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Summary

The ongoingmerger of the digital and optical componentf the modernmicroscopeis
creatingopportunitiefor nev measuremeriechniquesalongwith new challengegor opti-
cal modelling. This thesisinvestigateseveral suchopportunitiesandchallengesvhich are
particularlyrelevantto biomedicalimaging. Fourier opticsis usedthroughoutthe thesisas
the underlyingconceptuamodel,with a particularemphasison three—dimensiondfourier
optics.

A new challengdor opticalmodellingprovidedby digital microscopy is therelaxationof
traditionalsymmetryconstrainton opticaldesign.An extensionof opticaltransferfunction
theoryto dealwith arbitrarylenspupil functionsis presentedn this thesis. This is usedto
chartthe 3D vectorialstructureof the spatialfrequenyg spectrunof theintensityin thefocal
region of a high aperturdenswhenilluminatedby linearly polarisedoeam.

Wavefrontcodinghasbeenusedsuccessfullyn paraxialimagingsystemdo extendthe
depthof eld. Thisis achiezedby controllingthe pupil phasewith a cubicphasemask,and
therebybalancingopticalbehaiour with digital processing.

In this thesisl presenta high aperturevectorialmodelfor focusingwith a cubic phase
mask,andcompareat with resultscalculatedusingthe paraxialapproximation.Theeffect of
arefractve index changes alsoexplored. High aperturemeasurementsf the point spread
functionarereportedalongwith experimentakon rmation of high apertureextendeddepth
of eld imagingof abiologicalspecimen.

Differentialinterferenceontrasis apopulamethodfor imagingphasechanges other
wisetransparenbiologicalspecimensln thisthesisl reportonanew isotropicalgorithmfor
retrieving the phasefrom differentialinterferencecontrasimagesof the phasegradient,us-
ing phaseshifting, two directionsof sheayandnon—iteratve Fourierphasentegrationincor-
poratinga modi ed spiralphaseransform.This methoddoesnot assumehatthe specimen
hasa constantamplitude. A simulationis presentedvhich demonstrategood agreement
betweenthe retrieved phaseandthe phaseof the simulatedobject,with excellentimmunity
to imagingnoise.
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Chapter 1
Overview and background

The original microscopeconsistedf a light source a lens,anda specimen.For centuries,
mostof the designwork on microscopegentredon the opticsof the lensesused. But over

the last few decadesa fundamentakhift hasbeengatheringsteam,asthe eld of digital

microscoly matures.

Arguably this shift was launchedby the modernconfocallaserscanningmicroscope.
Suchmicroscopegieliveredmajor improvementsn resolutionand 3D imaging. Confocal
microscopesveremadepracticalby theintegrationof laserillumination,specimerscanning,
andelectroniamagestorage.To fully analyseandoptimiseaconfocalmicroscopetheoptics
of theseadditionalelementsnustbe consideredspartof afull system.

Justas confocalmicroscopesvolved, corventionalmicroscopesalso becomeincreas-
ingly automatedandcomputerisedlmagedigitisationis now a routinepartof microscoypy,
whetherby achage—coupledievice (CCD) cameraor by attachingananalogto digital con-
verterto the outputof a photomultipliertube.

Yetthe nal imagefrom a microscopevasgenerallystill consideredo be the intensity
measurementsadeby a photodetectoimagerestoratioranddecorvolutionwerereckoned
to bepost-processingtepspftenappliedonly whenfurtherimprovementwvasdesiredonthe
bestpossiblemicroscopamagesthat could be obtainedwith opticsalone. Although such
systemdhave often beencalleddigital microscopesa re wall remainedoetweerthe design
domainsof opticalimaginganddigital processing.

The nal stepin the shift towardsdigital microscopy is to think of any microscopeas
a hybrid of optical, digital and computationaparts. Justasdifferentlenseswithin a high
guality microscopeobjective contribute differentimaging propertiesin a balanceddance
towardsperfection differentoptical componentganbe combinedwith computationakteps
to bring out desirablenew imagingfeaturesn thefull digital microscope.
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A potentexampleof this is wavefront coding, investigatedn partll. Wavefront cod-
ing relieson an optical maskwith a carefully designedphasefunction. Whenthe maskis
placedin thelenspupil it dramaticallyaltersthe phaseandproducesa terrible imagefrom
an otherwiseexcellentmicroscope.Yet the maskallows animageto beretrieved computa-
tionally which hassimilar resolutionandsuperiordepthof eld comparedvith imagesrom
theunalteredmicroscope.

In the designof wavefrontcoding,digital microscopy is takento its logical conclusion,
with the possibilitiesof computationaprocessingeadingto deliberateand seeminglyad-
verseopticalmodi cationsto the microscope Thefull systemgivesa previously unobtain-
abletradeof betweentheimagingcharacteristicef resolution,depthof eld anddynamic
range,openingup new applicationgor high resolutionmicroscop.

Interferometryhasa mucholder heritagethan wavefront coding but it is similar in its
indirectapproacho imaging. Insteadof producingan intensityimageof the amplitudeof
the object, interferometryusessuperpositiorof electric elds to produceintensityfringes.
Thedesireddatais actuallyaphaseamageof thespecimenyhich canonly beobtainedusing
mathematicapost-processing.

Onemodernvariantof interferometryis the differentialinterferencecontrastDIC) mi-
croscope. GenerallyDIC is usedin a qualitatve way to obsenre the phasegradientof a
specimen However, by capturinga seriesof phaseshiftedimageswe canthenreconstruct
animageof the phaseof thespecimenlin chapter7 | simulatea novel methodfor doingthis,
creatinga new variety of digital microscope.

Fourieropticsis a very usefulway to modelimagingperformancevhencombiningop-
tical elementsanda key bene t is the easewith which the sameFouriertransformscanbe
usedfor continuedprocessingn thecomputer However, Fourieropticsasit is widely known
is a2D discipline,whichfails to accuratelynodelthe 3D natureof high anglefocusing.Top
guality microscopeobjectivesfocusat very high angles,andthis hasleadto an emeging
eld of 3D Fourieroptics.

The rst paperson 3D Fourier opticsaredecade®ld, but developmentsincethenhas
beensporadic.Becausalirect numericalcalculationsverebeyond the reachof computers,
researcthasfocusedon specialcaseswhich allow analytic simpli cation of the problem.
Computerdave now increasedn power sothatmoregeneralBD Fourieropticscalculations
areplausible,andthis eld is now ripe for development.

On the experimentalside, relevant developmentsinclude high resolutionspatial light
modulatorsvhichcan lter bothamplitudeandphasegaccuratdabricationof phaselters at
strengthof mary wavelengthsandcontinuingimprovementsn the speedyesolution pre-
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cisionandsensitvity of CCD camerasThesedevelopmentsll provide increasede xibility ,
which motivatesthe explorationof modelswith changedassumptionssuchasrelaxingthe
traditionalassumptiorof radialsymmetryin high aperturgocusingtheory

In chaptei3, | contributeanextensionof previoustransferfunctiontheorieswhichallows
for 3D Fourieropticsanalysisof generalise@pticalelementssuchasthewavefrontcoding
maskdescribedabove.

In the remainderof this chapter | will setthe historical contet for this thesis. Mi-
croscopy researchs aboutthe developmentf instrumentatiorwhichis in turn thenapplied
asameasuremernbol in other elds of science.This meanghata crucial partof the histor
ical context is the applicationsof the microscopy techniquegliscussedThenin chapter2 |
giveanoverview of therelevantmicroscopy theory beforemoving onto the rst novel work
of thisthesisin chapter3.

Two majordomainswheremicroscopy is usedarein materialsnspectionandbiological
research. Although thereis often overlap betweenthe obsenation methodsusedin each
domain,my emphasign thisthesiss onbiomedicalpplicationf digital microscog. | will
begin my backgroundeview by cateyorising the differentvarietiesof digital microscoy,
beforefocusingon two speci ¢ applicationsextendeddepthof eld andphasemaging.

1.1 Digital microscopy

| de ne adigital microscopeasary systemfor creatingimagesusinga microscopeogether
with digital technology Thisgenerallyincludesary systenmcontrolandinformationprocess-
ing aspectof microscoy which arenot purely optical,asmostmodernusesof electronics
in microscopeadesignemphasiseligital ratherthananalogtechnology This is afairly broad
de nition of digital microscop, soit is usefulto catgorisesuchsystemsn orderof increas-
ing sophistication:

1. A purely optical microscope wherethe controlsare manualandthe userviews the
imagedirectly throughthe eyepiece.Thereareno digital componentsn microscopes
of this cateyory.

2. Thesimplestdigital microscopewheretheopticalimageis capturedigitally. Images
may be digitisedusinga CCD cameraa photomultipliertube (PMT) combinedwith
ananalog-to-digitatorverter or by scanningohotographs.

3. Automateddigital microscopeswhereoperationsuchasfocusingand Iter selection
arecontrolledby a computer In conjunctionwith digital imagecapture this allows



6 Chapterl. Overview andbackground

automatedollectionof imagesin differentmicroscoy modesover a periodof time.
Confocalmicroscopesiregenerallyin this category or highet

4. Post-processingigital microscopeswherea usefulimageis obtainedoptically, but
theuserdepend®n computemprocessingf the digitisedoptical microscopemagein
orderto discernspecimerfeaturesof interest. This mightinclude 3D visualisationor
decowolutionto increaseesolution.

5. Full hybrid digital microscopesywhereopticalanddigital componentslependneach
otherto deliver the desiredimaging goals. Suchmicroscopesre also called hybrid
opticaldigital imagingsystems.

Simpledigital microscopesgcatayory 2) evolvedto allow digital presentatiomndquantitatve
imageanalysis. Image processingvas generallyrestrictedto suchoperationsas contrast
improvementnoisesuppressioandsegmentatiorof objects(Wield etal., 1968).

Automateddigital microscopegcateayory 3) certainlyimprovedthe ef ciency of studies
which involved repeatedperationsandmademary microscopegeaturesmore corvenient
to use. However, the nal imagedid not necessarilyshav ary improvementon whatcould
be obtainedwithout ary digitisationatall.

Evenconfocalmicroscopesnaybeplacedin cateyory 3. Marvin Minksy's original con-
focal microscopeoperatedvithout computerspr indeedeven lasers.He usedanalogelec-
tronicsto controlspecimerscanningandbuild upanimagefor display(Minsky, 1961,1988).
Of course subsequenadditionof lasersand computeramadethe systemmuchmore pow-
erful andindeedcorvenient.This enabledccommercialisatiomf thetechnologytwo decades
afterMinsky's patent(Cox andSheppard]1983a,b).

Thisdevelopmenechoeatrendin theearlyhistoryof digital microscoyy: collectionand
processingvereassistecindautomatedrst usinganalogelectronicsaandlaterimprovedus-
ing lasersandcomputersTheoriginal ying spotmicroscopaisedcathoderay tubes(CRT)
for both scanninganddisplay (Youngand Roberts,1951). Subsequentipgradeseplaced
theillumination CRT by a laser(Slombaet al., 1972)and controlledthe scanningusinga
computer(Jarvis,1974). Steinet al. (1969)integrateda computerwith a corventionalmi-
croscopeo automatdllumination control and specimerpositioning,andfor digitising the
image. A detailedhistory of technologicaupgradedo microscoly wasprovided by Inoué
(1995).

Post-processinguicroscopegcateyory 4) have beendeveloping strongly over the past
two decadesn parallelwith confocalmicroscopesDecorvolution of a carefully collected
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focusseriesfrom a corventionalmicroscopgCastleman1979;AgardandSedat,1983)can
compensatdor the effects of defocuson the frequeng contentof the images,and allow
resolutionand optical sectioningabilities roughly equalto that of confocalmicroscopes.
Decorvolutionis oftenusedin uorescencemicroscop.

Of course,decowolution can also be appliedto confocalmicroscopeswith a corre-
spondingfurtherincreasen resolution(Shav, 1995;Holmeset al., 1995). However, thisis
limited in practiceby the lower dynamicrangeof confocalimagesdueto the confocalpin-
hole,togethemwith thefactthatconfocalimagesalreadyprovide sufcient opticalsectioning
to isolatemostimagedatawithin afocal plane.

Volumedataset$rom both confocalmicroscopesanddecowolved conventionalmicro-
scopeganbevisualisedin 3D (Carlssoretal., 1985). This hasevolvedto becomea highly
usefulmethodfor biologistsandmaterialscientistdo inspect3D specimerstructures.

Thisthesisis concernedvith systemsn category 5, full hybrid digital microscopesThis
eld hasbeendevelopingrapidly in the pasttwo decadesCathe et al. (1984)pointedout
the advantagesf designingan optical systemto speci cally enhanceanimagerestoration
methodappliedafter electronicimagecapture an approachwhich led to the eld of wave-
front coding (Cathey and Dowski, 2002). However, if we relax the requiremenbf digital
electronicstheninterferometersanbe thoughtof ashybrid optical systemswith a much
longerhistory. This is becauseno usefulimageis obtaineduntil after mathematicapost-

processings appliedto theintensityfringesobtainedoptically.

Many hybrid microscopesystemshave recentlybeendeveloped.4p two-photonconfo-
cal microscopy (Hell etal., 1997) producesanimagewith clearaxial ringing of specimen
features.Decorvolution is requiredto obtainan imagewithout thesedistractingartefcts.
Oncethis is done,substantiabainsin resolutionare possible at the expenseof signi cant
opticalcompleity.

Closely relatedis standingwave microscoly and structuredillumination microscoy
(Bailey etal.,1993;Gustafssomtal., 1999;Gustafsson] 999).In suchsystemsinterference
patternsare setupwithin the specimen By phaseshifting thesepatternsandcombiningthe
resultsthe obsenablespatialfrequeng rangeis extendedgiving higherresolution.

In sectionl1.2.21 give an overview of methodsfor extendingthe depthof eld of mi-
croscoy. Someof the methodsare purely digital — they take asinput imagesobtained
without any opticalmodi cation. Othermethodssuchaswavefrontcoding,arehybrid sys-
tems.
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In section1.3 1 discussvariousmethodsfor imagingthe phaseof the specimen.Such
methodggenerallyinvolve hybrid systemsasphasecannotbe digitiseddirectly nor viewed
by theeye.

1.2 Extendeddepth of eld microscopy

In recentyearslive cell uorescencemicroscoly hasbecomencreasinglyimportantin bio-
logicalandmedicalstudies.Thisis largely dueto new geneticengineeringechniquesvhich
allow cell featuredo grow their own uorescentmarkers. A popularexampleis green uo-
rescenprotein. This avoidsthe needto stain,andtherebykill, acell specimerbeforetaking
uorescencamagesandthusprovidesamajornen methodor observindivecell dynamics.

With this new opportunitycomenew challengesBecausen earlierdaysthe processof
stainingoftenkilled thecells,microscopisteoulddo little additionalharmby squashinghe
preparatiorto makeit at, therebymakingit easierto imagewith a high resolution,shallov
depthof eld lens. In modernlive cell uorescenceimaging,the specimenmay be quite
thick (in opticalterms).Yetasingle2D imagepertime—stepgnaystill besufcient for mary
studiesaslong asthereis alargedepthof eld aswell ashighresolution.

Light is ascarceresourcdor live cell uorescencemicroscopy. To imagerapidly chang-
ing specimenghemicroscopisheeddo capturamagesyuickly. Oneof thechiefconstraints
on imagingspeeds the light intensity Increasingtheillumination will resultin fasterac-
quisition, but canaffect specimerbehaiour throughheating,or reduce uorescentintensity
throughphotobleaching.

Anothermajor constraintis the depthof eld. Working at high resolutiongivesa very
thin plane of focus, leadingto the needto constantly“hunt” with the focus knob while
viewing thick specimenswith rapidly moving or changingfeatures.Whenrecordingdata,
suchsituationsrequirethe time-consumingaptureof multiple focal planesthusmakingit
nearlyimpossibleto performmary live cell studies.

Ideally we would lik e to achieve the following goals:

useall availablelight to acquireimagesquickly,
achieve maximumlateralresolution,

andyethave alargedepthof eld.

However, suchgoalsarecontradictoryin anormalmicroscope.
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Figure1.1: Depthof eld Dz (solid line), lateralresolution1=Dr (dashedline) and peak
intensityat focuslsocus (dottedline — arbitraryunits) for oil immersion(ne; = 1:518) apla-
natic microscopeobjectveswith a typical rangeof NAs andl ¢ = 0:53nm asthe vacuum
wavelength.

For a high apertureaplanatidens,thedepthof eld is (Sheppard1988)
. oa 1 a |
Dz= 1.77 = 4sm2E 1 étarf‘E ; (1.1)

whereDz is de ned asthe distancealongthe optical axis for which the intensityis more
thanhalf themaximum.Herethefocal region wavelengthis | andtheaperturenalf-angles
a. A high aperturevaluefor the lateralresolution1=Dr canbe approximatedrom the full—
width at half-maximum(FWHM) of the unpolarisedntensity point spreadfunction (PSF)
(RichardsandWolf, 1959).We canusethepolarisedPSFto nd the peakintensityatfocus,
asa roughindication of the high aperturelight collection ef ciency (Richardsand Wolf,

1959,Eq.(3.18)),
2

5 3
lfocust 1 é(cos2§ a)(1+ gcosa) : (1.2)
Theserelationshipsareplottedin Fig. 1.1 for arangeof numericalaperturegNA),
NA = njsina 1.3)

wheren; is therefractve index of theimmersionmedium. Thelateralresolutionwasdeter
minedusinganumericallyobtainedmWHM of Eq. (5.2) from RichardsandWolf (1959)for
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eacha. Clearlymaximisingthedepthof eld con icts with thegoalsof high resolutionand
light ef ciency.

1.2.1 Focusand depth of eld

It is worth consideringvhatdepthof eld andfocusingactuallymeanin microscoyy (Berek,
1927). In a standardmagingsystemthe collectionlensis movedbackandforth alongthe
opticalaxisto bring correspondingegionsof the objectinto focus.We know whena system
is in focusbecauseat thatlens positionthe imagefeaturesare sharpestandthe systemis
imagingthewidestrangeof spatialfrequenciesrom the correspondingplanein the object.
Moving thelensfrom thispositionwill blur theimage andwe denotehiswith theequvalent
termsdefocusandmisfocus.

If theobjectis 3D ratherthan2D, thenin generalwe needto alsoconsidercontritutions
from out of focusplanesof the object. The 3D transferfunction,asdescribedn section2.4,
is ageneradescriptionof how thelenswill imagethe overallandrelative strengthof spatial
frequenciegrom all planesof the specimen.

In a corventionalsystem higherspatialfrequenciesvill rapidly drop off away from the
focal plane,while the low spatialfrequenciegersistfor a long distance giving the char
acteristicimage blur for misfocusedobjects. This is becausemostof the collectionand
illumination power passeshroughall planesof the specimenandtherebyeachplaneof the
specimerwill continueto contribute powerto the nal imageevenwhenhighly defocused.

In aconfocalsystempothhighandlow frequeng componentarestronglydampedwvith
misfocus.Thisis becausehe additionof a confocalpinholeto the collectionsystemall but
eliminatescontritutionsfrom defocusedpecimerplanes.

Thisis mostclearlydemonstrateth re ection confocalmicroscoly wheretheobjectlies
on asinglesurfacebut at differentheights(Hamiltonet al., 1981). Conventionalimagesof
sucha surfacewill blur out towardsa mediumlevel intensity for regionswith increasing
misfocus. In contrasta confocalimagewill decayquickly to black without giving blurred
imagesatintermediatdevelsof misfocus.This behaiour is calledoptical sectioning

Differentialinterferencecontrastmicroscopeslisplayboth kinds of behaiour, because
they produceimageswith a mix of bright eld andphasegradientinformation. The bright-
eld contribution to the imagehasweak optical sectioning,but the differential phasecon-
tribution is more strongly optically sectioned.In addition,the bright eld contrikbution will
imagethe phaseof defocusedbjects.
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Becauseof the decouplingof focus planesprovided by optical sectioningin confocal
microscop, a through-focusseriesof confocalimagesgivesa gooddatasefor 3D visual-
isation. An alternatve is to apply decowolution to a corventional3D datasetandthereby
obtain optical sectioningthroughpost-processingln both caseshe goal is to reducethe
depthof eld asmuchaspossible. This providesdual bene ts. Firstly it meansthat axial
featureswill be moreclearlyresohedashigheraxial frequenciewill beimaged.Secondly
it improvesthe optical sectioning,allowing ner axial slicing without contaminatiorfrom
objectfeaturesn neighbouringocal planes.

Scanningelectronmicroscoly (SEM) is well known for its ability to producestunning
3D images.However, theimagesviewed with humaneyesareactually2D. What givesthe
impressionof 3D imagingis the very large depthof eld. SEMsoperatewith a very small
apertureto avoid aberrationslueto the poor quality of electromagnetitenses.This small
aperturegivesavery largedepthof eld.

Whenvisualising3D volume datasetgrom confocalmicroscopeswe have a complete
3D datasetsowe canrotatethe specimenn the computerandthenrecalculatea 2D view
of the 3D volumefor display Ona SEM microscopeve cannotso easilyobtaina 3D array
of imageintensities.Whenwe wish to seea specimerfrom a differentangle,we generally
rotateit within the SEM itself.

In seekingto extendthedepthof eld of corventionalopticalmicroscopesywe arelook-
ing for the kind of 3D imagingbehaiour thatan SEM has.Theuserneeddo be ableto get
rapid feedbackwhenthey move androtatethe specimen.Systemspeedis crucial for this
reasonaddingto the speedequirementalreadydiscussedn pages.

1.2.2 Methodsfor extendingthe depth of eld

A numberof methodshave beenproposedo work aroundthe normally con icting needsof
resolution,depthof eld andlight ef ciency to producean extendeddepthof eld (EDF)
microscope.

Beforetheadwentof CCD camerasHausler(1972)proposed two stepmethodto extend
thedepthof focusfor incoherentmicroscop. First,anaxially integratedphotographiémage
is acquiredby leaving the camerashutteropenwhile the focusis smoothlychanged.The
secondstepis to decowolve theimagewith theintegrationsystentransferfunction. Hausler
shovedthataslong asthe focuschangeis morethantwice the thicknessof the object,the
transferfunctionfor theintegratedimagedoesnot changefor partsof the objectat different
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depths— effectively the transferfunctionis invariantwith defocus. The transferfunction
alsohasno zeros providing for easysingle—steqecomolution.

This methodcould be performedeasilywith a modernmicroscopeasdemonstratede-
cently by Juskaitiset al. (2001). However, the needto smoothlyvary the focusis a time—
consumingaskrequiringsomesortof optical displacementvithin the microscope.Thisis
in con ict with our goalof rapidimageacquisition.

