing,side–steppingtheapparently

degradedimagesproducedby the optical part of the hybrid microscope.The paraxialbe-

haviour of focusingwith a CPM at low apertureswaswell known, but EDF behaviour is

desirablefor many high aperturemicroscopeapplications.This thesiscomparedtheparax-

ial andvectorialtheoryfor calculatingthe CPM PSF, �nding signi�cant differencesin be-

haviour. My high aperturePSFmeasurementsveri�ed many detailsof thevectorialtheory

predictions.Themostsigni�cant theoreticalresultwasareductionin theEDFworkingrange

comparedwith aparaxialestimate.

WeappliedtheCPMto highaperture�uorescenceimagingof biologicalspecimens,and

foundwe wereableto produceEDF imagesat thecostof somedynamicrange.I presented

imagesof aHeLacell takenwith a1.3NA lensandaCPMstrengthof 25.8waves,indicating

a minimum6� increasein thedepthof �eld. Thevectorialtheoryshowedthatonly minor

degradationin thespatialfrequenciesin thePSFareexpectedoverafocalrangewhich is 8�

thatof awide�eld system.

Switchingfrom controllingthephaseto measuringit, partIII describedanew recipefor

makinglinearmeasurementsof thespecimenphaseusingthepopularDIC microscopy mode.

This recipeinvolvedseparatingthephasegradientfrom thespecimenamplitudeusingphase

shifting,andthencomputationallycombiningthephasegradientmeasuredin two orthogonal

directionsusingamodi�ed spiralphasetransformappliedin Fourierspace.

I presenteda simulationof this spiralphasemethodbeingappliedto a phantomobject.

Qualitatively thephaseimagesproducedclearlymatchedthephaseof thesimulatedobject,



8.2.Futuredirections 125

with reasonablylow errorsappearingin thequantitativeanalysis.Fourierprocessingplayed

acrucialrolein theconceptionof thisphaseretrievalmethod,whichreliesoncomplementary

opticalanddigital extensionsof DIC microscopy.

8.2 Futur edir ections

Throughoutthis thesisI have suggestedmany areaswhich I feel would be interestingfor

futureexploration.In thissectionI summarisethosesuggestions,alongwith additionalideas

for futureresearchwhich wouldbuild on thethemesof this thesis.

Thevectorialtransferfunction theoryI presentedcoversonly themonochromaticinco-

herentcase.Theeffect of reducedtemporalcoherencein broadbandlight andshortpulses

on the vectorial transferfunction could be modelledusinga �nite pupil thicknessinstead

of anin�nitely thin sphericalshell. Lateralpartialcoherencecouldalsobeintroducedby a

suitable3D generalisationof accepted2D partially coherenttransferfunctiontheory.

Sinceeven2D lateralpartially coherentcalculationsaddan additional2 dimensionsto

2D diffraction integrals,it maybea little while yet beforecomputersarepowerful enough

for a full 3D explorationof thepartially coherentfrequency spectrumof vectorialfocusing.

But bright�eld andDIC microscopesareusuallyoperatedwith a wide condenseraperture,

providing themotivationfor ongoingextensionof partially coherentimagingtheory.

In particular, 2D partially coherentsimulationsfor wavefrontcodinghave yet to bepre-

sented,even thoughpartial coherenceis often presentin suchsystems.Our simulationof

spiral phaseretrieval couldalsobene�t from extensionto partial coherence,aswell asex-

tensionto 3D to explore its behaviour for imagingthe phaseof objectswhich arenot �at.

Theseaspectsof DIC have beensimulatedbefore,however whathasnot yet beendoneis a

vectorialhigh aperturemodelof DIC. Althoughthis couldbeover thetop in simulatingthe

spiralphaseretrieval method,which afterall wasbasedpartly on geometricaloptics,a full

vectorialmodelof DIC wouldcertainlybeinterestingin its own right.

In section3.4 I mentionedtheconstraintson usingthevectorialOTF for measuringthe

performanceof acompletemicroscope,asopposedto thespectralcontentof theintensityin

thefocal region. A key questionis whetheracompletemicroscopemodelcanbebuilt up as

aseriesof pupil functionsandFourieroperations.

RohrbachandStelzer(2002b)havegonea longway in compilingasetof vectorialpupil

functionswhichaccuratelyembodyaberrations,dipoleradiationpatterns,andmultiplescat-

tering.Suchdevelopmentscouldfollow in thefootstepsof theparaxialsuccessof 2D Fourier

opticsby enablinga full 3D vectorialimpulseresponseandtransferfunctiontheory, which
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seemslikely to enablesimplermodellingof existing high aperturesystems,togetherwith

providing thesymbolictoolsto designnew hybridmicroscopes.

Evaluationof the projectedpupil function integral I describedin chapter4 using fast

Fourier transformsprovidedthespeedwe neededto explore theextendedfocal region pro-

ducedby theCPM.Thereareseveralwaysthis techniquecouldbeextendedwhichwouldbe

veryhelpful for modellingwavefrontcoding,aswell asvectorialfocusingin general.