A similar approachs to simply imageeachplaneof the specimensteppingthroughfo-
cus,thenconstrucenEDF imageby takingtheaxial averageof the 3D imagestack,or some
othermoresophisticatedperationwhich selectshe bestfocusedpixel for eachtrans\erse
specimenpoint (Hauslerand Korner 1984; Holmeset al., 1991; Schechneet al., 2000;
SchechneandKiryati, 2000; SynopticsLtd., 2001; Valdecasagt al., 2001). Axial selec-
tion hasbeendescribedn applicationto confocalmicroscoly (Shepparaetal.,1983),where
opticalsectioningnakesthe EDF post—processingtraightforvard. Wide eld decorwolution
imagescouldalsobeused.In all casesherequirement®sf focal scanningandmultiple plane
imagecapturearemajorlimitationson overall acquisitionspeed.

Potuluriet al. (2001) have demonstratethe useof rotationalshearinterferometrywith
a corventionalwide eld transmissiomrmicroscope.This technique usingincoherentight,
addssigni cant compleity, andsacri ces somesignal-to—noiseatio (SNR). However the
authorsclaim an effectively in nite depthof eld. The mainpracticallimit on the depthof
eld is thechangen magni cationwith depth(perspectie projection)andtherapiddropin
imagecontrastaway from theimaginglensfocal plane.

Anotherapproachs to usea pupil maskto increasethe depthof eld, combinedwith
digital imagerestoration.This createsa digital-opticalmicroscopesystem.Designingwith
sucha combinationin mind allows additionalcapabilitiesnot possiblewith a purely optical
system.We canthink of the pupil asencodingthe optical wavefront,sothatdigital restora-
tion candecodea nal image,which givesusthetermwavefontcoding

In generala pupil maskwill be somecomplec function of amplitudeand phase. The
functionmight be smoothlyvarying,andthereforeusableover arangeof wavelengths Or it
might be discontinuousn stepsizesthatdependon the wavelength,suchasa binary phase
mask.

Many articleshave exploredthe useof amplitudepupil maskgGibsonandLanni, 1989;
GuandSheppard]992;0jeda-Castafiedsal., 1988,1989;Streibl,1984aTschunlo, 1974,
1981; Welford, 1960), including their usein high aperturesystemgCamposet al., 2000).
Thesecanbeeffective atincreasinghedepthof eld, butthey dotendto reducedramatically
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the light throughputof the pupil. This posesa major problemfor low light uorescence
microscop.

Steel(1960)proposedandconstructe@modi ed lenswith negative sphericabberration.
Thelenspro le changedrom linearto sphericalalongthe radius,memging the shapeof an
axiconwith thatof a normallens,andthereforegiving alongerdepthof eld.

Wilson et al. (2002) have designeda systemwhich combinesan annuluswith a binary
phasemask.Thephasemaskplacesmostof theinput beampower into thetransmittingpart
of the annularpupil, which givesa large boostin light throughputcomparedo usingthe
annulusalone.Thiscombinatiorgivesatentimesincreasen depthof eld. TheEDFimage
is laterallyscannedn x andy, andthendecormolutionis appliedasa post—processingtep.

Binary phasemasksarepopularin lithographywherethewavelengthcanbe x ed. How-
ever, in wide eld microscopy ary optical componenthatdependsn a certainwavelength
imposesseriousrestrictions. In epi- uorescencethe incidentand excited light both pass
throughthe samédens. Sincetheincidentandexcitedlight areat differentwavelengthsary
wavelengthdependenpupil masksvould needio beimagedontothelenspupil from beyond
thebeamsplitterthatseparatetheincomingandoutgoinglight paths.This addssigni cant
compleity to theopticaldesignof awide eld microscope.

The systemproposedoy Wilson et al. (2002)is designedor two-photonconfocalmi-
croscopy. Optical compleity, monochromatidight, and scanningareissuesthat confocal
microscoly needsto dealwith anyway, so this methodof PSFengineeringaddsrelatively
little overhead.

Wavefrontcodingis anincoherentmagingtechniquehatreliesontheuseof a smoothly
varying phase—onlpupil mask,alongwith digital processing.Two speci ¢ functionsthat
have beensuccessfublire the cubic (Bradkurn et al., 1997; Dowski and Cathey, 1995)and
logarithmic(Chi andGeoge,2001;SherifandCathg, 2003)phasemaskswherethe phase
is a cubic or logarithmicfunction of distancefrom the centreof the pupil, in eitherradial
or rectangulaico-ordinates.Mezouariand Harvey (2003) have proposedjuarticandloga-
rithmic radialphasemaskdor reducingtheimpactof bothsphericalaberratioranddefocus.
They notethat the improvementin aberrationtoleranceis not as greatas for rectangular
masks but thatradialphasemasksareeasieito construct.

Elkind et al. (2003) have presentedn iterative methodfor designingphase—onlhypupil
masks,basedon the Gerchbeg—Saxtonalgorithm. Elkind et al. de ne the systemperfor
manceto be measuredy the transferfunction averagedover eachof N trans\erseplanes
acrosghe desiredEDF range. In eachiterationstepof the methodthey apply a constraint
that the systemperformanceshouldbe as closeas possibleto an ideal in-focusresponse.
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They thenvary the pupil maskuntil the performanceornverges.Their simulatedandexperi-
mentalresultsshov a10 depthof eld increase.

Unlike wavefrontcoding,the Elkind et al. methoddoesnot needpost-processintp re-
trievethe nal EDFimage.However, theirresultsalsoshaw thatwhile all spatialfrequencies
aretransmittedover the wider depthof eld, the overall contrastis wealer at the extreme
endof the EDF range. In comparisongcontrastievels shaw little variationacrossthe EDF
rangein wavefrontcodingsystems.

The cubic phasemask(CPM) waspartof the rst generatiorof wavefrontcodingsys-
tems,designedor generalpurposeEDF imaging. The CPM hassincebeeninvestigatedor
usein standardlow aperture)microscopy (Tucker et al., 1999). The maskcangive a ten
timesincreasan thedepthof eld withoutsigni cant lossof trans\erseresolution.

Commercialisatiorof wavefrontcodingmicroscoly hasproceededn parallelwith my
researcHor this thesis.Patentlicensing(Catheg andDowski, 1998; Dowski and Cogswell,
2003)andapplicationdevelopments beingmanagedy CDM Optics(CO, USA). In 2002,
Carl Zeissreleased productcalledDeepMew which useswvavefrontcodingto provide EDF
imagingfor materialsandindustrialinspectiormicroscopy. OlympusOptical Compaly have
alsolicensedwavefrontcodingtechnologyin orderto developan EDF endoscop product.

Corverting a standardwide eld microscopeto a wavefront coding systemis straight-
forward. The phasemaskis simply placedas closeas possibleto the back pupil of the
microscopeobjective. The digital restorationis a simple single-stepdecomwolution, which
canoperateat video rates. Oncea phasemaskis chosento matcha lensandapplication,
an appropriatedigital inverse Iter can be designedoy measuringthe PSFE The resulting
optical—digitalsystemis specimenndependentThewavefrontcodingprocesss illustrated
in Fig. 1.2.

Themaintradeoff is aloweringof the SNRascomparedvith normalwide eld imaging.
The CPMalsointroducesanimagingartefictwherespecimerfeaturesaway from bestfocus
areslightly laterally shiftedin theimage. This is in additionto a perspeciie projectiondue
to theimaginggeometrysincean EDF imageis obtainedfrom a lensat a singlepositionon
the optical axis. Finally, asthe CPM is arectanguladesign,it stronglyemphasisespatial
frequencieghatarealignedwith the CCD pixel axes.

High aperturamagingdoesproducethe bestlateralresolution but it alsorequiresmore
comple theoryto modelaccurately Yet nearlyall of the investigationf EDF techniques
reviewed above arelow aperture. For this thesisl have chosena particularEDF method,
wavefront codingwith a cubic phaseplate,andinvestigatedts theoretical(chapter4) and
experimentalchapter5) performancdor high aperturemicroscoy.
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Figurel.2: How pointsareimagedin standardversuswavefrontcodingsystems:(a) Con-
ventional(smalldepthof eld) systemwith two axially—separatedbjectsto theleft of alens.
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creasdn diametertowardtheir planeof bestfocus(far right), while the objectpointsof the
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equialentlyblurredover the samerangeof imageplanes.Signalprocessinganbe applied
to ary oneof theseimagesto remove the constanblur andproducea sharply—focuse&DF
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1.3 Phasemicroscopy

The main mechanismgor imaging specimerfeaturesin biological microscoy areampli-
tude, uorescence polarisationand phase. Amplitude and uorescenceare certainly very
popular however until recentlyviewing mary biological featuresusingamplitudeor uo-
rescenceontrastrequiredstainingandtherebykilling the specimen.Evenwith the advent
of green uorescentprotein, the act of viewing a specimernusinga microscopemay have
additionalbiological side—efects(Jacquettal., 2003).

As phaseandpolarisationmagingtechniquegvolvedto becomesasieandmorepower-
ful, biologistswereableto usethemto view previously invisible specimerfeaturesn living
cells. For example,apioneeringime—lapsemovie of chromosomedividing wastakenusing
Zernike phasecontrastshortly afterthe techniquewascommercialisedn the 1950's (Bajer
andMole-Bajer,1956;InouéandOldenboug, 1998).

Phaseimagingis also usefulwhencombinedwith uorescence,as often only certain
featureswithin a cell will uoresce,sothata phasemageactsasa backdropshawving key
non- uorescentfeaturessuchasthe nucleusandthe cell walls. The ability to seemicro-
tubulesmoving chromosomesiroundduring cell division providesan interestingexample
of theimpacton biological researchof new microscopy imagingmodes(Waterman-Storer,
1998;Inoué,2003).

1.3.1 Methodsfor phaseimaging

Phase@magingis anambiguousoncepthatbearscarefulde nition. By comparisonbpright-
eld imagingof specimeramplitudecontrasis relatively straightforward,andis thusahelp-
ful placeto startwhendescribingtheimagingprocess.

Refractve index changesn the specimerwill give spatialchangesn absorptionfrans-
mittanceandre ectance.Takingthecaseof bright eld transmissionmaging,we would like
to imagethetransmittancef the specimerin thefocal plane. Assumingweakscatteringn
thespecimentheintensityof theelectric eld in theimageplanewill be proportionalto the
transmittanceof the specimen.Conveniently we canthenrecordthe intensity directly by
convertingphotonsnto digital readingausinga CCD camera.

But theremaybefeaturesve wish to obsere which changeherefractve index or speci-
menthicknesswithoutsigni cantly changinghetransmittanceSuchchangesvill introduce
variationsinto the optical pathlengthof theincidentlight. Assumingweakscatteringn the
specimeroncemore,thesepathlengthvariationswill translateinto phasevariationsof the
electric eld in theimageplane.
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Thereis noequvalentsolid statedevice to the CCD camerdor recordingthe phaseof an
electric eld. Sowe mustusemoreindirectopticalmethods.Theimage eld canbeprobed
to retrieve theimagephase.Alternatively, the imagingsystemcanbe modi ed sothatthe
imageintensityrevealsinformationaboutthe objectphase.In both caseghe key methods
areinterferenceandphaseshifting.

We canuseFourieropticsto modelmary possiblemodi cationsto theimagingsystem
which corvertobjectphasanto imageintensity(Sheppar@andWilson, 1980;Streibl,1985).
But fundamentallyFourieropticspointsto a key limitation of lenssystemmodi cationsfor
revealingphaself we breakup anobject eld f(x) into realandimaginarypartsf = a+ ib
andFouriertransform thenthe correspondingealandimaginarypartsremainseparate@s
lineartermsin Fourierspace

atib() A+iB; (1.4)

wherecapitalisatiordenotesa Fouriertransformedunction. However the objectmagnitude
andphaseof the samefunction f = r exp(if ) cannotbe soeasilyuntangledn Fourierspace

rexp(if) () R Ffexp(if)g; (1.5)

whereF denotegFourier transformationrand  denotesconvolution. This meansthereis
no simpleway to apply a pupil function separatelyo the magnitudeandphasenformation
from theobject eld.

Neverthelessmary phasemagingmethodsely onpupil modi cations. In Zernike phase
contrasiBornandWolf, 1999)theDC componenbf theimageis ipped by addingaphase
maskin the pupil. For smalloptical pathlengthchangesthis givesanapproximatelylinear
phaseresponsen the imageintensity However, for objectswith non-uniformamplitude,
theamplitudesignalwill becombinedwith thephasesignal. Zernike phasecontrasdisplays
stronghaloandshading—dfartefacts,wheretheimageintensitydecaygo themeanintensity
level within ary large areaof constanphase.

We maythink of theimagesignalbeingseparatedhto partsby the actof diffractionby
the specimen. By blocking the undiffracted part with various pupil masks,we can make
visible the scatteringcausedoy refractve index boundaries.This principle appliesto vari-
ousmethodsof phase@maging,includingdark eld, schlierenphaseamaging,Zernike phase
contrastandHoffmanmodulationcontrastPluta,1989).

The schlierenand Hoffman techniquesboth give imagesof the phasegradientin the
specimenyatherthanthe phase. This phasegradientis a partial derivative in a trans\erse
direction, with the axis of differentiationsetby the rotation of the anisotropicoptical ele-
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mentswhich producethe phaseggradientcontrast.Theresultingimagehasa raisedbasrelief
appearanceDifferential phasecontrastalso producesa directionalphasegradient,taking
advantageof theaccesgo theimagespotprovidedby a confocalmicroscopeo differentiate
theimageatthedetector(HamiltonandSheppard1984;Amosetal., 2003).

One particularly popular phasegradientimaging techniqueis NomarskiDIC (Pluta,
1989).This popularityre ects severalstrengthf DIC:

the entire apertureof the objectve is used,leadingto high resolutionandlight ef -
ciengy,

thederivative natureof DIC providesaboostin thecontrasof high spatialfrequencies
in phaseobjects,and

thederiative alsogivesvery strongoptical sectioningfor phasefeatures.

DIC achieves phasecontrastby splitting the illumination into two orthogonallypolarised
beamswhich interactindependentlyith the specimen By recombiningthesebeamsafter
theobjectve,thephasederivative canbe measuredThedetailsof DIC operationrandtheory
aregivenin chapter6. DIC still hasits aws: the phasesignalis mixed with amplitude
contrastthe phaseas notentirelylinear, andthe phasegradientis anisotropic.

Despitethefactthatit did notaddressry of these a ws, videoenhancedIC provided
animportantboostin the power of DIC for imagingbiologicalfeatureqInoué,1981;Allen
etal., 1981). Thistechniquormsakind of digital microscopeasit side—stepshe normal
adjustmenof DIC biasfor optimalviewing by theeye, insteadoptimisingtheimagecontrast
for laterimageprocessingdSalmonandTran, 1998). This enabledviewing of microtukule
dynamicswhichwaspreviouslyinvisible with DIC asmicrotukulesonly giveaslightchange
in refractve index, andthey areverythin — assmallas25 nmin diameter(Inoué,1989).

As discussedn chapter6, DIC canbe modelledusing Fourier optics with a comple
pupil function. In orderto eliminatethe amplitudesignalandretrieve a linear phasesignal,
pupil modi cations are not enough,we needto also perform somesort of optical phase
shifting. Phaseshifting implies a post-processingtepof somekind, which meansve have
arrivedatafull hybrid optical—digitalmicroscope.

A new recipefor usingDIC aspartof afull hybrid digital microscopesystemto extract
a linear isotropic phaseis proposedand simulatedin chapter7. A review of alternatve
methoddor usingDIC to retrieve phaseémagesratherthanphasegradientimagesis given
in section6.2.
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Recentlytwo highly computationamethodgor phaseretrieval have emepged. The rst
is basedon oneof the simplestwaysto obsene phasewhich is to defocusslightly. It turns
outthatusingthetransportof intensityequationanaxial derivative recordedusinga pair of
defocusedmagescanbe usedto retrieve alinear phasamage(PaganinandNugent,1998).
Thisis, in effect, akind of phaseshifting, asdefocusmay be modelledasa quadratigophase
factorin the pupil plane,which hasinterestingimplicationsfor Fourier analysisof phase
imaging(Barone-Nugengtal., 2002; Sheppard2002).

A seconccomputationaphaseretrieval techniqueakesthis kind of defocusphaseshift-
ing even further, by requiring a full 3D measurementf the intensity PSF Oncethat is
recordedjt canbe 3D Fouriertransformedo measurehe pupil, whereall the datashould
lie within the capof a sphericakhell (seechapter3). By usingthis constraintogethemwith
the constraintthat the imageintensity must matchwhat was recorded this computational
adaptve opticstechniqueébouncesackandforth betweerthe PSFandthepupil to corverge
towardsa complex PSFand complec pupil function (Hanseret al., 2001, 2003). This of
coursedeliversboththe PSFphaseandthe pupil phase.

Hanseretal. (2002)laterappliedthisto thecomputationatorrectionof sphericabberra-
tionin uorescencemicroscopy, wheresmallchangesn refractive index or coverslipthick-
nesscancausemajorimagingarteficts. A relatedtechniqueusedDIC to retrieve the speci-
menphasan orderto improve thedecowolution of uorescencamagegKametal.,2001).

Thesdastmethodsll involve signi cant opticalmodi cation in orderto facilitatesubse-
guentdigital operations.They canall be clearly catgyorisedasexamplesof the mosthighly
evolvedform of digital microscopethe hybrid optical-digitalmicroscope.

1.4 Roadmap for this thesis

To take full advantageof the digital microscopewe shouldlook attheinformationprocess-
ing capabilitiesof eachcomponentAdding any opticalor digital elemenimayproduceboth
good and bad effects, but by keepingthe whole systemin mind, we can balanceout the
differentcomponentso arrive ascloseaspossibleto ourimaginggoal.

In orderto fully explore high resolutiondigital microscopy, we needto relax someof
the traditional constraintswithin optical imaging models. One exampleis radial symme-
try, which makes sensefor mostoptical componentdut cannotbe assumedn the digital
domain. Anotheris the assumptiorof small phasechangesacrossthe lenspupil, which is
normalwhenstriving for atraditionalperfectfocusbut is no longertakenfor grantedor hy-
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brid digital systems Relaxingassumptiongn this way makesmoreoptionsavailablewhen
assemblindybrid designs.

Thisthesispresentsiew theoreticawork in 3D Fourieropticswhich canbeusedto help
predictthe performancef arbitrarypupil maskswithin a high resolutiondigital microscope
(chapter3). | theninvestigatetheoreticallyand experimentallya digital microscopewhich
usesphasecontrolin theform of wavefrontcodingto createhigh resolutionextendeddepth
of eld images(chapter4 andchapter5). Finally | proposea new form of digital phase
microscopewhich usesDIC, phaseshifting andpost-processingp measurdghe phaseof a
specimer({chapter7).

The next chaptersetsout the relevant acceptednicroscopy theory beforel begin pre-
sentingnovel work in chapter3.



Chapter 2
High aperturelenstheory

High aperturelenstheoryis an active frontier of opticsresearch.This meansthat careful
consideratiorof assumptionsand approximationss essentialto place one's work in the
context of evolving theories.In this chapterl begin with the Helmholtzequationanddrill
down throughthe mostimportantconstraintsmposedby high aperturamagingto arrive at
thetheoryusedasabasisfor thisthesis.

2.1 Electromagneticwaves

It canbeshavn from Maxwell'sequationghat,in theabsencef chages,anelectromagnetic
eld E in anisotropichomogeneoumediummustsatisfythe Helmholtzwave equationof
theform (BornandWolf, 1999;Gu, 2000;Jackson1962;Stamnes1986)

(N%+ K¥)E=0; (2.1)

wherek = nkg = n2p=l ¢ is the wave numberin a materialof refractve index n, andky and
| o arethe vacuumwave numberand wavelengthrespectrely. We notethatin Eq. (2.1)
the Cartesiarcomponent®f E = (Ey; Ey; E;) canbedecoupledandtherebysolvedindepen-
dently.

21
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The solutionsof Eq. (2.1) arelinear superposition®f electromagnetievavesin simple
harmonicmotion. We canwrite suchwaveswith electrice andmagnetich vectorsasthereal
partsof complex exponentials

I
>
o
X
®
=

e(x;t)
h(x;t)

(2.2)

I
>
T

=
®

5

(2.3)

wherex is a positionvectot t is time, A denoteshe real part, E andH arethe comple
position—dependemartsof thevectorsandw is theangulafrequeng. By Maxwell'sequa-
tions, the magnetic eld can always be deducedoncethe electric eld is known, so we
consideronly electric eld from now on. We alsodrop ary explicit mentionof the time-
dependenparte ™ asit is super uousin our descriptionf steadystate elds.

A genericelectric eld vectorwith amplitudeEy andphasd is thenwritten as
E(x) = Eo(x)e'®; (2.4)
with the specialcaseof a planepolarisedwave
gk x (2.5)

propagatingn the directionof the wave vector

=~
|

(kx; Ky; kz) (2.6)

= km
wherem = (m;n;s) is a Cartesiarunit vector A sphericawave is written as

eikr
z . 2.7
r (2.7)
wherer is the distancefrom the origin of the wave. Theseformulationsassumea quasi—
monochromatiavave, which allows subsequenintegration over wavelengthfor the poly-
chromaticcaseif neededElectronicandbiologicaldetectorgespondo theintensityof the

electric eld
| = JExj?+ JEyj?+ JE4%: (2.8)
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Both sphericaandplanarwavesareidealisationsvhich canneveractuallyexist. Theba-
sicunit of physicalelectromagneticadiationis adipolewave, createdby anoscillatingpoint
chage. However, for mary situationsplanarandsphericawavesareusefulapproximations.

2.2 Vectorial focusingand point spreadfunctions

Imaging ne detailsin amicroscopeaequiresalenswith high magni cation, highresolution
andlow aberrationsA standardphericallyshapedensfallswell short.In orderto construct
ahighnumericalapertureobjectve, manugctureranustwork towardsperfectfocusingwith
severaldifferentlenseswithin thehousingall in delicatebalance Modelling suchanobjec-
tive would be complicatecenoughf we knew the detailsof their constructionput generally
they aretradesecrets.Instead,high aperturelenstheoryassumeshe lensis a black box
which can producea perfectfocus. Any deviationsfrom this behaiour are modelledas
aberrationgrom the perfectlens.

This still leavesa crucialquestion:.whatis a “perfect” focus?It is de ned asthecorver
sionof anelectromagnetiplanewave, incidenton thebackpupil of thelens,into aspherical
wave converging onthefocal point. In orderto have anincidentplanewave, we areassum-
ing the sourceof the radiationis very far away, which in optical termsmeansa distance
muchbiggerthanthewavelengthof thelight. We canthenpredictthe electromagneticeld
in the focal region by modellingthe way the sphericalwave diffractsfrom the edgesof the
lenspupil and propagatesowardsthe focal plane. The importanceof the diffraction effect
is emphasisedvhen a perfectfocusis termed*“dif fraction limited” meaningthat aperture
diffraction and the wavelengthof light placethe mostimportantlimits on the size of the
peakintensityspotat focus.

Huygens'principle,whichmayof coursebere-dervedfrom Maxwell'sequationsis that
anelectromagnetigvave propagatesisingsphericawavelets.Kirchhoff usedthis principle
to solve the Helmholtz wave equationfor a wave passingthroughan apertureconsidered
to belarge with respecto the wavelength. The solutionusesGreens theoremto corverta
volumeintegral solutionof EqQ. (2.1) into a surfaceintegral. Doing this requireschoosing
a Greens function. Using sphericalwavesin the form of Eq. (2.7) implementsHuygens'
principle. Eachpointontheapertures a sourceof sphericalwaves.
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Figure2.1: Geometryfor the Fresnel-Kirchhdfdiffractionintegral in Eq. (2.9). Py is the
sourcepoint of a sphericawavefrontW with radiusrg incidenton anaperture We integrate
oversurfaceelementsSof theaperturdo nd ascalarapproximatiorJ of theelectric eld at
theobsenationpointP. For this gure andEq. (2.9)only, sis thedistanceQP. If rg is large
thenthe contrikution from C canbe neglected.Reproducedrom Born andWolf (1999).

The Fresnel-Kirchhdfintegral for diffractionthroughan apertures simpleto express
(BornandWolf, 1999,p. 423)

Z7Z ks

i ikr
Kﬂ —(1+ cosc)dS; (2.9)

U(P) = 4p 1o w S

yet computationallytime-consumingo solve. The geometryand notationare shown in
Fig. 2.1. By moving the sourcepoint Py to the right of the aperture makingrgy negative,
we canusethis equationto modela sphericalwavefrontwith focal lengthry corverging to
focusat Py.

TheFresnel-Kirchhdfdiffractionintegralwaslatersimpli ed by replacingthespherical
waveletswith planewavesby Debye(1909)for scalarwavesandby Wolf (1959)for the
vectorialelectromagneticase. The wavelet approximationis illustratedin Fig. 2.2. This
modelis often called the angularspectrumof planewaves. The approximationto plane
wavesis valid whenthe obsenrationandfocal pointsarebothalong way from the aperture,
andfor aperturesnuchlarger thanthe wavelength. This is equialentto requiringa high
Fresnehumber

a2
N = R 1; (2.10)
wherea is the apertureradiusand R is the distancefrom the apertureto the obsenation
point. This relationis generallytrue for microscopemaging. For example,a ZeissPlan-

NEOFLUAR 40 1.3NA oil immersionlenshasa backpupil radiusof 5 mm anda focal
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TW

(@) (6)

Figure2.2: TheDebyeapproximatiorreplacega) sphericasecondaryvaveletswith (b) pla-
narsecondaryvavelets propagatingrom eachpoint G ontheprimarywaveW. Reproduced
from Wolf (1959).

Figure 2.3: Diagramof the light focusinggeometryusedin calculatingthe vectorial PSF
indicating the focal region co-ordinatex andthe pupil co-ordinatem, the latter of which
may alsobethoughtof asa unit vectoralignedwith aray from the pupil S to thefocal point
O.

lengthof 4.1 mm. For | = 550nm the Fresnelnumberin the focal regionis N 11000.
Ontheotherhand,if the pupil is in the backfocal planeof thelens,thenN = ¥ (Sheppard
and Torok, 1998). Whendesigninghigh NA objectivesit is dif cult to placethe aperture
stopexactly at the backfocal plane,andin additionthe openingat the rearof the objectve
housingis usuallynot the actualaperturestopof the objectve. Effectively N  11000is a
lower boundon the Fresnehumberof this lens.

RichardsandWolf (1959)usedthe Debye—\VIf approximatiorto calculatethe eld in
thefocal region of ahigh aperturdens

VA A A

E(X) = ;—p Q(m) exp(ikm x)dm : 2.11)
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wherex is the obsenation point with the co-ordinateorigin at the focal point,andQ(m) is
the vectorial pupil function (McCutchen,1964). The basicgeometryis shovn in Fig. 2.3.
Thevectorialpupil describeshe stateof thewaveletsacrossheexit pupil of thelens,which
is constrainedo a sphericalsurfaceby Eqg. (2.1). This sphericalsurfaceis known asthe

Ewald sphere.This pupil incorporatesnary importantfeaturesof high aperturefocusing,
including:

the2D eld acrosgheentranceupil of thelensatthe backfocal plane;
aberrationgrom sphericafocusingexpresseasphasdunctionsacrosghe pupil;
apodisatiorasnecessaryo provide aplanatidocusing;and

polarisationscrambling:if theincidentlight is linearly polarised signi cant enegy is
shuntednto anaxially polarisedcomponent.

The angularapertureof the lenscutsoff the pupil function at an anglea from the optical
axis, forming a capof a sphere.The angularsize of this caplimits the spatialfrequencies
whichthelensmaypassandis relatedto the numericalapertureNA by

. NA
sina = TS : (2.12)

The vectorial pupil is describedn detailin section3.1. RichardsandWolf (1959)demon-
stratedthatthe Debye—V¥If integral divergesfrom the paraxialapproximatiorfor apertures
higherthanabout0.5NA in air, or 0.7 NA for oil immersionobjectves.

We referto theelectric eld E(x) in thefocal region asthe point spreadunction (PSF),
which may denoteeitherthe complex amplitudeor the intensity of E(x) dependingon the
contet. Aberrationssuchassphericabberratiorintroducedoy a changeof refractve index
asthelight passeshroughthe coverglassinto a wateryspecimenmayintroducesigni cant
shifts of the peakintensityaway from the co-ordinateorigin (T6rok et al., 1997). For this
reasorwetermthegeometricatentreof thefocalsphergéhe Gaussiarfiocal point, or simply
thefocal point. This phrasadenoteghe x edco-ordinateorigin, asdistinctfrom thevariable

location of the peakintensity We refer to the volume aroundthe focal point asthe focal
region.

Gaussiarin this context refersto a rst orderapproximatiorto the focus position. Gauss'nameis also
usedin opticsto referto beamswith a Gaussiarfunctionastheir intensitypro le. Thisthesisdoesnotdiscuss
Gaussiarbeams.
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Con rming this vectorialfocusingtheoryby accuratelymeasuringhigh NA PSFsis no
trivial task. We saythatthe ideal PSFhasa focal spotwhich is “dif fractionlimited” mean-
ing thatthe mostimportantlimits on the size of the spotarethe natureof electromagnetic
diffractionandthe wavelengthof the light. Measuremenof the PSFis subjectto the same
limits.

Low resolutionimagesof a high NA intensityPSFweremeasuredby GibsonandLanni
(1991)using50 nm uorescentbeads.SchradeandHell (1996)useda Twynam—-Greein-
terferometeto measurghe PSFof a 1.4 NA lensandcomparewith Eq. (2.11). However,
their measurementesultwasan interferencepattern ratherthanthe intensityandphaseof
thecomplex eld E. An alternatve approactto interferometryachiezed high resolutionim-
agesof theamplitudeandphaseof thehigh NA PSF albeitwithout consideringpolarisation
effects(JuskaitisandWilson, 1998; Juskaitis,2003). Rhodeset al. (2002) measured high
NA intensity PSFusinga taperedbre asa near eld probe,obtainingseparatexz andyz
sectionsvhich comparedvell with vectorialtheory

BahlmannandHell (2000)imagedthe polarisationcomponent®f the PSFusingalayer
of uorescentmoleculeswith x eddipoleaxesandfoundthebehaiour matchedheoretical
predictions. Importantapplicationsof the polarisedPSFarein polarisationmicroscoyy as
usedto obsene the anisotroy (birefringence)of biological features(lnou¢, 2003; Olden-
bouig andTo6rok, 2000),andz-polarisedconfocalmicroscoyy for probingthe dipole axesof

uorescentmaterialsHuseetal.,2001).

2.3 Scattering, uor escencend imagecontrast

To form animage,we rely oninteractiondetweeranincidentfocusedelectromagneticeld
andthe specimen.We can breakup the specimeninto tiny regionsor particles,andthen
describethe scatteringof the incident eld from eachparticle. However, in general light
scatterecbncemay theninteractwith a secondparticleandbe scatteredagain. If we have
a weakly scatteringsemi—transparergpecimenthenwe can concentrateon just the rst
scatteringinteraction,and assumethat secondaryscatteringis negligible. This is known
asthe rst orderBorn approximationwhich wasinheritedfrom quantummechanics.This
allows us to treatinteractionwith the specimenas a linear system,which hasimportant
implicationsfor Fourieranalysis.

We follow the scalarderivationof the optical Born approximatiorusedin Wolf (1969),
togetherwith vectorial extensions(Nieto-Vesperinas1991; Rohrbachand Stelzer,2001).
From Maxwell's equationdt canbe shavn that an electromagneticeld E(x) in aregion
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without chagesmustsatisfythe vectorialHelmholtzwave equation(Born andWolf, 1999,
p.696 Eq.(3))
N2E(x) + n(x)k3E(x) = O; (2.13)

wheren(X) is thespecimenmefractveindex (whichmaybecomplex for absorbingnaterials).
This assumeshatthe specimernregionis isotropicwith respecto the polarisationdirection
of the electric eld, non-dispersie, and non-magnetic. We also assumethat n(x) varies
slowly sothatit is effectively constanbver distanceof the orderof a wavelength.Finally,
we assumeheimmersionandspecimermaterialis linear.

Assumingthe scatteredeld Egis muchwealerthantheincident eld E,, andthatthe
refractve index gradientis smallthroughouthe specimenthenwe modelthe scatteredeld
asa perturbatioron theincident eld, giving for thetotal eld

E(X) = Em(X) + Eg(X) : (2.14)

In this modelthe incident eld seesonly a constantefractve index ny,. We thenobtaina
modi ed Helmholtzequation

N2+ KG)Es() = K kgn(x)? E(X) ; (2.15)
whereky, = npko. We de ne the scatteringpotentialas
V)= kg Kn()? ; (2.16)

which describeshe samples interactionwith the incident eld. Now assumingthat the
scatteredeld is muchwealer thantheincident eld jE§  jEmj, we canapply the Born
approximatiorto rst order(ArfkenandWeber,1995,p. 521)

Z
Es(X) VOXOEN(xYG(x  x9)dx?: (2.17)

specimen

The Greens functionusedhereis a sphericawave

exp(ikmr) :

Ior (2.18)

G(r) =

Equation(2.17) is linear and shift-invariantwith respectto the incident eld andthe
scatteringfunction. This meansthat we can think of specimenimaging underthe Born
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approximationasa linear system. The next stepusuallytaken in modellingimagingis to
de ne anobjecttransmittancdunction

O(x) = Ay (x)€foi®) ; (2.19)

with anamplitudeAqn; componentorrespondingo theratio of transmittedight to incident

light anda phasecomponenf o, correspondindo the optical pathdifferencebetweerthe

incidentandtransmittedight. Thetransmittedight is the sumof theincidentandscattered
eld asgivenin Eq.(2.14).

Physicallywe know thatthescatteredeld is90 outof phasewith theincident eld. This
is becausavhenasystemis stimulatednto resonancethereis a90 shift betweerthephase
of the stimulationsignalandtheresonanceibration. This phaseshift is crucialto imaging
asit explainswhy changesn theimaginary (absorbingpartof the specimenefractve index
give contrastin thereal part of theimage eld. It alsoexplainswhy variationsin the real
partof the objecttransmittancé(x) give moreimagecontrastin a standardsystem:if the
scatteredeld is mostly real, then mathematicallya small real additionto E will have a
greateiimpacton theintensityjEj? thana smallimaginaryaddition. However, this factorof
i betweerthetwo elds is rarelyexplicitly shavnin theliterature.

Focusingalsoproducesni phaseshift, evidencedy thei factoroutthefrontof Eq.(2.11),
asthefar eld of asphericalwave is 90 out of phasewith the centre. However, both the
incidentandscatteredelds go throughthe sameobjectve anddetectodensessothey will
bothundego the samefocusingphaseshifts.

As notedin sectionl.3.1,the Fourier natureof Eq. (2.11) meanghereis no straightfor
wardway to separatéhe magnitudeandphasesignalsfor anobsenationpointwithoutsome
sortof phaseshifting involving multiple recordings.

In uorescenceimaging, the contrastmechanisms of coursequite different. Dipoles
within the dye moleculesareexcited by theincident eld attheir resonantvavelength,and
the excited dipolesemit radiationat a differentwavelength. Torok and Sheppard2002)
discussedhe effectsof the polarisationof theincident eld andidenti ed four cases:

1. Induceddipole,unpolarisecemission.Thedipoleis excited by thetotal incident eld,
andthe emissiondipole axisis randomlyorientedgiving unpolarisecemission.

2. Permanendipole,unpolarisecemission.Thedipoleis excitedonly by thecomponent
of theincident eld parallelto thepermanentipolemoment.As for the previouscase
theemissiondipole axisis randomlyoriented.
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3. Induceddipole, polarisedemission. The dipoleis excited by the total incident eld,
andtheemissiondipole axisis in the samedirectionastheincident eld.

4. Permanentipole, polarisedemission. The dipole is excited only by the component
of theincident eld which s parallelto the dipole's permanentxis, andthe emitted
radiationpatternhasa x eddipolemoment.

For single photonexcitation, the probability of excitationis givenby the intensityly of the
relevantcomponenof theincidentelectric eld asdescribedn eachcaseabove. For multi-
photon uorescencethe probabilityis Ig‘ whereN is the orderof the multi-photonprocess,
suchasN = 2 for two-photon.

An exampleof x eddipole uorescencegcases and4)from crystalsof greenuorescent
proteinis describedby Inoué et al. (2002), while Bahlmannand Hell (2000) used x ed
dipolesto measure¢hevectorialPSE

If thedipole canfreely rotatebetweerexcitationandemission(casesl and2), thenthe
imagein a confocal uorescencemicroscopeis the sameas for an isotropic point object
(Shepparcand T6rok, 1997b). For a weak uorescentobject, suchasa thin specimenwe
canassumen casesl and 2 thatthe incident eld for any region within the specimens
unafectedby the object. For this particularsituation,we canusea linear imaging model
within the vectorialtheory

While providing linear imaging behaiour, both this weak uorescencemodelandthe
Bornapproximatior(Eq.(2.17))ignoremultipleinteractions Thisneglectsimportantfactors
which commonlyoccurin microscopemaging of thick objects,suchasdepthshadaving
wheredeeperregionsof the specimerreceve lessexcitation. As with all approximations,
ary conclusionseachedisingtheir help mustbe handledwith care.

2.4 3D Fourier optics

TheDebye—\VIf angularspectrumntegral Eq.(2.11)is a 3D Fouriertransform.This fortu-
itous propertyallows a vastarrayof analyticalandnumericaltoolsto be applieddirectly to
the problemof high aperturefocusing.

The HelmholtzequationEg. (2.1) meansthat the vectorial pupil Q of the Debye—V@lf
equationis constrainedo the 2D surfaceof the capof a spherewith the angularextent of
the cap prescribedoy the angularapertureof the lensa (seesection3.1 for detailsof the
geometryof Q). We cangeneratehe eld in thefocal regionfrom the 3D Fouriertransform
of a2D surface(McCutchen,1964). This is the basisof 3D Fourieroptics.
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In practicewe only needto evaluatea 2D Fourier transform,becausehe surfacedelta
function in Q sifts out the third dimensionin the integral. It is by taking accountof the
cunatureof the pupil functionthat3D Fourieropticsremainsaccurateat high apertures.

Fourieropticsis morecommonlyknown in its 2D paraxialincarnationGoodman;1968),
wherea is assumedo be smallandthereforethe capof the spheres approximatelyat. A
furthersimpli cation usedin 2D paraxialFourier opticsis the scalarapproximationwhere
the effectsof polarisationof the electric eld areassumedo be nggligible, sothatthe elec-
tric eld canbe representedy a single complex eld componentE insteadof a triplet
(Ex.Ey; Ep).

Returningto 3D vectorial Fourier optics, the curvature of the pupil canbe taken into
accountusinga simpleamplitudemodi cation of the pupil function. Thevectorialnatureof
focusingandaplanaticapodisatiorare alsodescribedusinga modi cation of the 2D pupil
surfacefunction. As with 2D Fourier optics,ary amplitudeor phaselters placedinto the
backfocal planeof thelenscanbemodelledusingpupil functions.

Takingthingsa stepfurther, mary otherimagingcharacteristiceanbeincorporatednto
a 3D Fourieropticsmodelby describingheir effectsin frequeng spaceandthenmodifying
the pupil function. In their vectorialtreatmenf a planarchangean refractve index, Torok
etal. (1995)pointedout thatthe requiredpupil modi cationsareconsistentvith anangular
spectrunmodel.

Rohrbachand Stelzer(2001, 2002a)extendedthis Fourier approachto model optical
trappingof small sphericalparticles. Their pupil function includedthe dipole patternof
specimerresponseBorn approximationgo rst order(singlescatteringlandsecondorder
(multiple scattering)andMie scattering.

These3D Fourier opticsapproachesrevalid without assumindinear specimenmag-
ing, with Fourier spacemodellingof secondaryscatteringa potentexample(Rohrbachand
Stelzer,2001,2002a).

2.4.1 Transfer functions

The performanceof a linear, space-imariantimagingsystemwhenimagingweakly scatter
ing objectsis usefullydescribedy thetransferfunction. This speci estheimagingcontrast
for differentspatialfrequenciesn theobject. Thecoherentransferfunction(CTF)is simply
thepupil function,asin coherentinearimagingthescatteredeld reliesonthecomplec eld
in thefocal plane.For incoherentinearimaging,theimageis derivedfrom the corvolution
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of theintensityPSFwith the object. The Fouriertransformof theintensityP SFis termedthe
opticaltransferfunction (OTF).

By determiningthe systemOTF, togetherwith a modelfor theresponsef the objectto
incidentlight, we canbuild up a modelfor the systemasa whole. Transferfunctionsfor
eachopticalcomponentanbe multiplied to give an overall systemtransferfunction,which
canbe multiplied with the objectspectrumandinverseFouriertransformedo calculatethe
expectedmage.

Evenif thesystemis notweaklyscatteringlasdescribedn section2.3),andis therefore
non-lineay the Fourier transformof the intensity PSFis a usefulmeasuref incoherento-
cusingperformanceandis oftenstill termedthe OTF. In suchcaseghe 3D OTF describes
theactionof alensin termsof spatialfrequenciesn the 3D PSFproducedat thefocus. An
alternatvelabelfor the3D OTF in non-linearcasess theintensityspectrun{Streibl,1984b).

Maximising the performanceof high resolutionmicroscopy requiresincreasinglyaccu-
ratemodelsfor the high numericalaperturdensesused,for the effectsof their apodisation
functions,andfor any aberrationsntroducedby the specimen.Vectorialtheoryfor the ac-
curatecalculationof the high aperturePSFhasbeenavailablefor along time (Ignatowvsky,
1919,1920;RichardsandWolf, 1959). Yet despitethe popularityof Fourieropticsfor mod-
elling low aperturesystemsthe eld of high aperturevectorialtransferfunctionsremains
relatively unexplored.

Frieden(1967) rst derivedthe scalar3D OTF asan autocorrelatiorusingthe paraxial
approximationThisautocorrelatiomprovidesamethodfor calculatingthe OTF directlyfrom
the pupil function. Thisis muchsimplerthan rst obtainingthe PSFandthenperforminga
Fouriertransform— especiallyin 3D.

Friedenswork wasextendedoy Shepparctal. (1994)to coverthescalathighnumerical
aperturecaseby explicitly avoiding the paraxialassumption.This work derived analytical
expressionsassumingylindrical symmetryin the pupil function. However, modellingarbi-
trary aberrationsandpupil functions,andindeedusinga vectorialapproachaking account
of theasymmetryof incidentpolarisedight, requiresa moregenerahon-g/lindrical model.
Sheppardand Cogswell (1990) and Gu (2000) provide good overviews of high aperture
scalar3D transferfunctiontheory

An alternatve approachis to calculatethe autocorrelatiorasa multiplicationin Fourier
spaceasshaowvnin Fig. 2.4,allowing theuseof thefastFouriertransfe(FFT) algorithm. This
methodwasappliedto vectorialpupil functionsby ShepparégndLarkin (1997),resultingin
avectorial OTF. Thisis ausefulmethodespeciallyfor 2D projections. However calculation
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Figure2.4: Using Fourier opticsto move betweerthe pupil function, the PSFE the intensity
PSF(IPSF),andthe OTF for incoherentinearimaging.

using3D FFTswould be awkward, delicateandtime consumingdueto the needfor careful
consideratiorof samplingissuesaccurag andthelarge 3D arraysrequired.

A vectorialOTF wasalsopresentedby Urbanczyk (1986),but theanalysisvasrestricted
to a2D trans\erseOTF for low anglesystems.The earliestmentionof anincoherentscalar
OTF with anaxial dimensionwasby Mertz (1965,pp. 101-102).

Streibl(1984a,bdevelopeda 3D intensityspectrumbasecdbn partially coherenimaging
theory He notedthata 3D OTF is usefulfor describingincoherenimagingof weak uo-
rescentbjects. For a weak phaseobject,he useda partially coherentversionof the Born
approximatiorto developtransferfunctionsfor amplitudeandphasegStreibl, 1985). All of
theresultsplottedrelied on the paraxialapproximation.

Experimentallymeasuredigh aperturepupil functionsand OTFs have recentlybeen
usedto analysethe performanceof advanceddigital microscopedesigns.Gustafssoret al.
(1999)usedhigh NA OTFsto characteriseéheir structuredllumination uorescentmicro-
scope,for which Fourier optics provides the conceptuabuilding blocksin engineeringa
sevenfoldincreasan resolution. Gustafssor{1999)alsousedOTFsto greateffectin are-
view comparingvariousrecentmethoddor increasingesolution.Heintzmanretal. (2001)
usedexperimentalOTFsto describean epi- uorescenceamicroscopewith a micro—electro—
mechanicabystemgMEMS) arrayof mirrorsin the pupil plane.

Hanseret al. (2003) describeda phaseretrieval methodwhich relies on the spherical
surfaceshapeof the high aperturepupil. The sphericalsurfacewasappliedasa constraint
ontheFouriertransformof theirimageintensitymeasurementdJsingiterative corvergence
they determinedoththe comple pupil functionandthe complex PSFE
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All of theseexperimentaimethodausescalarOTFs,however Hanseretal. do proposean
extensionto thevectorialcase.

Chapter3 of this thesisextendsthe work presentedn two papersby Shepparcet al.
(Shepparcet al., 1994; Sheppardand Larkin, 1997), generalisingwherenecessaryo full
3D Cartesiarco-ordinatesin orderto avoid the assumptiorof radial symmetry | usethis
extendedmodelto chartthe 3D structureof the vectorial OTF, anddiscusshe implications
andpotentialuses.