Larkin (1999) hasoutlined a methodfor projectingthe pupil along a transverseaxis

beforeFouriertransformingto �nd thePSF, which would beparticularlyusefulfor plotting

axialslicesthroughbothsphericallyaberratedandCPMPSFs.Thiswouldalsoinvolveusing

pupil function formulationsof refractive index changetheory, asdescribedby Török et al.

(1995),RohrbachandStelzer(2002b)andSchönleandHell (2002).

The enlargedPSFthat the CPM providescouldalsobe the basisfor an interestingtest

of thelimits of theDebyeapproximationfor microscopeobjectives.CPM PSFcalculations

usingtheHuygens–Fresnelintegralcouldbecomparedwith theDebye–Wolf integralresults

presentedin this thesisto seeif the Debyeapproximationimposesa signi�cant accuracy

penaltyatpracticaldistancesfrom theGaussianfocalpoint.

Thevectorialresultsin this thesisarelimited to modellingthe�eld in thefocal regionof

a singlelens.A morecompletemodelof wavefrontcodingat high apertureswould include

both condenserandcollectionobjectives,dipole effects,and integrationover polarisation

anglefor unpolarisedillumination. A practicalaid for CPM optical alignmentwould be

modelsof theCPM PSFfor lateralandrotationalmisalignmentof theCPM relative to the

limiting squareaperture.In addition,theeffectsof propagationof theCPMoverthedistance

to thetruebackfocalplaneof thelenscouldbeimportantto explore.

Thisadditionaltheorywill needexperimentalveri�cation. Obviousimprovementsto the

PSFmeasurementtechniquespresentedin this thesiswould includemeasuringat �ner focal

stepsusinga piezoobjective positioner, andusing �ner holesaspoint sources.Juškaitis

(2003)andRhodesetal. (2002)outlinemethodsfor even�ner PSFmeasurement,including

determinationof thePSFphase.

High apertureoptics could feed back into wavefront coding in importantways. For

the biological wavefront codingresultspresentedin this thesis,restorationwasperformed

usinganinverse�lter designedusingthesimulatedparaxialwide�eld OTF andthevectorial

measuredCPM OTF. Insteadof the paraxialsimulation,the vectorialsimulatedwide�eld

OTF shouldbe used. An additionaloption would be to usethe simulatedvectorialCPM

OTF to seeif it improvesthe�lter performance.
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Phasederivatives can be obtainedusing simple amplitudepupil masksbasedon the

Fourierderivativetheorem(SpragueandThompson,1972;Lancisetal.,1997;Szopliketal.,

1998;Furuhashietal., 2003),but theseinvestigationsrestrictedtheirattentionto purephase

objects. Modernspatiallight modulators(SLMs) arecapableof dynamichigh resolution

�ltering of both the amplitudeand phaseof an incident �eld. Using SLMs in the pupil

plane,the DIC pupil model in Eq. (6.5) could be implementedasan optical Fourier �lter .

This would allow easyadjustmentof thesheardistance,sheardirectionandbias. It would

be a powerful way to explore DIC, aswell asan ef�cient apparatusfor implementingour

proposedspiralphaseretrieval method.

Of course,ourspiralphasealgorithmwaspresentedin this thesisusingsimulationsonly.

I look forwardto experimentaltestsusingstandardDIC opticswhichdeterminewhetherthe

spiralphasealgorithmlivesup to its promise.
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Appendix A

Fourier solution of the inversegradient

Westartwith the2D vectorrelation

Ñf =
¶f
¶x

i +
¶f
¶y

j ; (A.1)

wheref is thephasewewantto retrieve,Df x = ¶f =¶x andDf y = ¶f =¶y arethelinearphase

gradientswegetfrom phaseshifting DIC, andi andj aretheunit vectorspointingalongthe

x andy axesrespectively. Now thede�nition of Ñ2 is

Ñ2g = Ñ� Ñg ; (A.2)

so,assuggestedby Colin Sheppard,wecanwrite

Ñ2f = Ñ � (Df xi + Df yj ) : (A.3)

Rearranginggives

f = Ñ� 2 [Ñ � (Df xi + Df yj )] : (A.4)

NotetheFourierrelations(Bracewell, 1978;Sheppard,1999)

Ñ � g ( ) r � G (A.5)

Ñ� 2y ( )
1
r2Y ; (A.6)
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wherer is the polar co-ordinatevector in Fourier space. Applying thesewe can solve

Eq.(A.4) via Fourierspaceusing

f = F � 1
�

1
r2 r � F (Df xi + Df yj )

�
: (A.7)

This is similar to theFouriersolutionof theinverseLaplacianusedby thetransportof inten-

sity phaseretrieval method(PaganinandNugent,1998)asdetailedby Volkov etal. (2002).