Our original publicationof this work (Arnison and Sheppard2002), which forms the
basisof chapter3, coincidedwith theindependentievelopmentandpublicationof a vecto-
rial OTF by SchonleandHell (2002). SchonleandHell usedsphericalpolar co-ordinates
ratherthanCartesianandalsocalculatedhe vectorialcoherentransferfunctionfor confo-
calre ection microscoy andasphericallyaberratediectorial OTF for achangen specimen
refractve index basednthemodelpresentedby Torok etal. (1995).

2.5 Imaging systems

Sofarin this chapter have concentratean the physicsof focusingandscattering.While
thesdie attheheartof highaperturanicroscoy modelling,thereareotherimportantfactors
which shouldbeaddresseth orderto form amodelof acompleteémagingsystem.

Coherencalescribeghe strengthof interferencdo be expectedf wavesfrom disparate
pointsin the imagingsystemare broughttogether Coherenceanbe cateyorisedaseither
lateralor temporal.

Lateralcoherencappliesto an extendedillumination sourcetogetherwith a nite con-
denseraperture. Laterally separategoints within the extendedsourcewill in generalbe
partially coherent.An in nitely smallcondensegaperturea confocalpinhole,or alaseril-
luminationsourcewill all give laterally coherenillumination. If the phaseof the scattered
light from the specimens independentf theincidentphasesuchasfor uorescencamag-
ing, thenthesystemis laterallyincoherentThemostgenerakaseof partiallateralcoherence
requiresanadditional2D cornvolution of the extendedsourcewith thelenspupil to calculate
the PSF- Fourieropticsis veryusefulfor modellingpartially coherenbptics,asdemonstrated
for the 3D caseby Streibl (1984b)amongothers.

In this thesisl usea laterallyincoherentmodelfor modelling uorescencemicroscoy,
anda coherentmodelfor modelling DIC. The techniqueof wavefront codingrelieson in-
coherentimaging to producea focus invariant transferfunction — the partially coherent
behaiour of wavefront coding systemss yet to be explored. Although DIC microscopes
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canbeoperatedvith closedcondenseaperturesin generathe bestperformances obtained
with a partially opencondensermeaningthat a partially coherentmodelfor DIC is more
accurate.

Temporalcoherenceaefersto the strengthof interferencebetweendifferent axial po-
sitionson the wave-train. Laserlight beingquasi-monochromatibasvery high temporal
coherencepn the orderof 1 m. A spectrumof wavelengthsin the light will broadenthe
temporalbandwidth with white light having atemporalcoherencen the orderof microns.
Behaviour for broadbandight elds canbedeterminedrom amonochromatienodelby in-
tegratingover the wavelengthrange.Fluorescencenicroscopy lters selecta narrav wave-
lengthrangeandarethereforefocusingis relatively coherenin temporalterms.Prezaet al.
(1999)discussesndteststhe implicationsof temporalcoherencdor DIC phaseimaging.
Throughouthis thesisl assumeuasi-monochromatiéght.

A relatedissueis the changeof wavelengthbetweenthe incidentand emittedlight in
uorescence.Modelling the focusingof a singlelensdoesnot requireincorporationof this
behaiour, but it would of courseneedto betakeninto accountfor afull systemdescription
(Shepparc@andCogswell,1990).

For the vectorialtheoryin this thesis,| assumehe pupil eld is linearly polarised.Par-
tially polarisedor unpolarisedncidentlight couldbemodelledby integratingoverthepolari-
sationangle.For uorescentmicroscopy, thebeamsplitterwill produceelliptically polarised
light, which | approximateaslinearly polarised.Thepolarisationof theemitted uorescence
will dependnthenatureof the dye moleculesasdiscussedh section2.3.

Thetoolsdescribedn this chapterarethebuilding blocksneededo constructa modelof
afull imagingsystem.Toroketal. (1995;2000)shov how to usegeneralisedonesnatrices
to build up afull vectorialsystemmodelin real spacewhile RohrbachandStelzer(2002b)
built afull vectorialsystermmodelin frequeng space.

In thisthesisl have largely restrictedmy investigationgo the pupil function,thefocused
eld, andthe intensity spectrum. Cartesianco-ordinatesare usedto suit the rectangular
natureof boththewavefrontcodingphasemaskandthelateralDIC shear

Fourieropticsis usedthroughouthisthesisin variousways. It is usedasthe domainfor
developinga vectorial OTF in chapter3, andfor reviewing the conceptsehindwavefront
codingin chapter4. | develop a high apertureFourier opticstheoryfor wavefront coding,
with its accompawing problemsof verylargephaseberrationsiack of radialsymmetryand
long focal depth,all of which areunusualn high aperturgocusingtheory Fourieropticsis
alsousedin chaptel5 to analysethe experimentaperformancef wavefrontcoding.



36 Chapter2. High aperturdenstheory

Developingandimplementingthe modi ed spiral phasetransformusedin chapter7 re-
lied fundamentallyon a Fourier opticsapproachNaturally, for thetheoreticaksimulationof
DIC | useFourieropticsonceagain.



Chapter 3
Vectorial optical transfer function

In this chapter describea methodfor calculatingthe vectorial OTF for an arbitrary pupil.
Our approachs to extendthe work presentedn two papersby Sheppardcetal. (Sheppard
etal., 1994;SheppardndLarkin, 1997),generalisingvherenecessaryo full 3D Cartesian
co-ordinatesin orderto avoid the assumptiorof radial symmetry We presentgeneralde-
scriptionsof the vectoriallenspupil functions. This pupil functiondescriptionis thenused
in anautocorrelatiorio form the vectorialopticaltransferfunction (OTF).

This autocorrelatioormay be geometricallyinterpretedasthe volumeof overlapbetween
two sphericakhells.We derive generaformulasfor thevolumeof overlap,whichdo notas-
sumeradialsymmetryresultingin asingleintegralautocorrelationThis equations straight-
forward, if time consumingto calculate,and senesasa useful alternatve to the Fourier
transformmethod(SheppardandLarkin, 1997). We thenplot the vectorial OTF for various
casesFinally we discusgheimplicationsandpotentialusesof a vectorial OTF.

3.1 Vectorial pupil function

Thetheoryof RichardsandWolf (Wolf, 1959; RichardsandWolf, 1959)describeshow to
determinethe electric eld in the focal region of a lenswhich is illuminated by a plane
polarisedquasi-monochromatikght wave. Their analysisassumesery large valuesof the
Fresnehumber equvalentto the Debyeapproximation We canthenwrite the equationfor
the vectorial PSFE(X) of a high NA lensilluminatedwith a planepolarisedwave asthe
Fouriertransformof the complex vectorialpupil functionQ(m) (McCutchen,1964),

VA A A

E(X) = ;—p Q(m) exp(ikm x)dm : 3.1)

37
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Herek = 2p=l isthewave numberl| isthewavelengthm = (m;n;s) is the Cartesiarpupil
co-ordinateandx = (X;y; 2) is thefocal co-ordinate.The vectorialpupil functiondescribes
the effect of alenson the polarisationof theincident eld, the complex valueof ary ampli-
tudeor phaselters acrossthe apertureandary additionalaberrationin the lensfocusing
behaiour from thatwhich producesa perfectsphericalwavefront corverging on the focal
point.

Becauseve aredescribingthe behaiour of electromagnetievaves,they mustobey the

Maxwell equationsgiving animportantconstraint— thehomogeneoubklelmholtzequation
for time-independentectorialwave elds,

N2E(x) + k’E(x) = O; (3.2)

assuminga constantrefractve index in thefocal region.

By expressingthe Helmholtz equationin Fourier space,we can determinethe elec-
tromagneticconstraintson the pupil function Q(m). Applying the Fourier relationship
N2E(x), | mj2Q(m), we have

(imj®>  kK)Q(m) = 0; (3.3)

which meanghatthe pupil functionis only non-zercon the surfaceQs(m) of aspherewith
radiusk,

Q(m) = Qs(m)d(jmj k) : (3.4)

This is known asthe Ewald spheren thetheoryof X-ray diffraction (Ewald, 1916;James,
1965).

For a practicalquasi-monochromatiwave, k cannothave purely a singlevalue,so the
spreadof wavelengthan theillumination light givesa small nite thicknesdo thespherical
shell. For this papemwe examinethemonochromaticaseandassumethin shellof thickness
dk andtake thelimit dk! O.

Becausehe pupil function only exists on the surface of a spherewe canslice Q(m)
alongthes= 0 planeinto a pair of functions

Q(m) = Qs(m)d(s g k2 12)+ Qs(m)d(s+ P k2 12); (3.5)

representindorwardandbackwardpropagationHerewe have introducedatrans\erseradial
co-ordinatel = = m?+ n2. Restrictingour attentionto the forward propagationcaseand
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Figure3.1: A cross-sectiothroughthe pupil spheran the (m; s) plane.

anticipatingthatthe pupil functionwill later be integrated,we cande ne a 2D functionfor
thevalueof the pupil onthe surfaceof thesphere

P.(mn) = Qs(mn;s:); (3.6)

wherewe have normalisedheradiusto k = 1 andindicatedthe constrainton s to the upper
surfaceof the spherewith

p
ss= 1 12 (3.7)

Theapertureof thelensis representebly slicing a capoff thetop of thesphereasshovn
in Fig. 3.1. The anglea subtendedy the capat the centreof the spheres relatedto the
numericalapertureNA andtherefractve index n of theimagingmedium(suchasair, water
or immersionoil) by

. NA
sina = — (3.8)

For incidentlight which is plane-polarise@longthe x axis, we canderwve a vectorial
strengtifunctiona(m; n), from thestrengthfactorsusedn thevectorialpointspreadunction
integrals(RichardsandWolf, 1959;Mansuripur,1986,1993;ShepparaéndLarkin, 1997)

(s, + )42
amn=© mnl s)=2K (3.9)
m
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Figure3.2: The vectorialstrengthfactorsa(m;n) for linearly polarisedight propagatingn
theforwarddirection,mappedntothe sphericapupil capswith a = p=3. a(m; n) is shovn
splitinto its Cartesiarcomponentsy, ay, anda,.

wherewe have corvertedfrom the sphericalpolar representatioimn Richardsand Wolf to
Cartesiarco-ordinates\We shov anexamplecasefor a(m; n) in gure 3.2,with a(m; n) split
into its Cartesiarcomponents.

We cannow modelpolarisationapodisatiorandapertureltering asamplitudeandphase
functionsoverthe pupil cap,

P+ (m;n) = a(m;n)S(m;n) T(m; n) ; (3.10)

representingorwardpropagatioronly (a  p=2), whereS(m; n) is theapodisatiorfunction,
andT(m;n) is any comple transmissionlter appliedacrosshe apertureof thelens. This
transmissioriactorcanalsobe usedto modelfocusingaberrations.

For uniform focusing,the Herschelkondition,the apodisatiorfunctionis simply

S(m;n)=1: (3.11)

Microscopeobjectvesareusuallydesignedo obey the sinecondition,giving aplanatic
imaging(Hopkins,1943),for which we write the apodisatioras

1

S(m;n) = cos2q (3.12)

Ps (3.13)

In our original publication of this research(Arnison and Sheppard2002), Eq. (3.10) (Eq. (12) in the
article) wasincorrectlyderivedto includeanerroneousl=s, factor In this chapterall equationsand gures
have beencorrectecandupdatedasappropriate An erratumfor OpticsCommunicationss in preparation.
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3.2 Three—dimensionalectorial optical transfer function

For incoherenimaging,we areinterestedn usingthe OTF to describethe frequeng com-
ponentsof theintensityE E of the PSE From Eq. (3.1) andthe Fourier autocorrelation
theorem(Bracavell, 1978),

, 222 mo mo
1T)j° () F(m+ ?)F (m ?)dm (3.14)

(whereF(m) is the Fourier transformof f(x)), we canobtainthe OTF C(K) by takingthe
autocorrelatiorof the pupil functionQ,

727
C(K) = Q(m+ 3K) Q (m 3K)dm: (3.15)

Substitutingthe sphericalpupil functionfrom Eq. (3.4) andagainnormalisingthe radiusto
k= 1wehave
2727
C(K) = Qs(m+ 3K)d( m+ 3K 1) (3.16)

Qs(m iK)d(m ik 1)dm:

The spatialfrequeny K = (m;n;s) may be representedjeometricallyas the shift of one
copy of the pupil sphererelative to the other The total value of the integral for a given
spatialfrequeng K is givenby thetotal volumeof intersectiorof theshiftedsphericakhells,
multiplied at eachintersectiorpoint by the valuesof the pupil functionsat thatlocation.

Thespheresntersectn acircle perpendiculato thedirectionof the shift betweerthem,
which we call the circle of intersection asshavn schematicallyin gure 3.3. Whenthe
spheresare shiftedso far that they no longerintersect,the value of the OTF for that shift
mustbe zero,giving the absolutespatialfrequeng cutof.

At ary givenpointalongthecircle of intersectiontheintersectiorbetweerthespherical
shellshasa rhombic cross-sectiorfFig. 3.4). Thereforefor any pupil shift K we needto

nd a generalequationfor the circle of intersection,so thatwe can nd the value of the
shifted pupil functionsalongthe circle, and also an equationfor the areaof the rhombic
cross-section.

For corveniencene denotethetotal lengthof the pupil shift ask

P
K=jKj= m+n2+s2; (3.17)
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Figure3.3: 3D views of the shiftedsphericalpupil capsfor K = (0:8;0:2;0:2) anda = p=2.
Theintersectiorcanbe seemasthearcof acircle.

Figure3.4: Therhombicareaof overlapbetweertwo sphericalpupil caps.
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Figure3.5: A cross-sectiothroughtheintersectingspheregor agivenoffsetbetweerthem
of K. Forthepurpose®f this gure, weassuma = 0. Theradiusrg of thearcof intersection
is shavn hereasOM. Q is the projectionof P; from gure 3.6, the endpointof the arc of
intersectiorwhereb = bj.
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M

Figure3.6: Thecircle of intersectionjn the planealongtheline MO thatis perpendiculato
the (m; s) planeof gure 3.5 (againassumingn = 0 for the purpose®f the gure). Thearc
of intersectioris shovn asP;MP2, which varieswith spatialfrequeng K andapertureangle
a. For aconstanpupil, thelengthof this arc,2b1(K;a), is proportionalto the strengthof
thetransferfunctionfor a givenspatialfrequeng K.

Cross-sectionsf the geometryfor theintersectingspheresareshavnin gures 3.5and
3.6. Theshiftedpupil spheresanbedescribedisingvectorsas

jim K=2j=1 (3.18)
allowing usto solve for the radiusof thecircle of intersectiorof thetwo spheres

r

K2
ro=jroj= 1 —: (3.19)
4
If we canfully specifythe circle of intersectionusing a vector equationfor one case,
we canusevectorscalingandrotationto producethe circle of intersectiorfor arny givenK.

SettingKo = (K;0;0), thecircle of intersectiorfor this cases
0 1
0
ro(Ko;b) = %D rosinb g (3.20)
rocosb
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whereb is introducedasa parameteto isolatea point on the circle by its anglewith the s
axis.

We now generaliséor arbitraryK. Changesn thelengthof K areaccommodatediready
by Eq. (3.20). Rotationof K whilst keepingb = 0 at the lowests co-ordinateon the circle
canbedescribedisinga pair of counterclockwiseEulerrotations,

0 1
cosq 0 sing
Rn(0) = 0o 1 o0 X (3.21)
sing 0 coy
0 _ 1
cosf  sinf 0
R(f) = B sinf cod 0X (3.22)
0 0 1

rst aboutthe n axis,thenaroundthe s axis, giving a generaform for thecircle of intersec-
tion,

ro(K;b) = 523[ arctarfn=m)]|Rp[p=2 %rcco$s=K)]ro(Ko;b) (3.23)
rork [mscosb  nKsinb]
= rorg [Nscosb + mKsinb] & (3.24)
Fog COSH

wherearctarfn=m) takesaccountof which quadran{m;n) isin.

Finally, we needto incorporatethe rhombic shapeof eachintersectionareaalongthe
circle of intersection(Fig. 3.4). By geometrythis shapewill be constantaroundary given
circle, but will vary accordingto the shift K betweerthe pupils. TheareaA of therhomlus

is givenby ,
_ (dk)“

AK) = Kro (3.25)
for K > 0, giving aline integral. For K = 0 theintegral becomesa surfaceintegral propor
tional to dk. For in nitely thin shells,the line andsurfaceintegralscannotbe numerically
comparedSincewe areobviously moreinterestedn therangeK > 0, we focusontheline
integral in this paper for which C(0) ! ¥. This representshe averagevalue of the PSF

intensity which divergesdueto the spatiallyunboundedehaiour of the PSFin Eq.(3.1).

Having accountedor the changingcross-sectionwe cannow recastheautocorrelation,
usingthedeltafunctionsin Eq. (3.16)to sift out the vectorialpupil capfunctionP (m; n) of
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Eq. (3.6), leaving a onedimensionalntegral alongan arc of the circle of intersection.We
obtainanunnormaliseaquationfor theautocorrelation

Z
Cunnom(K) = Kiro t:l P, ro(K:b)+ 3K P, ro(K:b) 1K rodb; (3.26)
whereb1 is the highestpossibleangleb onthe circle of intersectiorfor a givenaperturea,
shovn asMOP; in gure 3.6,andde ned below in Eqg. (3.32). This allows usto integrate
alongthecompletearcof intersectiorbetweerthespheres.

Two dimensionabndonedimensionalOTFsareusuallynormalisedagainsthe zerofre-
gueng value.However, for the3D case Eq. (3.26)givesasingularityatC(0), sowe choose
to normaliseagainstthe total volumeof the OTF. By the Fourier de nite integral theorem,
this is equivalentto the centralvalue of the intensity PSF which we caneasily determine
(RichardsandWolf, 1959).We useuniform (Herschelapodisatiorfor determiningthe nor-
malisation.SettingjE(0)j2 = 1, thenormalisatiorfactoris

n a02
N(a) = 1(3+coga)sin®s (3.27)

2
We now arrive at a normalisedform of the 3D vectorial OTF that is easy albeit time
consumingto calculate:
Zy,

. P. ro(K;b)+ 3K P, ro(K;b) 2K db: (3.28)
by

KN(a)

C(K) =

Note that we have madeno assumptionaboutthe symmetryof the pupil function P,
nor ary assumption®f low apertureandthereforethis equationis suitablefor calculating
the 3D vectorial OTF with arbitrary pupil functionsandapertures However, thereremains
somesymmetryin C(K) by virtue of thefactthatwe de ned it asthe Fouriertransformof a
realfunction,theintensityPSF This constraintresultsin Hermitiansymmetryin the OTF,

C(K)=C ( K): (3.29)

It is helpful to notethatthe anglesq;.» at the centresof the spheredbetweerthe s axis
andthepoint of intersectionasshavnin gure 3.5,aregivenby

cosg1.2(K; b) ro(K;b) s 3

3.30
log COsb 5 : (3.30)
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We now needto nd the appropriatdimits on the integrationto ensurewe only calcu-
late in physicalzones,avoiding regionswherethe sphericalcapsdo not intersect. These
conditionsde ne the spatialfrequeny cutoff:

1. If thespheesareshiftedby morethantwice theirradiusthenthey will neverintersect.

Therefore:
K 2: (3.31)

2. Theaperturewill setalimit jbj b onthelengthofthearc of thecircle of intersection.
This limit canbe found by geometry substitutingg; = a into Eq. (3.30)andsolving

forb
8 n o]
3 arccos e (3 + cosa) 'L% B+cosa 1
bi(K;a) = § 0 Rr? %(i+ cosag > 1 (3.32)
p Re B+cosa) < 1

Thesecondcaseas whenthefull spheresntersectput theaperturea truncateshecaps
beforethatpoint. Thethird caseis for regionswherefor large aperturesa > p=2 the
arcof intersectiorcompletesafull circle.

3. It is usefulfor certaincalculationsto know the spatialfrequeng cutoff in termsof
limits on K, which maybedeterminedising(Shepparctal., 1994)

2(Isina jsicosa) = K?2: (3.33)

3.3 Results

We evaluatedEqg. (3.28) for Herscheland sine apodisationsat a very high aperture(a =
2p=5) NA = 0:95in air) anda uniform pupil Iter T = 1, to explorethe OTF behaiour
underconditionsunsuitablefor modellingwith low NA techniques Calculationsvereper
formedusing standardMathematicantegrationroutines,on a Linux systemwith an AMD
Athlon 1.4 GHz processar Large plots suchasthe onein gure 3.8 took about2 hours,
while gure 3.10took 3 minutes.A major speedboostcould be expectedf theintegration
wascodedin C insteadof usingMathematicaSeeappendixB for additionalcomputational
details.
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Figure3.7: A schematiof the 3D vectorial OTF for a = 2p=5 with Herschelapodisation.
Themeshsurfaceindicatesghe spatialfrequeng cutoff, outsidewhichthe OTF is zero. This
surfacehasbeenslicedat n = 0, revealingthe amplitudeC(m; 0; s) on that planeof the 3D
OTF, aftertakingthe sumof all vectorcomponents.

Evaluatingthe vectorial OTF givessubstantiahumericalterritory to explore. Each3D
point within the spatialfrequeng cutoff hasa scalarvalue which may be split up into 3
contributionsfrom the vectorialcomponent®f the pupil,

C

Q?Q+ Qy?Q, + Q-?Q, (3.34)
G+ G+ G (3.35)

Thesymbol? denotesautocorrelationA generaloverview of the shapeof the OTF is given
in gure 3.7, shaving the surfaceof the cutoff andthe total value of the OTF for a slice
throughthe function.

Figure3.8shownstrans\erseslicesthroughthevectorial OTF for s= 0, with sineapodisa-
tion. Cx shawvs changingasymmetryacrosgshemandn axes. At lower frequenciesthe OTF
alongthemaxisis strongeithanalongthen axis,while athighfrequencieshesituationis re-
versed C, hasa dramaticfourfold symmetryandlarge negative regions,but this component
of the OTF is orthogonabwith the input polarisationandhasrelatively little strength.How-
ever, C; hassubstantiaEnegy including signi cant negative regions. This resultsin a total
OTF C with negative regionswhichindicatesa contrasteversalfor highfrequencieparallel
to thex axisin the PSF A line plot of C alongthem axisin gure 3.9 shavs thatwhile the
negative region hasa large width, the strengthis signi cant relative to the mid—frequeng
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Figure 3.8: Trans\erseslicesthroughthe vectorial OTF for s= 0, with a = 2p=5 andsine
apodisation. The vector componentsind total amplitudeare shovn asCy, Cy, C;, andC.

Eachplot is independentlyscaled dueto the large differencesn amplitudefor the different
componentsNote thatin this chapterwe have assumednput linear polarisationalongthe

X axis, correspondingo the m axisin frequeng space.Cx shavs aninterestingasymmetry
with alow x frequeng boost(centralhorizontalelongation) yetahighy frequeng (vertical

elongation)oost. Thetotal amplitudeC includesnegative regions(indicatedwith a dashed
contourline) at high valuesof m, inheritedfrom C,.
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Figure3.9: Line plot of C alongthe m axiswith a = 2p=5, for Herschel(solid) andsine
(dashedppodisationThis givesanindicationof therelatve strengthof the negative region
of C, andthusthe degreeof contrasteversalthatcanbe expectedat high m frequenciesand
low n ands frequencies.

responsat m= 1. The strengthof the negative region is smallerfor sineapodisatiorthan
for Herschelpodisation.

Contrastreversalis a well known featureof the defocuse®D OTF. For the objectfre-
guenciesaffected, contrastreversal meansthat the peaksand troughsof eachsinusoidal
componengreinvertedbetweenthe objectandthe image. Clearly this canhave a serious
impactontheintegrity of theimage.

While the generalcharacteristic®f gure 3.8 aresimilarto gures 7-100f Sheppard
andLarkin (1997),we emphasis¢hat gure 3.8is of slicesthroughthe OTF ratherthanthe
projectionsshavn in Sheppard Larkin.

Figure3.10shavs axial slicesthroughthevectorial OTF for n= 0, with sineapodisation.
For this casethe mostdramaticfeaturesaway from thes= 0 planeareto be seenin theC,
componentHowever, again,this componentontributesrelatively little to thetotal OTF.

To enablemoredirect comparisorwith Sheppardand Larkin (1997)we calculatedthe
projectedOTF 7

C{mn)= C(m;n;s)ds: (3.36)

By the projection-slicetheorem(Bracavell, 1995),this correspondso the spatialfrequen-
ciesin a trans\erseslice along the focal planeof the intensity PSF We can againbreak
up this projectedOTF into componentsorrespondindo the intensitiesof the polarisation
component®f the PSE C%= C0+ C§,’+ C?. Figure3.11(a)shawvs C?for Herschelapodisa-
tion, which correspondso gure 9 of ShepparandLarkin (1997),andwith whichit agrees
closely Figure3.11(b)shovs COfor sineapodisationWith a negative region of about10%
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Figure3.10: Axial slicesthroughthevectorial OTF for n= 0, with a = 2p=5 andsineapodi-

sation. The vectorcomponent&ndtotal amplitudeareshavn. As for the trans\erseslices,

the C, andC, componentshaw interestingstructure. However Cy is very weakcompared
with the othercomponentsso this will not have a very large effect overall. The negative

regionsin C, areseento persistacrossa wide rangeof s frequencieswith a corresponding
impactonC.
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Figure3.11: Axial projectionsof the vectorial OTF. (a) The strengthC? of the projection
throughs of the zcomponenbf the vectorial OTF for a = 2p=5 andHerschelapodisation.
Thisis equivalentto gure 9 of SheppardindLarkin (1997). (b) Thetotal projectionC°for
a = 2p=5andsineapodisationA specialdashedtontouratC= 0:5indicateshenegjative
regions.
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of the value of the mid frequeng responsecontrastreversalcan be expectedfor high m
trans\ersefrequenciesThen frequenciesrestrongermverallthanthe m frequenciesashas
beennotedbeforein directstudiesof the vectorialPSF(Hopkins,1943;RichardsandWolf,
1959).

Calculatingthe projectedOTF in this manneris very time-consumingtaking about10
hourson our Linux system.The2D FFT approactdescribedy ShepparandLarkin (1997)
is thusmuchmoreef cient for calculationof projections.

An alternatve way to explore the 3D structureof the OTF is to view the dataasiso-
surfaceswhich arethe 3D equialentof contourlines. Figures3.12—-3.16shaw isosurtices
for the total OTF C aswell asthe component<£y, Cy andC,. All isosurbiceplots are for
a = 2p=5 andsineapodisation.

3.4 Discussion

ThevectorialOTF is arelatively new concepin opticalimagingtheory andraisessubstantial
question®f interpretatiorandmeaning We have exploredthevectorial OTF for unaberrated
focusing. Clearly thereare signi cant asymmetriesn the vectorial OTF at high NA for
polarisedlight. Cy hasa low x frequenyg boost,yet a high y frequeng boost, while the
total C emphasisey frequenciesand becomesegative for large x frequencies.The size
andstrengthof the negative regionsin the OTF meanghatcontrastreversalis animportant
andunavoidablefeatureof vectorialfocusing. Theseasymmetrieandcontrastreversalsare
normallyabsenin a 2D scalarOTF which s free of aberrations.

The applicationof the vectorial OTF to modelling an entire imaging systemis less
straightforvardthanfor standard®D transferfunctionsasusedin Fourieroptics. Thevecto-
rial OTF presentednhereis simply a representationf the frequeng contentof the intensity
patternin thefocal region of a singlelensilluminatedby a linearly polarisedplanewave. It
couldbe argued,therefore thatthe termvectorial OTF is not appropriateandthatit should
be calledinsteadthe vectorialintensityspatialfrequeny spectrum.However, we have cho-
sento usethe shorthandhotationof vectorial OTF, asthe OTF is well-known to represent
thespatialfrequeny contentof theintensityPSFin scalar2D optics.

The performancef a systemwill dependontheimagingbehaiour of atleastonelens,
andthevectorialresponsef thespecimenFor example,to applythistheoryto uorescence
microscopy, we needto usea modelof the dipole orientation,rotationandresponsef the
excited moleculedor varyingincidentpolarisationandspatialfrequeny (Torék and Shep-
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Figure3.12:1sosurbceplotsof thetotal vectorial OTF C. All isosurficesn this chapterare
for a = 2p=5 andsineapodisationThe coloursindicatethevalueof C on eachsurface.The
overall shapeis shovn in thetop gure. Note the purple high m frequenyg side-lobesare
actuallynegative, correspondingo contrastreversal. The bottom gure shows a cut-awvay,
revealinga moresymmetricresponsédor low spatialfrequencies.
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Figure 3.13: Isosurficesof C slicedthroughn = 0 (top) ands = 0 (bottom). Theseslices
correspondo gures 3.10and3.8respectiely.
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Figure 3.14: Isosurbcesof Cy. The well-known 3D OTF doughnutshapeis clearin the
top gure, with the missingconein the centre. The bottom gure highlightsthe switchin
asymmetrybetweenfavouring the n componeniat mid-rangespatialfrequenciegcyan) to
favouringthe m componenat low-rangespatialfrequencieggreenandorange).
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Figure3.15:Isosurfcesof C,. Thereis aninterestingpatternof positive andnegatve spatial
frequeng contributions. But asthe scalebar indicates,thereis very little power in this
component.

pard,2002). By incorporatingthis dipole responsenodel,the vectorial OTF mightform an
importanttool in modellingthe frequeny responsef entireimagingsystems.

If the dipole canfreely rotate,thenthe imagein a confocal uorescencemicroscopds
thesameasfor anisotropicpointobject(Sheppar@&andTorok,1997b)andwe canusetheap-
propriatevectorial OTF directly. Streibl(1984b)madeasimilarobsenationin hisdiscussion
of thescalar3D OTF, while alsonotingthatfor the OTF to bedirectly applicable uorescent
specimensnustbe “weak” (thin, smallchangesn refractve index andhighly transparent)
sothat secondaryscatteringoecomesiggligible. We canthereforeassumea linear system
whenmodellingincoherentransmissiommicroscopy of isotropicweakly scatteringobjects.

Our useof the Debyeapproximationassumes high Fresnelnumber However, unless
the Fresnelnumberis in nite, regionsof the PSFvery far from focus will have smaller
Fresnelnumbers.Sinceeachpointin the OTF naturallyencompasseBourier components
from throughouthetheoreticallyin nite extentof the PSF the Debyeapproximatiormplaces
alimit ontheaccurag of the OTF. While in generakhe contributionsof regionsaway from
focuswill be smalldueto the concentratiorof power at focus,this approximatiorwill bea
concernfor very strongaberrationsvhich distribute signi cant enegy away from the focal
point.
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Figure 3.16: Isosuraicesof C,. The upper gure shaws the division betweenpositve and
negative strengthsat low andhigh m respectrely. The negative regions,exposedby a cut-
away alongtheline n= 0in thelower gure, arestrongenoughto overpover Cy athighm
frequenciesandpushthe overall OTF C into a negative responseThis illustrateshow high
aperturedepolarisatiorof linearly polarisedillumination is responsibldor high frequeng
contrasteversal,andhow thisin uence derivesfrom theaxially polarisedcomponentf the

focal eld.
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Typically aberrationsn paraxialsystemsare modelledusing Zernike polynomialsde-
scribing the phasevariation acrossa circular pupil (Born and Wolf, 1999), and this is a
usefultool in Fourieroptics. Someaberrationssuchasdefocusor sphericalaberrationcan
be describedusingtheradial pupil co-ordinatealone,but, in general aberrationglependon
boththeradialandpolarco-ordinate Although Zernike polynomialsarenot orthogonalfor
highaperturesystemsgueto theirassumptiorof a at 2D pupil, clearlyany generadescrip-
tion of aberrationsill allow for radialasymmetry This providesa furtherjusti cation for
OTF calculationmethodsvhich make no assumptionsf symmetry

A high NA equvalentof the Zernike functionsis neededde ned on the capof asphere
ratherthanacrossacircle,to describdocusingaberrationgSheppard1997).In additionthe
cause®f aberrationssuchasarefractve index changan thespecimenneedto becarefully
mappedrom rigorousPSFmodelsontothe pupil function(Tordk etal., 1995;T6rok, 1999;
SchonleandHell, 2002;RohrbachandStelzer,2002a).

Modelling amplitudeandphasanasksplacedin thebackfocal planeof thelensis some-
whatsimpler— they canbe applieddirectly to the modelpresentedhereusingthe comple
transmissionlter T(m;n).

In conclusionwe have presente@nautocorrelatioasednethodor evaluatingthehigh
NA vectorial OTF usinga simpleline integral. Arbitrary pupil functionsmay be usedwith-
out the needfor cylindrical symmetry We have plottedslices,isosurbcesanda projection
throughthe vectorial OTF for unaberratedocusingwith sineandHerschelapodisationAl-
thoughin principlethe samenformationis containedn the PSF the OTF malkesit easielto
seefrequeng-basedocusingcharacteristics.

For OTF projections,FFTbasedmethodsare more ef cient aslong as careis taken
with accurag and samplingeffects. In addition, suchprojectionsof the OTF only carry
informationabouta single planeof the PSFE andcautionis requiredbeforeincluding them
aspartof asystemmodel.

In general our autocorrelatiormethodfor calculatingthe vectorial OTF hasthe advan-
tageof beingstraightforvardto evaluatefor arbitrarypupil functionsandarbitrarypointsin
the OTF.






Part Il

High aperture wavefront coding

61






Chapter 4
Wavefront coding theory

This chaptelinvestigatesheoreticaimodelsfor wavefrontcodingmicroscopy. We selectthe
cubic phasemask(CPM) for study as an examplewaveplateusedin wavefront codingto
extendthedepthof eld by makingthe systemopticaltransferfunction(OTF) insensitveto
defocus.This hasbeendemonstratethy our experimentsusingwavefrontcodingwith high
resolutionmicroscopy, asdescribedn chapters.

Here we presenta summaryof the developmentof the cubic phasefunction and the
paraxialtheoryinitially usedto modelit. We thenanalysethe systemusingvectorialhigh
aperturegheory whichis normallyrequiredfor accuratanodellingof systemsusinga1l.3NA
lens,asin our experiments.

High aperturevectorial modelsof the PSFfor a uorescencemicroscopearewell de-
veloped(Higdon et al., 1999; Torok and Sheppard2002; Torok et al., 1995,1997). The
Fourierspacesquialent,the OTF, alsohasalong history(Frieden,1967;McCutchen1964;
Shepparcaetal., 1994). However, the CPMis anunusualmicroscopeslement:

1. Microscopeoptics usually have radial symmetryaroundthe optical axis, which the
CPMdoesnot.

2. TheCPMgivesaverylargephaseaberratiorof up to 60 waves,whilst mostaberration
modelsareorientedtowardsphasestrengthon the orderof awave at most.

3. In addition,the CPM spreadghelight over a very long focal range,whilst mostPSF
calculationcanassumehe enegy dropsoff very rapidly awvay from focus.

Thesepeculiaritieshave meantwe neededo take particularcarewith numericakcomputation
in orderto ensureaccurag. In the caseof the OTF, modellinga radially asymmetriqupil
motivatedthe reformulationof previous symmetricOTF theory aspresentedn chapter3.

63
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Figure4.1: Heightvariationacrosghe cubic phasanaskgivenin Eqg. (4.3),for A= 1.

4.1 Derivation of the cubic phasefunction

Therearevariousmethodghat may be usedto derive a pupil phasefunctionwhich hasthe
desiredcharacteristicfor EDF imaging. The generalform of a phasefunctionin Cartesian
co-ordinatess

T(m;n) = explikj (m;n)] ; (4.1)

wherem; n arethe lateral pupil co-ordinatesandk = 2p=l is the wave-number The cubic
phasefunction was developedby Dowski and Cathey (1995) using paraxialopticstheory
They beganby assuminghatthe desiredohaseunctionis a simple1D functionof theform

j (m)= An®; g6 f0;1g; A8 O: (4.2)

Searchingfor the valuesof A and g which give an OTF which doesnot changethrough
focus,they foundthatthe bestsolutionwasfor A 20=k andg= 3. Multiplying outto 2D,
this givesthe cubic phaseunction

j (mn)= A(m*+ n%) ; (4.3)

wherem andn arethe Cartesiarco-ordinatesacrossthe pupil andA is the strengthof the
phasemask(seeFig. 4.1).

Dowski andCathe/'s derivationrelieson the stationaryphaseapproximationBorn and
Wolf, 1999) and the ambiguity function (Brenneret al., 1983). The stationaryphaseap-
proximationis usefulin optical integralswheretheintegrandincludesa rapidly oscillating
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phaseterm. In suchcasesthe largestcontritutionsto the integral comefrom the places
wherethe phasederivative is zero, or in otherwordswherethe phaseis stationary This

obsenationis the basisof the stationaryphaseapproximation.The ambiguityfunctionis a

2D polardisplayof the defocusedDTF for arectangularlysymmetricparaxialsystem.The

radialpositionmapsto the OTF frequeng andthe polaranglemapsto defocus.Dowski and
Catheg simpli ed the ambiguity function by applyingthe stationaryphaseapproximation.
Theresultingfunctionenabledhemto optimisetheir pupil phasdgunctionfor minimal OTF

variationwith defocusandhenceproduceEDF behaiour.

4.2 Theoretical models

4.2.1 Paraxial model

Usingthe Fraunhoferapproximationassuitablefor low NA, we canwrite down a 1D pupil
transmissioriunctionencompassinthe effectsof cubicphaseanddefocus,

T(m) = explikj (m)] exp(in?y) ; (4.4)

wherey is adefocugparameterWe then nd the 1D PSFis

z
E(X) = 11T(m) exp(ixmdm; (4.5)

wherex is thelateralco-ordinatan thePSF. The1lD OTF is
Z4
cim=  T(M+ nm2)T (M m=2)dm": (4.6)
1

The2D PSFis simply E(X)E(y).

Naturally this 1D CPM givesbehaiour in which, for low aperturesystemsat least,the
lateralx andy imagingaxesareindependentf eachother Thisgivessigni cant speedoosts
in digital post—processingAnotherimportantpropertyof the CPMis thatthe OTF doesnot
reachzerobelow thespatialfrequeny cutoff, whichmeanghatdecowolutioncanbecarried
outin a singlestep. The lengthyiterative processingf wide eld decomwolution is largely
dueto the mary zerosin the corventionaldefocusedOTF. Anotherimportantfeatureof
Fraunhofemopticsis thatPSFvariationwith defocuds limited to scalingchangesStructural
changes$n the PSFpatternarenot possible.
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m=(m,n,s)

X=(xy,2)

Figure4.2: Diagramof the light focusinggeometryusedin calculatingthe high NA PSE
indicating the focal region co-ordinatex andthe pupil co-ordinatem, the latter of which
mayalsobethoughtof asa unit vectoralignedwith aray from the pupil to thefocal point O.

This paraxialmodelfor the cubic phasemaskhasbeenthoroughlyveri ed experimen-
tally for low NA systemgBradlurn etal., 1997;Tuckeretal., 1999).

4.2.2 High aperture PSFmodel

We now explore the theoreticalbehaiour for a high NA cubic phasesystem. Normally
we needhigh aperturetheoryfor accuratemodelling of lenseswith NA > 0:5. However
large aberrationdik e our cubic phasemaskcansometimesverwhelmthe high NA aspects
of focusing. By comparingthe paraxialand high NA modelresultswe candeterminethe
accuray of the paraxialapproximatiorfor particularwavefrontcodingsystems.

We follow a similar line of developmento section3.1,revisiting Eqgs.(3.1),(3.4),(3.5),
(3.7),and(3.9) in the contect of PSFcalculation.

Thetheoryof RichardsandWolf (1959)describesiow to determinetheelectric eld in
the focal region of a lenswhich is illuminated by a planepolarisedquasi-monochromatic
light wave. Theiranalysisassumesery large valuesof the Fresnehumber equivalentto the
Debyeapproximation We canthenwrite the equationfor the vectorialamplitudePSFE(X)
of a high NA lensilluminatedwith a planepolarisedwave asthe Fourier transformof the
complec vectorialpupil functionQ(m) (McCutchen,1964),

ik Z27ZZ7Z
E(x) = 2_p Q(m) exp(ikm x)dm: 4.7)
Herem = (m;n;s) is the Cartesianpupil co-ordinateandx = (x;y; 2) is the focal region
co-ordinate. The z axis is alignedwith the optical axis, ands is the correspondingupil
co-ordinateasshavn in Fig. 4.2. The vectorialpupil functionQ(m) describeghe effect of
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alensonthepolarisationof theincident eld, the complex valueof arny amplitudeor phase
Iters acrosgheapertureandary additionalaberrationn thelensfocusingbehaiour from
thatwhich producesa perfectsphericalwavefrontcornverging on thefocal point.

Fromthe Helmholtzequationfor a homogeneoumedium,assumingconstantefractve
index in the focal region, we know thatthe pupil functionis only non-zeroon the surface
Qs(m) of aspherewith radiusk,

Q(m) = Qs(m)d(jmj k) : (4.8)

Becausehe pupil function only exists on the surfaceof a spherewe cansliceit alongthe
s= 0 planeinto a pair of functions

Q(m) = Qs(m)d(s Yl 12) + Qs(m)d(s+ "ie 12) ; (4.9)

representingorwardandbackwardpropagatiorfArnisonandSheppard2002;Shepparénd
Larkin, 1997).Herewe haveintroducedaradialco-ordinatd = = m?+ n2. Now we examine
the axial projectionsP® (m; n) of the pupil function,

Zy

PO (m;n) = Q(m)ds (4.10)
2,

PO (m;n) = ¥Q(m)ols; (4.11)

which represenforward and backward propagatiorrespectrely. Togetherthese2D func-
tionsgive a completedescriptionof the 3D pupil functionQ(m).

Restrictingour attentionto the forward propagatiorcase we canwrite
Zy _

P{ (m; n) , Qs(m)d(s P k2 12)ds (4.12)

Qs(m; ”;S*“)s% ; (4.13)

wherethe prime denotegrojection. The 1=s, factoraccountdor the changen projected
thicknessof the sphericalshell for declinationanglesaway from the s axis. We have nor-
malisedthe radiusto k = 1 andindicatedthe constrainton s to the surface of the sphere
with

p
ss= 1 12: (4.14)
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For incidentlight which is plane-polarise@longthe x axis, we canderie a vectorial
strengthfunctiona(m; n), from thestrengthfactorsusedn thevectorialpointspreadunction
integrals(Mansuripur,1986;RichardsandWolf, 1959;ShepparandLarkin, 1997)

(mPs; + n?)=l2 '
amn = mnl s)42 X (4.15)
m

wherewe have corvertedfrom the Richardsand Wolf sphericalpolar representatiomnto
Cartesiarco-ordinates.

We cannow modelpolarisationapodisatiorandapertureltering asamplitudeandphase
functionsover the projectedpupil,

= (m;n) = S%a(m; n) S(m; n) T(m; n) (4.16)

representingorwardpropagatioronly (a  p=2), whereS(m; n) is theapodisatiorfunction,
andT (m;n) is any complec transmissionlter appliedacrossheapertureof thelens.T can
alsobeusedto modelaberrations.

Microscopeobjectvesareusuallydesignedo obey the sinecondition,giving aplanatic
imaging(Hopkins,1943),for which we write theapodisatioras

S(m;n) = P ST (4.17)

By applyinglow angleandscalarapproximationsye canderve from Eqg. (4.16)a paraxial
pupil function,
PO(mn) T(mn): (4.18)

Returningto the PSF we have

o ZZ
E(x) = ;—E PO (m; n) exp(ikm. x)dmdn ; (4.19)
s
integratedover the axial projectionof the pupil areaS. The geometryis shavn in Fig. 4.2.

We usem, = (m;n;s;) toindicatethatm is constrainedo the pupil spheresurface.

For aclearcircularpupil of aperturehalf-anglea, theintegrationareaS is de ned by

0 | sina; (4.20)
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while for asquaregpupil which ts insidethatcircle, thelimits on Sgq are

imj sina—IO 2

M 2 (4.21)
jnj  sina= 2

ThetransmissioriunctionT is unity for astandardvide eld systemwith no aberrations,

while for acubicphasesystemEq. (4.1) andEqg. (4.3) give

Te(m;n) = exp[ikA(m>+ nd)] : (4.22)

4.2.3 High aperture OTF model

A high apertureanalysisof the OTF is important,becausehe OTF hasprovento be more
usefulthanthe PSFfor designandanalysisof low aperturewavefrontcodingsystems.For
full investigationof the spatialfrequeng responsef a high aperturenicroscopewe would
normally look to the 3D OTF (Frieden,1967; McCutchen,1964; Shepparcand Cogswell,
1990; Shepparcet al., 1994). Chapter3 describesa methodfor calculatingthe 3D OTF
suitablefor arbitrarypupil Iters which canbe applieddirectlyto nd the OTF for a cubic
phaseplate. But sincean EDF systeminvolvesrecordinga singleimageat onefocal depth,
a frequeng analysisof the 2D PSFat that focal planeis more appropriate. This canbe
performedef ciently usinga high NA vectorialadaptatiorof 2D Fourier optics (Sheppard
andLarkin, 1997).

This adaptatiorrelieson the Fourier projection—sliceheorem(Bracavell, 1995),which
stateghata slicethroughrealspacds equialentto a projectionin Fourierspace:

Z
f(xy;0) () F(m;n;s)ds (4.23)

whereF (m; n; s) is the Fourier transformof f(x;y;2). We have alreadyobtainedthe pro-
jectedpupil functionP? (m;n) in Eq. (4.16). Takingthe 2D Fouriertransformandapplying
Eq. (4.23)givesthe PSFin thefocal plane

E(xy,0) () PY(mn): (4.24)

Since uorescencanicroscop isincoherentyethentake theintensityand2D Fouriertrans-
form oncemoreto obtainthe OTF of thatslice of the PSF

JEY;0i° () C(min): (4.25)
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We canimplementthis approachusing 2D fastFourier transformsto quickly calculatethe
high aperturevectorial OTF for thefocal plane.