I thensimpli�ed Eq.(A.7) to

f = F � 1
�

1
r

[cosqF (Df x) + sinqF (Df y)]
�

: (A.8)

Thecomplex versionusing

g = Df x + iDf y ; (A.9)

whichis usedasEq.(7.5)in chapter7,wascontributedbyKieranLarkin asanequivalentcal-

culationwhich providesa computationalshortcut.It meanswe only have to do two Fourier

transformsinsteadof three. It is alsoaninterestingexampleof usinga complex numberto

representa2D vector. Servinetal. (2003)in theirdiscussionof ann-dimensionalquadrature

transform,arguethatnumericalcrosstalk cancreateproblemswhenusingcomplex numbers

to representapair of 2D vectorsin thisway.
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Code

In this appendixI describethedetailsof thecomputercodeusedfor opticalcalculationsin

this thesis.

Vectorial optical transfer function (chapter 3)

I calculatedthe vectorialoptical transferfunction usingnumericalintegrationin a Mathe-

maticanotebookcalledotf.nb . The axial projectionswereveri�ed againstSheppardand

Larkin (1997).Three-dimensionalisosurfaceplotswerecreatedwith OpenDX.

A freecopy of thiscodecanbeobtainedbycontactingmeatmra@physics.usyd.edu.au.

Projectedpupil integration (chapters4, 5 & 7)

I developeda MATLAB scriptcalledvotf.m . This wasexecutedin eitherMATLAB itself,

or a freesoftwarecloneof MATLAB calledoctave.

votf.m was usedto calculatethe projectedpupil, transverseslicesthroughthe point

spreadfunction, andthe projectedoptical transferfunction. It could model theseusinga

vectorialDebye–Wolf model,a scalarmodel,or theparaxialapproximation.I appliedit to

modellingwide�eld microscopy, microscopy with thecubicphasemask,andfor simulating

paraxialDIC.

The projectedpupil wassampledin Cartesianco-ordinates,and2D fastFourier trans-

formswereusedto performintegrations.I veri�ed it in thefollowing ways:

� IntensityPSFresultsmatchedBoivin andWolf (1965)Fig.2 (whichshowsatransverse

planethroughthePSFwith (a)focusedand(b)defocusedu= 6whereu isanormalised

axial co-ordinate)with at least5% accuracy;
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� OTF resultsmatchedBorn andWolf (1999)Fig. 9.13(which shows defocusedOTFs)

with at least5% accuracy;

� I checkedthepupil phasegradientwasnot wrapping(jÑf j < p, basedon theNyquist

criterion)for CPMcalculationswith N = 2048;and

� I checked it convergedstably for the CPM anddefocuscasesinvestigated.Results

usingN = 2048; 4096; 6144matchedto within 1%.

A freecopy of thiscodecanbeobtainedby contactingmeat mra@physics.usyd.edu.au.

Refractive index changeintegration (chapter 4)

A Mathematicanotebookcalledinterface.nb wasusedto plot the resultsof a C++ pro-

gramcalledcpmiface.cc . Thetwo programscommunicatedusingmathlink.cpmiface.cc

usedGauss–Legendresamplingof thepupil (Pressetal.,1993)in calculatinga2D spherical

polarintegral. Original Mathematica,mathlinkandC++ codewaskindly providedby Peter

Török. I modi�ed theC++ codeto addthecubicphasemask.

This codewasusedto calculatewzsectionsof thewide�eld, CPM andsphericallyaber-

ratedPSF. It wasveri�ed in thefollowing ways:

� The wide�eld PSFwas veri�ed to 1% accuracy againstStamnes(1986) Fig. 16.7,

whichshows1D transverseplotsthoughtheIPSFfor u = 0, a rangeof apertureangles

a andalong(a) thex axisand(b) they axis;and

� The sphericallyaberratedPSF was veri�ed to 5% accuracy againstSheppardand

Török(1997a)Fig.3,whichshowsaxiallinesthroughtheIPSFfor d = 0; 20; 40; 100mm.

Convergencewasanissuefor theCPMPSFwith asquarepupil. Evenwith 20002 samplesof

thepupil, for observationpoints10mm from theaxistheresult�uctuatedby up to 2% when

small changeswere madeto the numberof samples.With the CPM being a rectangular

functionacrossa squareaperture,it is morelikely to producealiasingerrorswhensampled

usingapolarfunction.

The 2D densityplots which werecalculatedusingthis code,in Fig. 4.8, have a linear

scale,andarenormalisedto thepeakintensityovera large40� 30mm slicethroughthePSF.

UsingN = 400sampleswasfoundto givesuf�cient accuracy undertheseconditions.

For theCPM,votf.m andcpmiface.cc agreedqualitatively but not quantitatively. The

quantitative discrepancy was in the range1%–10%,andwasmost visible asa difference
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in theaxial scalingof wzslicesthroughthePSF. Both codesarebasedon theDebye–Wolf

integralandits accompanying approximations.

I amnot surewhat thecauseof thediscrepancy is, but I suspectit is dueto differences

in CPM anddefocusscaling. The large pupil phasestrengthsintroducedby the CPM and

its long focal depthplaceunusuallyhigh demandson theaccuracy of any integrationcode.

Theseaccuracy issueshavebeentakenintoaccountin theobservationsanddiscussionsbased

ontheresultsfromthesecodes.Statementsaregenerallyqualitativein nature,basedonmuch

largerdifferencesin theresultsthanthesizeof thesenumericaldiscrepancies.
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