4.2.4 DefocusedOTF and PSF

To investigatethe EDF performancewe needto calculatethe defocusedOTF. Defocusis
anaxial shift zy of the point sourcebeingimagedrelative to thefocal point. By the Fourier
shift theorematranslationzy of the PSFis equialentto alinear phaseshift in the 3D pupil
function,

E(Xy,0+ zg) () exp(iksz)Q(m;n;s): (4.26)

Applying the projection-sliceheoremasbeforegivesa modi ed versionof Eq. (4.24)
Z
E(Gy,za) () exp(iksz)Q(m;n;s)ds; (4.27)

allowing usto isolatea pupil transmissioriunctionthatcorrespondso a givendefocuszy,
Ta(m; n; zg) = exp(iks: Zg) ; (4.28)

whichwe incorporaténto the projectedpupil functionP{ (m; n) from Eq. (4.16),giving
P2(minizg) = - a(mm) S To(m iz To(min) (4.29)

Notethatthedefocugphasdactorexp(iks; z) wasalreadypresentedh Eq.(4.19),howeverit
is conceptuallyandmathematicallyconvenientto explicitly includeit asanaberratiorfactor
acrosghe projectedpupil within a standard®D Fourierintegral. For example,if we assume
alow aperturepupil, we canapproximateEq. (4.14)to secondorder, giving thewell known
paraxialaberratiorfunctionfor defocus

2
Ta(m;n;zg) exp ikzdlE : (4.30)

Finally, usingF to denotea Fouriertransform,we write down the full algorithmfor calcu-
lating the OTF of atrans\erseslice throughthevectorialPSF:

n 0}
C(mnzg) = Fogt  Fap P (mmzg) ° (4.31)
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It is cornvenientto calculatethe vectorial defocusedPSFusing only the rst stepof this
approach

E(xY,zq) = Fop PY(min;zg) (4.32)

Mansuripur(1986,1989,1993) obtainedthe sameresultbut thereare differencesn detalil
andemphasidvetweerhis approachandwhat!| have presented.

4.2.5 Refractiveindex changemodel

Sphericalberrations acommonproblemin high apertureuorescencemicroscopy. There
areseveralpotentialcausedbasedon planarrefractve index changes:

arefractve index mismatchbetweerthe immersionmediumof thelens(e.g. oil) and
the mountingmediumof the specimer(e.g.water);

high apertureobjectves may be designedio perform bestwith immersionoil of a
particularrefractve index, but asmallchangan temperatur@r compositionof the oil
canproducea variationin its refractve index; and

the coveglassthicknessmay not preciselymatchthe speci cationsof the objective.

Sinceit is not always easyto control thesefactorsexperimentally additional optionsfor

reducingthe impactof sphericalaberrationare desirable.Someobjectveshave correction
collars,which compensatéor refractve index changesHowever, turning suchcollarscan
beimpreciseaseachadjustmenbf thecollaralsochangeshefocal pointof thelens.Finding
the bestsettinginvolveshuntingwith boththe collar andthe focusof the microscopewhile

looking for the bestimage. More complex correctionmethodsmay involve physical or

computationahdaptve optics(Boothetal., 2002;Kametal., 2001).

Wavefront codingis designedto achiere focusinvariance. However, it turnsout that
wavefrontcodingalsoreduceghe impactof sphericalaberrationon imaging performance,
asdescribedor the paraxialcaseby MezouariandHarvey (2003). To explore the situation
for high aperturamaging,we implementeda focusingmodelwhich includesboththe CPM
andarefractve index changdan thefocal region.

There are several differentapproacheso high aperturemodelling of refractve index
changes.Torok et al. (1995) extendedthe Debye—V@If integral (Eg. (2.11))to includea
planarrefractve index boundary They mentionedthat the effects of the refractve index
changeon the PSF can be modelledas a pupil surface aberrationfunction, which is the
approactusedn calculationdy RohrbactandStelzen2002a)andSchénleandHell (2002).
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I‘l0 n1 I‘l2
cubic back lens refractive focal
phase focal index plane
mask plane change

Figure 4.3: Cubic phasemaskfocusingmodelincluding a refractve index changein the
focal region. P is the obsenation point. The casefor n, > n; is indicatedby the decrease
in angleqz < 1. In this chaptemwe shaw resultsfor anoil to waterinterface,for which the
Gaussiarfocal point O movestowardsthe lensratherthanaway from it asillustratedhere.
Also in this chaptethe CPMis alwaysin the backfocal plane(h = 0).

Egneretal. (EgnerandHell, 1999;Egneret al., 1998) describean alternaterefractve
index mismatchtheory which is derived from the Huygens—Fresneheory without using
the Debye—V@If approximation. They say this Huygens—Fresndbasedmodel works for
arbitrary FresnelnumberN, andgive comparisongor variouscasesf N. EgnerandHell
alsoshaw thattheirtheoryis equialentto thatof Térok etal. (1995)whenN! ¥.

We chosethe Torok et al. (1995) modelfor our PSFsimulations. The physicallayout
for this modelis shown in Fig. 4.3. Sincethis modelmodi es the Debye—\¥If integral it is
alsoFourier transformbased but it usessphericalpolar co-ordinategatherthan Cartesian
co-ordinatesasusedpreviously in this chapter

We onceagainassumehattheinputbeamis planepolarised.Therefractveindex change
is introducedat a distanced from the Gaussiarfocal point O. We usethe Debye—\¥If in-
tegral in the rst mediumto calculatethe electric eld at the planeof the refractve index
changeusingthe superpositiorof planewaves,which hasthe form of a Fourier transform.
This eld is thentransformedacrosgheinterfaceby applyingthe Fresnerefractionformu-
las to the planewaves which make up the eld. The eld in the secondmediumis then
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propagatedrom this boundaryto the obsenation point P by onceagaincalculatingthe su-
perpositionof planewaves.

For anobsenationpoint P thatis far away from the aperturewe arrive at the following
expressiongor thecomponentsf the electromagneticeld:

Ex

IK
+

ZaZ 2p -
— cosay) 2(sin

30 o (cosg1) 2(singy)

[(tpcosgy+ tg) + (cos2f )(tpcos, ts)]

exp iko[rpk+ Y(qu;02; d)+j (quf)] dagudf ;
iK a 2p
+

— (cosa) 2 (singy)(sin2f )
2p o o
(tpcosy, to)

exp iko[rpk+ Y(qu;02; d)+j (quf)] daudf ;

iKaZp

5 o o (cosql)%(sinql)tpsinqzcosf

exp iko[rpk+ Y(qq;q2; d)+ ] (qu;f)] doidf :

In theseexpressions,

- éflo.
2k

(4.33)

(4.34)

a istheaperturehalf angle thesubscript®, 1, and2 referto vacuumthe rst material,and
thesecondmnaterialrespectiely, q is theazimuthalpupil angle,f is thepolarpupil anglet
andts arethe Fresnekoefcients, k= 2p=l isthewave numbernis therefractveindex, rp
is thelengthof thepositionvector(rp; qp; f p) pointingfrom theorigin (atthefocal point) to

theobsenationpoint, f is thefocal lengthof thelens,lq is anamplitudefactor and

and

k = nisingpsingpcoqf fp)+ npcosgzcosgp

Y(q1;02; d)= d(nicosgr Nnpcosgp)

(4.35)

(4.36)
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de ne the co-ordinatetransformbetweernthe two materials.j (q1;f) is the CPM aberration
functionacrosghe apertureof thelensfrom Eq. (4.3). The Fresnelcoefcients arede ned
in theusualway

2singy cosqs

sin(g+ d2)
2sing cosqs

sin(gr+ g2)codqr  0) |

(4.37)

ts

(4.38)

4.2.6 Implications of the Debye approximation

Thehighaperturgheoryin thischaptedepend®ntheDebyeapproximationHigh aperture
microscopdensfocusinggenerallyhasa high Fresneihumber But with increasingangular
aperturesit becomedlif cult to placethe backapertureexactly in the backfocal plane. It
is alsodif cult to placeary pupil Iters exactly in the backfocal planebecausehat plane
maybephysicallywithin theobjectve casing.Theseconstraintgreventhighaperturdenses
from having anin nite Fresnehumber

If theFresnelhumberis nite, thenincreasingobjectdistancedrom thefocal planeand
increasingaberrationsvill startto pushthe Fresnelhumberdown into theregion wherethe
Debyeapproximatioris nolongeraccurateandwe shouldturnto morerigoroussolutionsof
Maxwell's equations For examplewe couldincorporatea CPM into the Egneretal. (1998)
modelfor specimermefractve index change.

In addition,for full accurag we shouldpropagatehe CPM from its positionbehindthe
lensthroughto the backfocal planebeforeapplyingit asa pupil transmissionlter in the
modelpresentediere. We have attemptedRayleigh—Sommer elgpropagatiorof the CPM
andwe found the computatiortook animpracticallengthof time to corverge for distances
ontheorderof millimetres.

Ganet al. (1997) simulateda similar situationusing Fresnelpropagatiorwith annular
masksfor confocalimagingandencounterednixedresults.Thetrans\erseresolutionof the
systenchangewerylittle with increasingdistanceof theannulusfrom the backfocal plane.
Meanwhile,the axial responséecomesasymmetric but alsobecomessharper A similar
angularspectrummodelof CPM propagatiorwould beusefulin evaluatingtheimpactof the
CPM distanceérom the backfocal planeof the objectie.
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Figure4.4: Pupil phasdor defocusandthe CPM, for asquareaperturesizedtojusbt inside
acircularpupil with a = p=2. Line plotsareshovn alongtheaxism= n, with | = = m2+ n2
asthe radial pupil co-ordinate. (a) Comparisonof paraxialdefocuskq. (4.30) with high
aperturedefocusEg. (4.28). (b) Combinationof a strongCPM with defocus. The basic
cubic shapeis maintainedeven with high defocusfor both the paraxialand high aperture
defocusmodels.
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Table4.1: Optical parametersisedfor PSFandOTF simulations

Opticalparameter Simulationvalue
Wavelength 530nm
Numericalaperture NA = 1:30il

Oil refractve index ny = 1:518

Waterrefractveindex np= 1:33

Aperturehalf angle a=p=3

Pupilshape Square

Pupilwidth 7.1mm
Cubicphasestrength  25.8wavespeakto valley

4.3 Numerical integration issues

We have appliedboththe pupil projectionintegral Eq. (4.32)andtherefractve index change
integral Eq. (4.33) to simulateour wavefront coding experiments(describedn chapters),
usingthe parametergivenin Table4.1. Both modelsinvolve a 2D integral over the pupil.

The key effectswe wereinterestedn wereall phasevariationsacrossthe pupil: defo-
cus, refractve index change,andthe CPM. Figure 4.4 shows the strengthof pupil phase
variationsfor the casesve wantedto model. Theselarge phasevariationsacrossthe pupil
producean integrandwith mary oscillations,sincethe phases wrappedat 2p intervals by
the exponential. The moststraightforward methodfor dealingwith rapid oscillationsin the
integrandis to increasehe numberof samplepointstaken duringintegration,asdiscussed
in detailby Mansuripur(1989).

The pupil projectionintegral wasevaluatedusinga 2D fastFourier transformin Carte-
sianco-ordinates The kernelof the Fouriertransformwasthe 2D projectedpupil P$ (m; n)
from Eq.(4.29),usingEq. (4.21)for theaperturecutoff. The pupil wassampledusingauni-
formly spacedyrid of N N complex numbers.We thenpaddedhis arrayoutto 4N 4N
to allow for sufciently ne samplingof theresultingPSF. beforeemploying the algorithms
in Eq. (4.32)andEqg. (4.31) to calculatethe PSFand OTF respectiely. Eachexecutionof
Eq. (4.31)with N = 1024took about8 minuteson a Linux Athlon 1.4 GHz computerwith
1 GB of RAM. The resultspresentedvere calculatedwith eitherN = 512 or N = 1024.
Detailsof the projectedpupil integrationcodeandthe stepstakento verify it aresetoutin
appendixB.

The refractive index changeintegral sampleshe pupil in sphericalpolar co-ordinates.
Debye—\V¥If integralsare often evaluatedin sphericalpolar form whenthe optical system
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beingmodelledhascylindrical symmetryaboutthe optical axis. Evenfor linearly polarised
illuminationtheintegrationoverf canbesolvedanalyticallyin termsof Bessefunctions,as
long asthe pupil functionis cylindrically symmetric leaving only a singleintegrationto be
donenumerically

Dueto therectangulanatureof the CPM, this simpli cation cannotbe made,andboth
dimensionamust be integratednumerically For small numbersof samplepoints, spheri-
cal polar co-ordinateswill producealiasingalongthe edgeof the squarepupil. However,
we sampledthe pupil very nely to capturethe strongphasevariations,which alsomeant
apertureedgeshapealiasingeffectswereminimised.

A 2D Gauss—-Lgendreapproach(Presset al., 1993) was usedto evaluateEq. (4.33).
Thisinvolveddividing theintegrandup into sectionsof varyinglength,andapplyingto each
sectiona weight which is inverselyproportionalto the length. This wasrepeatedor the
seconddimensionof theintegral. Gauss—Lgendresampleghe edgesof theintegrandmore
closelythanthe middle, which is appropriateas our integrandchangesnorerapidly at the
edgesasdemonstrateth Fig. 4.4.

The numberof integrandsamplepoints N? requiredfor accurateintegrationincreases
with boththe strengthof the cubic phasefunction,andwith the distancePO of the obsera-
tion pointfrom the Gaussiariocal point (seeFig. 4.3).

To determinethe value of N requiredto achieve the accurag we desired,we took a
sampleobsenationpoint, andtestedthe corvergenceof theintegral resultatthatpoint. First
we storedthe result calculatedwith a very large numberof iterations(N = 2000, giving
N2= 4 10° samplepoints)andthenwe reduced\ to a muchlower value(N = 100)and
steadilyincreasedt, until the resultcorverged with desiredaccurag to matchthe value
foundatN = 2000.Theresultsshavn belov werecalculatedvith N = 400. Thecalculation
of a250 250wzaxialslicethroughthe PSFwith N = 400took about5 hourson our Linux
Athlon system(w is a trans\erseco-ordinatealongtheline x = y). Detailsof therefractve
index changentegrationcodeandthe stepsakento verify it aresetoutin appendixB.

All the resultspresentedn the next sectionwere calculatedusing the projectedpupil
code,apartfrom Fig. 4.8 which usedthe refractve index changecode. The projectedpupil
codewasusefulfor calculatingtrans\erseplanesof the PSE andthe correspondingTFs,
with a very ne sampling. Although the refractive index changecodewas at least10
slower for producingequialenttrans\erseplaneresults,it was more usefulfor line plots
or wz sections,as eachobsenation point was evaluatedindependentlywhereashe pupil
projectioncodehadto calculatea whole trans\erseplanefor eachz step. Suchwz sections
arecornvenientassphericalaberrationproducedeatureswhich aremoreclearly seenin wz
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sectionghanin trans\erseplanes. The projectedpupil integral could be mademuchmore
ef cient for calculatingwzPSFsectiondy projectingthe pupil alongaline orthogonato the
axis,for examplealongthe m axis,ratherthanalongthes axisasdonein Eq.(4.12)(Larkin,
1999).

4.4 Simulation results

We begin by exploring the effect of defocuson the paraxialandvectorialfrequeng content
in a wide eld system. We de ne a wide eld systemas having a circular pupil with no
CPM. The discrepang betweenthe two modelsis shavn in Fig. 4.5(a)for the focal plane
wide eld OTF. We shav asimilar comparisorof thedefocusedavide eld OTF in Fig. 4.5(b).
We canseethereis amajordifferencean thepredictionsof thetwo models gspeciallyathigh
frequenciesThediscrepang betweerthe modelsincreasesnarkedly with defocus.

Wavefrontcodingreliesonaninverselter todecowolvetheblurredimageandretrievea
highresolutionEDFimage.Theinverselter for ourexperimentavasdervedfrom aparax-
ial simulationof thewide eld (no CPM) OTF andthemeasure@PM OTF. Thediscrepang
betweerthe vectorialand paraxialresultsin Fig. 4.5(a)impliesthat the bestdecomwolution
accurag will beobtainedoy usingthesimulatedvectorial OTF whenconstructinghedigital
inverse Iter for ahigh aperturesystem.

The CPMis designedo producefocusinvariance.ln practice for both simulationsand
experimentsa CPM strengthof 25.8 wavespeakto valley provided a workableEDF range
of about8mm. Sincethe CPM PSFis symmetricon eitherside of the focal plane,the end
points of this EDF rangeareatzg = 4nmm. Fig. 4.5(b) illustratesthe dramaticchanges
introducedby this amountof defocusn awide eld system.

Our modelsassumeheillumination s linearly polarised.This produceda minor asym-
metryin the PSFand OTF results,with slightly differentresponsealongthe x andy axes.
However, this effect tendedto be overshadwed by otherfactors,sowe have not explicitly
emphasised in theresultsshovn here.

We now investigatehe simulatedbehaiour of a CPM systemaccordingto our vectorial
theory Figures4.6and4.7 show thevectorialhigh aperturePSFandOTF for thetrans\erse
focal planewith a strongCPM. The dramaticeffect of the CPM s clearlyvisible in the PSF
results. The shapeof the CPM PSFin Fig. 4.6(c) hasa grid—like structurewhich is quite
differentto the normal point focus producedwithout a CPM shown in Fig. 4.6(a). EDF
behaiour is apparentn the barelyvisible changebetweerFig. 4.6(c)and4.6(d),compared
with theusualrapidblurring defocusproducesasseenin Fig. 4.6(b).
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Figure4.5: A comparisorof wide eld (no CPM) OTFsusingour vectorial(solid line) and
paraxial(dashedine) simulations:(a) in—focusatzy = Onm and(b) defocusedo zg = 4nm.
For a diagonalline throughthe OTF alongm = n, we have plotted the value of the 2D
projectedOTF for eachcase. While the structureof the in—focus OTF curvesis similar
for the two models,the relative differencebetweenthemincreasesvith spatialfrequeng,
reachingover 130%atthe cutoff. Oncedefocuss applied,thetwo modelspredictmarkedly
differentfrequeng responseén bothstructureandamplitude.
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Figure4.6: The simulatedvectorialhigh aperturePSFfor wide eld andwavefrontcoding,
showing the effect of defocus: (a) wide eld in—focuszy = 0nmm, (b) wide eld defocused
Zg = 4mm, (c) CPM in—focuszg = 0nm, (d) CPM defocusedzy = 4mm. This amountof
defocusntroducesverylittle discernibledifferencebetweerthe CPM PSFs.Indeedparaxial
CPMsimulationgnotshavn here)arealsosimilarin structure SeeFig. 5.4to comparewith
measured®SFs.Theincidentpolarisationis in the x direction. Theimagesarenormalised
to the peakintensity of eachcase.Naturally the peakintensitydecreasewith defocusbut
muchlessrapidly in the CPM system.Theareashowvn for eachPSFis 13mm  13nm.
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Figure4.7: Thesimulatedvectorialhighaperturan—focusCPM OTF: (a) is themagnitudeof
theOTFin log,y scaleand(b) is thewrappedohasen radians While thefrequeng response
is muchstrongeralongthe m andn axes,the magnitudeemainsabove 10 2 throughouthe
spatialfrequeng cutoff. Compensatingor the OTF phasds importantin digital restoration.
Thephaseof the OTF is verysimilarto thecubicphasan thepupil. Thezg = 4nmm defocused
OTF (notshown) hasasimilarappearanct thisin—focuscase.SeeFig. 5.5to comparewith
themeasuredTFs.
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TheCPM OTF in Fig. 4.7 shavs thatfrequeng responsearestrongestalongthemand
n axes,while the phasevariesstronglyacrosshe OTF. Neitherof thesefeaturesarepresent
in thewide eld OTF whenno CPMis applied.

Figure 4.8 shows axial slicesthroughthe simulatedwide eld andCPM PSFfor differ-
entdepthsbelow arefractve index change.The characteristi¢cbanana’shapeof the axial
CPM PSFis clearly shovn in Fig. 4.8(a). The focal spotof wide eld focusing,shavn for
comparisonn Fig. 4.8(d),is stretchedaxially by the CPM to becomea line with increasing
curvatureaway from the focal plane. This curvaturewill producea slight warpingof the
EDF imageaway from a strictly perspecitie projection,even thoughthe bendingis minor
within theEDFrangezg = 4nm. Also notableis thattherearetwo maxima(showvn in red
atzy 9nm) in the CPM pattern.Althoughthesemaximaprovedto benumericallystable,
we have beenunableto con rm or dery themin measured€CPM PSFs.

The additionof arefractve index change shown in Figs. 4.8(b-c),shiftsthe CPM PSF
towardsthelens,rotatest slightly clockwiseasviewedin theseslices,anddistortsthetrans-
versetail of the PSE However, aftertakinginto accountheaxial shift, the central8 mm axial
region of thesphericallyaberratedSFin Fig. 4.8(b)hasa similar structureto the CPM PSF
in Fig. 4.8(a)without sphericakaberration.

Thisimpliesthatfor the simulatedconditionsthe CPM aberratiordominateshe aberra-
tionscausedy arefractve index changeandthatimagingwith the CPMwill be someavhat
resistanto bothdefocusandsphericabberration A similarresistancéo sphericabberration
hasbeenreportedfor paraxialimagingwith logarithmicwavefrontcoding lters (Mezouari
andHarwey, 2003). However, just aswith defocus,therearelimits to how muchspherical
aberratiorthe CPM cancopewith. Thed = 40nm casein Fig. 4.8(c)shawvs increasedlis-
tortion of the CPM PSFE which impliesthatthe nal decomwolvedimagewould be visibly
degraded.

Theseresultsalsoallow usto comparethe relative peakintensityof the differentcases.
Thewide eld PSFsliceshavn in Fig. 4.8(d) hastwice the peakintensityof thed = 40mm
wide eld caseshown in Fig. 4.8(f), and 30 timesthe peakintensityof the CPM PSFslices
in Figs.4.8(a-c).Thisdramaticreductionin peakintensitycausedy the CPMis inevitable
when spreadinghe focusedlight over a muchlongerfocal range,andis the chief reason
for the reductionin SNR whenusinga CPM for EDF imaging. However, thed = 40nm
CPM PSFin Fig. 4.8(c)still has85% of the peakintensityof the unaberratedPM PSFin
Fig. 4.8(a),which againindicatesthe resistancehe CPM PSFhasagainstsphericalaberra-
tion.
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Figure4.8: The effect of a refractve index changeon axial wz slicesthroughthe PSFfor
CPMandwide eld casesysinga vectorialmodel. Thetrans\erseco-ordinaten runsalong
theline x = y. The top row shavs the CPM axial “banana”shapewith (a) no refractve
index change(b) focal depthd = 20mm below the refractive index boundaryand(c) d =

40mm. The bottomrow shavs wide eld (yet squareaperturefor Fig. 4.8 only) PSFsfor
(d) norefractve index change(e) d = 20mm, and(f) d = 40mm. Thesesimulationscanbe
comparedgainsthe measurecCPM PSFshowvn in Fig. 5.7.
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Figure4.9: Axial slicethroughthe paraxial CPM PSFalongthe samewz planeasFig. 4.8.
The paraxialPSFis axially stretchedn comparisorwith thevectorialcase with noblurring
visiblein the paraxialPSFfor thefocalrangeshovn. The paraxialcasealsoshavsasimpler
trans\ersepatternthanthevectorialcase.

TheCPMPSFdoeshave someinterestingsimilaritieswith thesphericallyaberratedP SF
By comparingFig. 4.6(c)with Figs.1-3in Shepparé&ndTorok (1997a) we canseethatthe
structureof the CPM PSFin thetrans\erseplaneis similar to the structureof the spherically
aberrated®SFin theaxial plane.

The axial slicethroughthe vectorial CPM PSFin Fig. 4.8(a)alsoprovidesa goodbasis
for comparisorwith the paraxialapproximationshovn in Fig. 4.9. As is to be expected,
the paraxialresultsdisplaya simpler PSFstructurethanthe vectorialresults. The paraxial
approximationis relatively stretchedn the axial direction. A longer EDF rangewould be
predictedrom the paraxialmodelthanfrom the vectorialmodel.

Returningto frequeng spacethedefocusedy = 4nmm vectorial CPM OTF (not shown)
andthe paraxialin—focusanddefocusedy = 4nm CPM PSFsandOTFs(notshavn) areall
gualitatively similar to the vectorialzg = Onm caseshavn in Figs.4.6 and4.7. However, if
we performa quantitatve comparisorwe seethattherearemarked differencesFigure4.10
shaws the relative strengthof the CPM OTF for a diagonalcrosssection. For the in—focus
casethe differencedetweerthe vectorialand paraxialmodelsare similar to thosefor the
wide eld OTF in Fig. 4.5(a),with up to 100%differenceat high spatialfrequencies How-
ever, asthedefocusncreaseshestructureof thevectorial CPM OTF beginsto divergefrom
the paraxialmodel,asdoesthe pointwherethe OTF strengthdropsbelon 10 4. Thisis still
a much lower discrepang thanthe wide eld modelfor similar amountsof defocus,asis
clearby comparisorwith Fig. 4.5.
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Figure4.10: Themagnitudeof thewavefrontcodingOTF for the (a) vectorialand(b) parax-
ial models,plottedalonga diagonalline m= n throughthe OTF, with differentvaluesof
defocus: in—focuszy = Onm (solid line), defocusedzg = 2mm (dashedline), defocused
Zg = 4mm (dottedline). In commonwith thewide eld systemthe modelsdiffer the mostat
high spatialfrequenciesup to 100%at large| for thein—focuscase.As defocusincreases,
the differencesbecomemore extreme, with the vectorial simulation predictinga quicker
reductionin effective cutoff.
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Theseplotsallow usto assesthe SNRrequirements$or recordingmageswith maximum
spatialfrequeng responsekFor bothwide eld andCPM systemsthe experimentaldynamic
rangewill placeanupperlimit on the spatialfrequeng responseln wide eld a 10° SNR
will capturenearlyall spatialfrequenciesipto thecutoff (seeFig. 4.5(a)),allowing for good
contrastthroughout. Furtherincreasesn SNRwill bring rapidly diminishingreturns,only
graduallyincreasinghe maximumspatialfrequeng response.

For CPM imaging the same10® SNR will producegood contrastonly for low spatial
frequencieswith the middlefrequenciedying lessthanafactorof tenabove thenoise oor,
and the upperfrequenciesdipping below it. However, a SNR of 10* will allow a more
reasonableontrastlevel acrossthe entire OTF. For this reason,a 16 bit cameratogether
with othernoisecontrolmeasuress neededor a CPM systenmto achieve thefull resolution
potentialof high aperturdenses.This needfor high dynamicrangecreatesa tradeoff for
rapidimagingof living specimens— fasterexposuretimeswill reducethe SNR andlower
theresolution.

ArguablythemostimportantOTF characteristitsedin EDF digital decomwolutionis the
phase As canbeseerfrom Fig. 4.7the CPM OTF phaseoscillatesheavily dueto thestrong
cubicphase This correspond$o the numerousontrasteversalsn the PSFE Therestoration
Iter is derivedfrom the OTF, andthereforeaccurategphasen the OTF is neededo ensure
thatary contrastreversalsarecorrectlyrestored.

A comparisorof theamountof OTF phasedifferencebetweerfocal planesfor the vec-
torial and paraxialmodelsis shovn in Fig. 4.11. We calculatedthis usingthe unwrapped
phase,obtainedby taking samplesof the OTF phasealonga line m= n, thenapplyinga
1D phaseunwrappingalgorithmto thosesamples.After nding the unwrappedohasedor
differentfocal planeszqg = 2mm andzq = 4mm, we thensubtractedhemfrom the in-focus
caseatzg = Onm.

Ideally the OTF phasedifferencebetweenplaneswithin the EDF rangeshouldbe very
small. It is clearhowever thatthereare somenotablechangewith defocus.Both paraxial
andvectorialmodelsshav alinearphaseramp,with oscillations.

Thislinearphasaampis predictedby thestationaryphaseapproximatiorto the1D CPM
OTF, Eq. (A12) in Dowski andCatheg (1995). Sincethe Fouriertransformof a phaseamp
is alateraldisplacementhis givesalateralmotionof thePSFfor differenttrans\erseplanes.
In practicethis hasthe effect of giving a slightly warpedprojection. A mismatchbetween
the microscopeOTF andthe inverse Iter of this sortwill simply resultin a corresponding
lateral offset of imagefeaturesfrom that trans\erseplaneof the object. Otherwisespatial
frequencieshouldberecorerednormally.
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Figure4.11: Therelative OTF phaseanglebetweerfocal planesalongadiagonaline m= n
throughthe CPM OTF, for (a) the vectorialmodel, and (b) the paraxialmodel. For both
(a) and(b) we shav two casesthe unwrappedhasedifferencebetweenhe zy = Onm and
Zg = 2mm OTF (solid line) and the unwrappedphasedifferencebetweenzg = Omm and
Zg = 4mm (dashedine). All casesshaw a linear phaserampwith an oscillation of up to
p=2. This phaserampcorrespond$o a lateralshift of the PSF The vectorialcaseshavs an
additionalcurvatureand larger overall phasedifferencesof up to p radians(or 0.5 waves)

acrosghespectrum.
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Theoscillationswill have asmalleffect; they arerapidandnotoverly largein amplitude:
peakingat p=2 for both vectorial and paraxialmodels. This will effectively introducea
sourceof noisebetweerthe objectandthe nal recoreredimage. Whilst theseoscillations
arenot predictedoy thestationaryphaseapproximationthey arestill evidentfor the paraxial
model.

Themostdramaticdifferencebetweerthetwo modelsis in the cunatureof the vectorial
case which is particularlystriking in thezg = 4mm plane,andnot discernibleat all in the
paraxialcase. The primary effect of this curvaturewill be to introducesomeadditional
blurring of specimerfeaturesn thezy = 4nmm plane whichtheinverselter will notbeable
to correct. The total strengthof this cunatureat zg = 4mm is aboutp acrossthe complete
m= nline, or 0.5waves,whichis asigni cant aberration.

4.5 Discussion

The CPM producesa strongaberrationwhich appeardo overshadw the effectsof defocus,
sphericalaberrationand vectorial high aperturefocusing. The paraxialapproximationof

CPMfocusingcertainlylosesaccurag for largervaluesof defocusvhencomparedvith the
vectorialmodel, but not nearly so muchaccurag is lost asin the paraxialapproximation
of wide eld focusing. Yet signi cant differencegemainbetweenthe two models,notably
0.5wavesof curvatureaberrationn the vectorialcase andthis suggestshatvectorialhigh

aperturetheory will be importantin the future designof high aperturewavefront coding
systems.

We canalsolook at the two modelsasproviding anindicationof the differencein per
formanceof CPM wavefrontcodingbetweenow apertureandhigh aperturesystems.The
curvatureaberrationn the high aperturecasevarieswith defocuswhich meanghatit can-
not beincorporatednto ary single-pas£D digital decomwolution scheme.This effectively
introducesan additionalblurring of specimerfeaturesn planesaway from focus,lowering
the depthof eld boostfrom what canbe achiezed with the sameCPM strengthin a low
aperturevavefrontcodingsystem.

In generathe CPM performsalittle betteratlow aperturesor EDF applicationsButthe
high apertureCPM systemnstill maintainsusefulfrequeng responsacrosghefull spectrum
of anequvalentwide eld system especiallyfor on—axisfrequenciesWith a CPM strength
of 25.8waves, this steadyfrequeng responsas only just startingto decayat eitherendof
an8nmm EDF working range whichis a dramaticbooston the 1nm depthof eld predicted
for a1.3NA lensin wide eld (seeFig. 1.1).
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Why doesthe CPM createsucha stablepatternunder challengingconditions? Nye
(1999) points out that creatinga small spot using perfectlensfocusingis actually highly
unnaturalandunstable The smallesiperturbatiorto the systemcreatesdramaticchangesn
the focal spot. Naturalfocusing,on the other hand,createsmore stableconcentration®f
enepy, asseenin the bright lattice of lines at the bottom of a swimmingpool on a sunry
day. Large changesn thewatersurfacedo not fundamentallydisruptthelinear shapeof the
focusedight.

A majorthemeof thisthesisis combiningopticalanddigital designto nd new solutions
to imagingproblems Within ahybrid systemthelinearfocusshapeseenn Fig. 4.8(a)turns
outto bea usefulandresilientway of probingthe specimerwhenmaintainingthe absolute
maximumdynamicrangeand resolutionis not the rst priority. Ironically, we have used
wavefront coding as part of an advancedhybrid optical-digitalmicroscopeto deliberately
designa systemwhich is robust againstdefocuseffects,only to nd that naturegot there

rst.



Chapter 5
High aperture cubic phaseexperiments

A wavefrontcodingmicroscopas arelatively simplemodi cation of amodernmicroscope.
A systemoverview is shovnin Fig. 5.1.

The key opticalelementin a wavefrontcodingsystemis the waveplate.This is atrans-
parentmoldedplasticdisc with a preciseasphericheightvariation. Placingthe waveplate
in the backfocal planeof alensintroducesa phaseaberratiordesignedo createinvariance
in the optical systemagainstsomechosenimaging parameter A cubic phasefunction on
thewaveplateis usefulfor microscop, asit makesthe low apertureopticaltransferfunction
(OTF) insensitve to defocus.

While theopticalimageproduceds quiteblurry, it is uniformly blurredoveralargerange
alongtheopticalaxisthroughthespecimer(Fig. 1.2). Fromthis blurredintermediatemage,
we candigitally reconstruca sharpEDF image,usinga measuredP SFof the systemanda
singlestepdecowolution. The waveplateanddigital Iter arechosernto matcha particular
objectve lensandimaging mode,with the digital Iter furthercalibratedby the measured
PSFE Oncethesestepsarecarriedout, wavefrontcodingworkswell for any typical specimen.

The EDF behaiour relieson modifying thelight collectionopticsonly, which is why it
canbe usedin otherimagingsystemssuchas photographiccameraswithout needingpre-
cisecontrolovertheilluminationlight. In epi— uorescencenicroscopy boththeillumination
light andthe uorescentlight pasghroughthewaveplate.The CPM providesabene cial ef-
fectontheilluminationside,by spreadinguttheaxial rangeof stimulationin thespecimen,
whichwill improve the SNRfor planesaway from bestfocus.

89
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Figure5.1: An overview of a wavefront coding microscopesystem. The image-forming
light from the objectpasseshroughthe objective lensand phasemaskandproducesanin-

termediateencodedmageon the CCD camera.This blurredimageis thendigitally Itered

(decodedjo produceheextendeddepthof eld result. Examplesatright shav the uoresc-
ing cell imageof Fig. 5.8(c) at eachstageof the two—stepprocess.At lower left a pair of

arronvs shav wherethe CPM andsquareapertureareinsertednto the microscope.
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Figure5.2: CustomCPM mountdesignedo t in the DIC slot of a ZeissAxioplan micro-
scope.Thescraev allows lateralalignmentof the CPM with the squareaperture. The mount
wasdesignedandbuilt atthe Universityof Sydneg by CarolCogswellandKenWeigert. All

lengthsin millimetres.
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5.1 Experimental method

The experimentalsetupfollowed the systemoutline shavn in Fig. 5.1. We useda Zeiss
Axioplan microscopewith a ZeissPlanNeo uar 40x 1.3 NA oil immersionobjectve. The
wavefrontcodingplatewasarectangulacubicphasegunctiondesign(CPM 127-R60Phase
Mask from CDM Optics, Boulder CO, USA) with a peakto valley phasechangeof 56.6
wavesat546nmacrossa 13 mmdiameteropticalsurface.This platewasplacedin acustom
mount(shaovn in Fig. 5.2) andinsertedinto the differentialinterferencecontrastslider slot,
4 mmabove the objective. The CPM wasalignedsothatit wascentredwith the opticalaxis,
coveringthe backpupil.

A customsquareaperturemaskwas insertedinto an auxiliary slot 22 mm above the
lens,with the squaremaskcut to t insidethe 10 mm circular pupil of the objective lens.
This squareaperturels neededdueto the rectangulanatureof the CPM function givenin
Eq. (4.3). Thesquareaperturevasrotatedto matchthe mnaxesof the CPM. After clipping
by the squareaperture the CPM strengthwas reducedto 25.8 waves peakto valley. For
comparisonstandardwvide eld uorescenceimagingwas performedwithout the CPM or
thesquareaperturanaskin place.

Fluorescenimageswere taken in epi- uorescencemodewith a mercurylamp (HBO
50 W) and uoresceinisothiog/anate(FITC) uorescence lters in place. Two cameras
wereusedto recordimages:

1. A Photometricscooled camera(CH250) with a ThomsonTH 7895 CCD at 12 bit
precision.This cameravaspurchasedn 1994. The quantumef ciency is about40%.
Thepixelsare19mm square.

2. A PhotometricsCascade650 cooled camera(Roper Scienti ¢, USA) with a Texas
InstrumentsTC253CCD, purchasedn 2002. The CCD pixel wells have a maximum
countof 27000(~15 bit) and have a quantumef ciency of 50% for light at 530nm.
The CCD hason—chipgainto avoid readoutnoiseanda 16 bit readouto the PC.

To ensureve weresamplingatthe maximumresolutionof the1.3NA lens,a2:5 eyepiece
wasinsertedust beforethe cameransidea customcameramounttube. Thetubeis shovn
in Fig. 5.3. This tubeallowed preciserotationalalignmentof the camerajn orderto match
the CCD pixel arrayaxeswith the CPM mnaxes.

With 100x total magni cation, this setupgave a resolutionof 190nm per pixel for the
CH250 camera,and 74nm per pixel for the Cascadecamera. The theoreticalmaximum
trans\erseresolutionfor a 1.3 NA lensis 220nm (seeFig. 1.1), for which critical sampling
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Figureb5.3: Customcameramountingtubeto allow theadditionof a2:5 eyepiecebelow the
cameraon a ZeissAxioplan microscope.The tube canbe preciselyandrepeatablyrotated
to matchthe alignmentof the CCD cameraixel axeswith the CPM. Thetubewasdesigned
andbuilt at the University of Sydneg by Carol CogswellandKen Weigert. All lengthsin

millimetres.
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wouldbe110nm perpixel. Sothe CH250resultsareslightly undersampledandthe Cascade
resultsareslightly over sampled.

Initial alignmentof the axesof the CPM with the squareapertureandthe CCD camera
wascarriedout by visualinspection.Although the CPM wascircular, we knew the axis of
the CPM from machinedrawings. We then ne tunedthe alignmentby observingthe CPM
PSE

5.1.1 PSFmeasurements

We usedboth uorescentbeadsandapinholeasapproximatgointobjectsfor measuringhe
PSFE The uorescentbeadspecimenwasdesignedo fully samplethe trans\erseresolution
of the systemusing100nm polystyrenebeadsstainedwith uorescentdye.

We beganwith a vial of 100 nm yellow—green uorescentbeadssuspendedn water
(FluoSphere$05/ 515 F-8803,Molecular Probes,USA). Although thesebeadswere not
stainedwith FITC, they aredesignedo behae in a similar manner

The ZeissFITC Iter usesblue incidentlight and greencollectionto help isolatethe
FITC uorescentresponsdrom re ected light and emissionfrom other dyes. The peak
absorptionand emissionwavelengthsfor FITC are495 nm and530 nm respectrely. The
yellow—greenFluoSpheresiave correspondingpeaksat 505 nm and515nm. Accordingto
Molecular Probesthesebeadsare ef ciently excited at 488 nm, andshav no appreciable
bleachingafter 30 minutesexposureto a 250 W lamp. Therefore they are highly suitable
for characterisingvavefrontcodingfor high apertureuorescencemaging.

The FluoSpheresuspensiorad 2% solids. This wasdiluted with distilled waterby a
factorof 10° sothatthe beadsverefar enoughapartin the specimerto recorda PSFfrom a
singlebead.A 3nL drop of thedilute suspensionvasplacedona22mm 22mm number
1.5covemlass.Thiswasleft to air dry, in thedarkto avoid photo-bleachingf the uorescent
dye.

After drying, a 3L drop of mountingmedium (InSpeckl-7223 uorescentintensity
calibrationkit, refractve index 1.47, Molecular Probes,USA) was placedon a slide, the
prepareccoverglasswasplacedon top with the beadsidedownwards,andthe edgesof the
coverglasswere sealedwith nail polish. We useda low— uorescencemmersionoil (Zeiss
Immersol518F)whenrecordingthe PSFE This oil hasa speci edrefractveindex of 1.518at
23 C.

Themountingmediumwe useddoesnotset,soin principlethebeadsoulddrift through
the medium. But duringair drying the beadsbecameattachedo the coverglass,andin our
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experiencehey remainedattachedaftermounting. This meangheir positionwasstable and
notaffectedby Brownianmotionasit wouldbeif they werein solution.It alsomeanthatthe

refractve index changebetweerthe coverglassandthe mountingmediumwould have only

aminor impact. However, therewerestill several potentialsourcesof sphericalaberration,
dueto uncertaintyin the refractve index of theimmersionoil andthe coverglass,together
with possiblevariationsof the coverglassthickness.

The secondPSFspecimeruseda metal pinholeto provide a strongersignal, allowing
obsenation of the PSFstructureat greaterdistancegrom thefocal point. Thisis important
becausdahe CPM stretcheghe PSFover a much wider region, which also decreaseshe
overallstrengthof the PSFsignalcomparedvith wide eld. To preparehepinholeonaslide
for obsenation, the top andbottomof a 1nm diameterpinhole were coatedin immersion
oil. Thepinholewasmountedon a slideunderanumberl.5 coverslip,andthenilluminated
with astandardampin bright eld transmissionBy applyingagreenlter in thebaseof the
microscopewe narroved the bandwidthof the illumination. An analyserin the collection
pathwasorientedto matchthe mnaxesof the CPM.

For boththe 100 nm uorescentbeadspecimensndthe pinholespecimenthe 3D PSF
wasrecordedwith the Cascade&50 cameraby taking a continuousseriesof trans\erseim-
agesat 1nm stepsthroughfocus. This is a dramaticundersamplingof the axial resolution
of our 1.3 NA objective, but unfortunatelyit wasthe limit of accurag of the microscope
focuscontrol. The OTF for a givenfocal planewasobtainedby taking the 2D fastFourier
transformof the correspondind?SFE

To further increasethe SNR of the measured”SF long exposures,on-chip gain, and
frameaveragingwereall usedduringimageacquisition. The 100 nm beadCPM PSFwas
recordedoy takingthe averageof 100frameseachwith anexposurelengthof 800 ms, with
the Cascaden-chipgainat 2048,which is half the maximumsettingof 4096. The pinhole
CPM PSFwasmuchbrighter sowe setthe on-chipgainto 0, andaveragedlO frameswith
anexposureof 100 ms eachfor the brightestplanesof the PSF Fever exposuref shorter
lengthwereusedto recordthewide eld PSFastheintensitywasmuchbrighter

Thesemeasuresubstantiallyeducedandomnoisein theimagesof the PSE Themain
limit onthe SNRfor the 100nm beadsvasbackgroundylare. Themostlik ely sourceof this
glare was re ections from slightly mismatchedefractve indexes at interfaceswithin the
specimengxacerbatedby the inevitable crosstalkbetweenthe excited and uorescedlight,
notall of whichis eliminatedby the FITC lters.
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5.1.2 Biological imaging

To calibratethe systemfor biological specimenmaging,we measuredhe PSFin aseparate
experimentusinga lmm diametepolystyrenebeadstainedwvith FITC dye. Two dimensional
PSFimagesweretakenover afocal rangeof 10nm in 1nmm stepsusingthe CH250camera.
This PSFmeasurementshavn in Fig. 6.5 of Arnison et al. (2003))wasusedto designan
inverse Iter usingtheapproachdescribedy Bradhurn (1998).The rst stepin this method
wasto take the inverseof the modulusof the measuredOTF. The OTF was obtainedby
applyingaFouriertransformto themeasuredSF- Thesecondstepwasto incorporatealeast
squareslter into thisinverse lter to suppressioisebeyondthe spatialfrequeng cutoff of
the opticalsystem.Theinverse Iter wasthenusedto restorethe EDFimageby single—step
decowolution.

Eachintermediatevavefrontcodedimageof our biological specimensvasa single ex-
posureon the CH250camera.Each nal wavefrontcodedimagewasobtainedby applying
theinverse lter to asingleintermediatemage.

5.2 PSFand OTF results

The measuredPSFsandderived OTFsfor thefocusedand4mm defocusedasesareshovn
in Figs.5.4and5.5,comparingstandardvide eld microscojy with wavefrontcodingusing
a CPM. The wide eld PSFshawvs dramaticchangewith defocus,as expectedfor a high
apertureimageof a 100nm bead. But the wavefront coding PSFshows very little change
afterbeingdefocusedy the sameamount.

The OTF measurements Fig. 5.4(a)emphasise¢his focusindependencéor the wave-
front codingsystem.While the in—focusOTF for thewide eld systemhasthe bestoverall
responsethe OTF quickly dropsafter defocusing. The wide eld defocusedOTF alsoap-
peargo bounceat 1.1 cycles/ nm, indicatinga null belown the spatialfrequeng cutoff. Such
nulls make it impossiblein wide eld to usethe moststraightforward methodof decowolu-
tion — division of theimageby the systemOTF in Fourierspace.Time consumingterative
solutionsmustbe usedinstead.

The wavefront coding systemOTF showvs a reducedSNR comparedwith the in—focus
wide eld OTF. YetthesameSNRis maintainedhroughawide changdn focus,indicatinga
depthof eld atleast8timeshigherthanthewide eld system.The CPMfrequeng response
extendsto 80% of the spatialfrequeng cutoff of thewide eld casebeforedescendingnto
thenoise oor. Thisindicatesthatthe wavefrontcodingsystemhasmaintainednuchof the
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Figure5.4: ExperimentalPSFsand OTFs for the wide eld andwavefront codingsystems
asmeasuredisinga 100nm uorescentbeadanda NA = 1:30il objective. For eachtype
of microscopea PSFfrom the planeof bestfocusis followed by onewith 4mm defocus.
The upperimages(a-d) shav the intensity of a centralregion of the PSFwhilst the lower
graph(e) givesthe magnitudeof the OTF for aline m= 0 throughthe OTF for eachcase:
(a) wide eld zg = O0nm, (b) wide eld defocusedyy = 4mm, (c) CPM z5 = Omm, (d) CPM
defocusedzg = 4mm. The PSFshave areal3mm 13nm and canbe comparedwith the
simulationsin Fig. 4.6. The raw OTF resultswere noisy right acrossthe spectrum. For
clarity they have beenmedian ltered andtruncatedwhenthe signaldroppedbelown their

respectre noise 00rs.
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Figure5.5: ThemeasuredCPM in—focus2D OTF : (a) is themagnitudeof the OTF in log
scaleand(b) is thewrappedOTF phasdn radians.This OTF wasobtainedrom the Fourier
transformof a 100nm uorescentbeadPSFin Fig. 5.4. This gure canbe comparedwith
thesimulationresultsin Fig. 4.7.

trans\erseresolutionexpectedfrom the high aperturdensused.Becauséhereareno nulls
in the CPM OTF at spatialfrequenciedelov the SNRimposedcutoff, decowolution canbe
performedusingasingle—pas#verse lter basednthereciprocalof the systemOTF.

A limiting factoron the SNR, andthereforethe wavefront coding systemresolution,is
the CCD cameradynamicrangeof 16 bits, giving anoise oor of atleastl:5 10 °. From
Fig. 5.4(e)the effective noise oor seemso be dramaticallyhigherat 10 2. As discussed
in section5.1.1, backgroundglare imposeda limit on the SNR for the uorescentbead
PSFE This reductionin SNR hasa greaterimpacton the off-axis spatialfrequencieswhere
a higher SNR is requiredto maintainhigh spatialfrequeng responsean effect which is
clearlyseenn themeasure@D OTF in Fig. 5.5.

Usingthe 1mm pinhole,we wereableto probethe axial behaiour of the CPM PSFE The
measuredPSFatzy= 15mm is comparedwith vectorialand paraxialtheoryin Fig. 5.6.
Clearlythevectorialtheoryis correctlypredictinghigh orderstructurein thedefocused®PSF
which is missingfrom the paraxial simulation. However, the PSFis very dim at 15mm,
an axial distancewhich is well outsidethe working EDF rangefor the CPM usedin these
measurements.

PSFslicesalongtheopticalaxisareshovnin Fig. 5.7for bothwide eld andCPM. These
canbecomparedvith thetheoreticapredictionsshovn in Figs.4.8and4.9. While it is clear
thatwe have undersampledhe PSF we have nevertheles®btaineda goodoverview of the
extendedCPM PSFE whichmatchesectorialtheoryin thebroadfeaturesof thevisible struc-
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Figure5.6: The effect of deepdefocuson the CPM PSE Shawvn for zy = 15nmm arethe
2D PSFs(a) measuredvith the 1mm pinhole, (b) simulatedwith vectorialtheory and(c)
simulatedwith paraxialtheory The projectedpupil integrationcodefrom chapter4 was
usedto calculatethe simulationimages.Theimagewidth for eachcaseis 21mm.

ture, suchasthe bananashapeandthe approximatedimensions.To comparemoreclosely
with the ne detail of thesimulatedPSFs, ner z stepsareneededyhich couldbe provided
by piezodrivenobjectve mount.A smallerpinholecouldalsobeused for exampleholesin

a50nmthin layerof evaporatedjold canbeassmallas5 nmin diameter(Brakenhof etal.,
1979),althoughary vectorialdiffraction effectsdueto sucha small aperturevould have to

be carefullyconsideredRoberts 1987).

5.3 Biological imaging results

In orderto experimentallytesthigh resolutionbiologicalimagingusingthe CPM wavefront
codingsystemn epi- uorescencewe imagedananti-tutulin / FITC—labelledHeLacell. For
comparisonyve alsoimagedthe samemitotic nucleusin both a standardvide eld uores-
cencemicroscopeanda confocallaserscanningsystem(Fig. 5.8). The CPM andwide eld
imageswererecordedvith our Photometric€€H250camera.

The rst wide eld image,Fig. 5.8(a),shavsamitotic nucleuswith onecentriolein sharp
focus,while a seconccentriolehigherin the specimens blurred. This featurebecamesharp
whenthe focuswasalteredby 6 m, asshowvn in Fig. 5.8(b). The wavefrontcodingsystem
imagein Fig. 5.8(c) shavs a muchgreaterdepthof eld, with both centriolesin focusin
thesamemage.We obseredadepthof eld increaseof atleast6 timescomparedwvith the
wide eld systemgiving alowerboundof 6 mm onthedepthof eld for thewavefrontcoding
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Figure5.7: Slicesalongthe z axis throughthe (a) wide eld PSFand (b) CPM PSFE The
trans\erseco-ordinatew runsalongtheline x = y. The PSFsweremeasuredisingthe 1nm
pinhole. Theseplots canbe comparedwith the vectorial simulationsin Fig. 4.8 andthe
paraxial CPM PSFsimulationin Fig. 4.9. The measuredCPM PSFhasthe clearbanana
shapeaspredicted.A slight clockwiserotationandgeneralverticalasymmetryin the CPM
PSFcould indicate sphericalaberration. However, the wide eld PSFalso displayssome
asymmetry Coarsesteppings clearlyvisible,dueto the 1nm gapbetweertrans\erseplanes
of the measured®SFs. The 1nmm pinholewidth alsolimits the clarity of any ne structure
in the PSFs,while giving a very strongsignalwhich wascrucial for imagingthe extended
structureof the CPM PSFE Thew andz axisunitsareall in the samescaleof nm. Thez axis
wastakenfrom the microscopdocusdial, andhasanarbitraryoffsetbetweena) and(b).
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Figure 5.8: Comparisonmagesof an anti-tutulin / FITC—labelledHeLa cell nucleusob-
tainedusingthreekindsof microscope(a-b) Corventionalwide eld uorescencamagesof
the samemitotic nucleusacquiredat two differentfocal planes6nmm apartin depth.Misfo-
cusblurring is prevalent,with only oneof the two centriolesin focusin eachimage. (c) A
CPMwavefrontcodingimageof this nucleusgreatlyincreases$ocal depthsothatnow both
centriolesn themitotic spindlearesharplyfocused.(d) An equivalentconfocal uorescence
EDFimageobtainedoy averaging24 separat@lanesof focus,spaced:5mm apart. Theres-
olutionsof thewavefrontcodingandconfocalimagesarecomparabldut theconfocalimage
took over 20 timeslongerto produce.Note that wavefront codinggivesa perspectie pro-
jection and confocalgives an isometricprojection,which chie y accountdor their slight
differencein appearanceDbjectve NA=1.3 oil, scalebar: 6nm.



5.4.Conclusion 101

systemwith anNA = 1:3o0il objective. Thiscomparesvell with an8mm EDFworkingrange
predictedby thetheoryin chapterd.

For further comparisonye imagedthe samespecimerusinga confocalmicroscope A
simulatedEDF imageis showvn in Fig. 5.8(d), obtainedby averaging24 planesof focus.
This givesanimageof similar quality to thewavefrontcodingimage.However, the confocal
systentookover20timeslongerto acquirethedatafor thisimage dueto theneedo scanthe
imagepointin all threedimensions.Thereis alsoa changean projectiongeometrybetween
thetwo systemsThe confocalEDF imagehasorthogonabrojection, whereaghe wavefront
codingEDF imagehasperspectie projection.

We usedwavefront codingto imageseveral otherbiological specimensvith the NA =
1:30il objective in epi- uorescenceandbright eld. Specimensncludedculturedneurons
andpollengrains.Theresultsweresimilar to thoseshovn above for theHelLacells.

5.4 Conclusion

Wavefront codingis a new approachto microscopy. Insteadof avoiding aberrationswe
deliberatelycreateand exploit them. The apertureof the imaginglensstill placesfunda-
mentallimits on performanceHowever wavefrontcodingallows usto tradeoff thoselimits
betweerthe differentparametersve needfor a givenimagingtask. Focalrange,signalto
noise,mechanicafocusscanningspeecandmaximumfrequeng responseareall negotiable
usingthis hybrid digital-opticalapproacto microscop.

Thetheoreticakimulationsan chapte# predictthatthe CPM focal region behaiour will
be alteredat high apertureswhich will becomemoreimportantwith higher SNR imaging
systemsFor largevaluesof defocustheseresultspredictatighterlimit onthefocal rangeof
EDF imagingthanis the casefor paraxialsystemsaswell asadditionalpotentialfor image
artefictsdueto aberrations.

Thehigh apertureexperimentakesultspointto thesigni cant promiseof wavefrontcod-
ing. They clearly agreewith the vectorial theory more closely than the paraxialtheory
Although, asis generallythe casein microscopy, mary importantfeaturesof focusingare
still visible aftertakingthe paraxialapproximation.

The fundamentaEDF behaiour remainsin force at high aperturesasdemonstratety
both experimentandtheory This givesa solid foundationto build on. The CPM waspart
of the rst generatiorwavefrontcodingdesign.Usingsimulationsnewv phasemaskdesigns
can be testedfor performanceat high aperturesdbeforefabrication. With this knowledge,
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furtherdevelopmenbf wavefrontcodingtechniquesnaybe carriedout, enhancingts useat
highapertures.
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Chapter 6
DIC theory and phaseretrieval

Differentialinterferencecontrasi{DIC) is a popularway to imageunstainediologicalspec-
imens. In this chapterl summariseelevant existing theoryfor DIC imaging, and review
variousmethoddor enhancinghe phaseémagingthatDIC provides. This chapterformsthe
backgroundo anew recipefor phaseretrieval whichis proposedn chapter7.

6.1 Theory

A vectorialhigh apertureheoryfor DIC hasnotyetbeenpresentedThemostadwvancedhe-
ory publisheds by Prezaetal. (1999). They proposed partially coherenparaxialtheoryof
DIC imagingfor 3D objectsusingthe Born approximatiorfor isotropicweakphaseobjects
and comparedsimulationsagainstexperimentalmeasurementsf manugcturedphaseob-
jects. A detailedstudyof thetransferfunctionfor DIC wasmadeby CogswellandSheppard
(1992).A generabverview of DIC imagingwaspresentedn Pluta(1989).

We follow the coherentparaxial2D modelby Prezaet al. (1999). The optical setup
requiredfor DIC imagingis showvn in Fig. 6.1. Linearly polarisedlight is split by the rst
Wollastonprisminto two orthogonallypolarisedbeamswith slightly differentpropagation
directions. After focusingby the condensetens,the two beamsare separatedt the focal
planeby a sheardistance2Dx. If thereis a phaseggradientin thespecimeratthefocal plane,
thenthetwo beamswill acquireslightly differentopticalpathlengthsf 1 andf . Thebeams
arethencollectedby the objectve lens,beforebeingcombinedat a second\Nollastonprism
to produceasinglelinearly polarisecbeamwheretheaxisof polarisatiorcarriesnformation
aboutthe phaseddifferencebetweerthetwo beamsat the focal plane. The analyseicorverts
thisinto intensitysothatthe phasegradientDf x = f 1« f 2x ISimaged.

105
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Figure6.1: Diagramof the optical systemfor DIC imaging, reproducedrom Prezaet al.
(1999).

Usinggeometricabpticsandassumingthin objectwith weakabsorptiorandphasewe
canwrite the DIC imageintensityas

faq(Xy) = &+ a3+ 2axaxcodf 1ix  fox+ 2q]; (6.1)

whereai(x+ Dx;y)andax(x Dx;y) aretheamplitudesfor two pointsin the objectsepa-
ratedby ashear2Dx, and2q is theoptical DIC biaswhichis commonlysetby translatinghe
second/Nollastonprism(Pluta,1989;CogswellandSheppardl1992). An alternatve method
for changinghe biaswhichis morecorvenientin somecasess known asthede Senarmont
method,wherea quarterwaveplateis insertedbeforethe analyserallowing the biasto be
changedy rotatingthe analyser{Hariharan,1993). Somemicroscopemanufcturerssuch
asNikon, offer this methodaspartof their standardsetupfor DIC.

NotethatEq.(6.1)doesnotassumeconstanbbjectamplitude. TheDIC imagecontains
amixture of informationaboutthe amplitudeandphaseof the specimen.

While thegeometricabpticsmodelof DIC is usefulfor describingthis mixture of phase
andamplitudeimaging,in the next chaptewe will simulateDIC for a NA = 0:5 objectve,
so we needa more accuratemodel for simulatingphaseretrieval methods. A signi cant
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increasein realismis obtainedby using a paraxial Fourier optics model, assuminga 2D
weakphaseobject.

We beggin by consideringthe bright eld PSFEgg(X;y). We candetermineEgg usinga
paraxialversionof the Fourier opticsapproachgivenin sections4.2.2—4.2.4.The paraxial
pupil wasgivenin Eq. (4.18),which we setto unity for bright eld imaging

8

<1 if M+ n?< sirfa
Per(m;n) ; (6.2)
- 0 elsavhere

wherea is theaperturehalf-angle We canthenobtainthefocal planePSFusinga 2D Fourier
transformacrosghe circular pupil

Esr(Xy) = FfPge(m;n)g: (6.3)

This modelis scalarin that we assumedepolarisatiorduring focusingis negligible dueto
therelatively low aperture.

The DIC PSFcanthenbewritten asthe superpositiorof two laterally offsetbeamseach
with a differentbiasphase

h i
1h .
Epic(xy) = 5 € "“Egr(x Dxy) €9Egr(x+ Dxy) (6.4)

Usingthe Fourier shift theoremandEg. (6.2), we cantake the inverseFourier transformof
the PSFto arrive ata paraxialpupil functionfor DIC

8

< 2isin(q+ kDxm) if M+ n?< sirfa
Poic(m;n) = ; (6.5)
-0 elsavhere

In orderto calculatea coherenimageof the complex weakphaseobject
w(xy) = a(x;y) explif (xy)] ; (6.6)

we take the 2D Fouriertransformto getthe objectspectrumN(m; n) andthenmultiply with
the pupil function, Fouriertransformandtake theintensityto gettheimage

1(x;y) = jF fP(m;n)W(m;n)gj? : (6.7)
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Figure 6.2: Imageprocessingf DIC images. (a) A confocaltransmissiorDIC image of

metaphasehromosomefrom anorchidroot tip preparatiorshaving the directionalgradi-

entshadingwhich is characteristiof DIC. (b) The sameimageafterline integrationalong
the horizontal axis shavs streakingdue to the unknovn constantof integrationfor each
line. (c) Thesamemageafterapplyinga half-planeHilbert transformdemonstratethatthe

chromosoméeatureshow couldbeisolatedfrom thebackgroundisingsimplethresholding.
Scalebar= 2mm. Reproducedrom Arnisonetal. (2000).

DIC microscopy is usuallypartially coherenbothtemporally(white light) andlaterally
(opencondenseiaperture). This requiresadditional corvolution operationsto model, as
detailedby Prezaet al. (1999). However, Prezaet al. alsonotedthat coherentmagingis
reasonablyaccurate. Objectswhich are bandwidthlimited to within the passbanaf the
coherentransferfunctionwill beimagedwith a similar spatialfrequeng responséor both
coherenaindpartially coherentmaging.Coherentinging effectsareonly encountereavhen
theobjectspectrumexceedshe passbanaf the pupil.

6.2 Enhancementmethods

DIC is popularfor biologicalimagingbecauseét canimagemary featureswithout the need
for staining. An exampleDIC imageis shown in Fig. 6.2(a). DIC is often combinedwith
othercontrastmethodsfor example uorescencemay selectfor speci c featureswvhile DIC
givesan overview of the cell structureincluding the cell walls and nucleus. DIC is also
oftenusedin lasertrappingexperimentgo track the motion of the trappedbeadin relation
to cell component¢Coleetal., 1995).For theseapplicationsgenerallyno additionaloptical
modi cationsor post-processing required.

NeverthelessherearecasesvhereDIC enhancemens desirable Researchenmiaywish
to concentrateon the phaseinformation, for exampleto imagevery small objectssuchas



6.2.Enhancemennethods 109

microtululesor asa quantitatve measuref specimerpropertieInoué,1989). Sometimes
amplitudecontrasfrom the specimerdominateghe phasesignaltheresearcheis interested
in. Orresearchemnaywantto visualisethespecimerphasen 3D, whichis dif cult because
of the differentialnatureof DIC imaging (Arnison et al., 2000). Being ableto imagethe
specimenphasein isolation from specimenamplitudecontrastobviously offers the most
e xibility for applicationdike these.

To summarisefour majorproblemspersistin usingDIC to imagespecimerphase:

1. standardIC systemsarequalitatve in nature,with a non-linearresponseo optical
pathlengthgradientsn the specimen;

2. theDIC outputintensityis amix of amplitudeandphasegradientcontrast;

3. for mary applicationst is usefulto obtainthe actualphaseof the specimenwhereas
DIC givesadirectionalphasegradient;and

4. it is desirablethatany phasereconstructiormethodbe straightforvard, non-iteratve
andyetrobust.

Several approacheso solving theseproblemshave beenproposedn recentyears. Phase
shifting DIC is a quantitatve opticalapproactio isolatingthe phasegradientby shifting the
DIC prism bias (Hariharanand Roy, 1996; Cogswellet al., 1997; Xu et al., 2001). While
phaseshifting DIC relieson a geometricaloptics approximationof DIC imagingin order
to isolatethe phase)shiwataet al. (1996)demonstrate@n alternatve methodfor isolating
thephasebasedn a partially coherentmodel. Their methodinvolvesmultiplying theimage
intensityby the sin of the DIC prismbias,thenintegratingover the biasto isolatethe phase.

Shimadaet al. (1990) brie y outline a methodwhich at rst glancesolvesthe main
three problemsof linearity, phaseisolation and isotropic integration. They demonstrated
phaseretrieval from a seriesof DIC imageswith changingprism biasandsheardirection.
However, the detailsarenot clearly speci ed for their phaseshifting and phaseintegration
steps. In addition, their methodis designedor re ection DIC, andimplicitly assumes
constanbbjectamplitude.

Approachesnvolving iteratve computatiorwhich alsoonly partially solve the rst three
problemsncludeline integration(Fig. 6.2(b))preferablycombinedwith decorwolution (Kam,
1998),varianceltering anddirectionalintegrationusingiterative enegy minimisation(Feinei-
gleetal., 1996),androtationaldiversity (Preza,2000). The lattertechniquenvolvestaking
severalrotatedDIC imagesandcombiningthemusingiterative decorwolution. Non-iteratve
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yetanisotropianethodsncludedirectdecowvolution (vanMunsteretal., 1997)andthehalf—
planeHilbert transform(Fig. 6.2(c)from Arnisonetal. (2000))whichis aqualitatve Fourier
approachto integratingthe phasegradient.



Chapter 7

Phaseimaging using DIC and spiral
phase

To dateno authorhasoutlineda full methodwhich completelyaddresseall four DIC prob-
lemsoutlinedin section6.2. In this chaptemwe detaila combinedopticalandcomputational
extensionof DIC which solves thesemajor problems,resultingin a phaseimage which
is linearly proportionalto the objectphaseandwhich hasa laterally isotropic responseo
specimerphase.The methodcombinegphaseshifting, two directionsof sheayandFourier
spacentegrationusinga modi ed spiral phasetransform. We simulatedthe methodusing
a phantomobjectwith spatiallyvaryingamplitudeandphase.Simulatedresultsshov good
agreemenbetweerthe nal phasamageandthe objectphase.

7.1 Method

Our methodcombinedour techniquesThe rst techniques corventionalDIC microscop,
as describedin section6.1, which resultsin the 2D image intensity previously given in
Eq.(6.1),

faq(Xy) = &+ a3, + 2axaxcodf1ix fox+ 2q]: (7.1)

whereaix(x+ Dx;y)andax(x Dx;y) aretheamplitudedfor two pointsin the objectsepa-
ratedby a shear2Dx setby the DIC Wollastonprism,Dfy = f 15 2« is the corresponding
phasedifferencebetweerthosetwo points,and2q is the optical DIC bias. Herewe assume
geometricaloptics and the Born approximation,but we do not assumea constantobject
amplitude.
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The secondechniquéas phaseshifting DIC (HariharanandRoy, 1996;Cogswellet al.,
1997;Xu etal.,2001). Thistechniqueetrievesalinearphasegradienthroughphaseshifting
by rotatingthe bias2qg. The biasmay be corvenientlysetby rst insertinga quarterwave
platebeforethe analyser Rotatingthe analysethenrotatesthe bias(Hariharan,1993). We
canthenobtainthe phasegradientin the x directionusing

fo2  fap=0

_ 1
Dfy = tan o Ty

; (7.2)

wherefour DIC imagesf have beenrecordedatbiasesf 2q= 0; p=2; p; 3p=2. We have now

removedboththeobjectamplitudeandvignettingfrom thesignalandobtainedalinearphase
gradientin thex direction. This stepalsoremovesmary potentialphase-independegystem
errors,suchasweakspotson the cameraor non-uniformillumination. But we have sofar

only imagedthe componenbf the phasegradientwhich is parallelwith the sheardirection
(vanMunsteretal., 1998).

The third techniqueis to repeatthe previous two stepswith the shearrotatedto ob-
tain Dfy. The sheardirectionmay be changedby rotating eitherthe specimeror the DIC
prismsby 90 . We notethata recentlyannouncedariantof DIC calledtotal interference
microscopy (Carl Zeiss,Germary) is designedo allow easyrotation of the shearangle.
Combinationsf DIC with multiple sheardirectionsandphaseshifting have beenpublished
previously (Hartmanet al., 1980; Prezaet al., 1998; Preza,2000; Shimadaet al., 1990).
However in thosepapersa simpler phaseshifting techniquewas appliedwhich assumed
constanbbjectamplitude.

Usingthe Fourier shift theoremwe canwrite down the Fouriertransformsof our phase
gradients

Dfy(xy) ()  2isin(2pDxm)F (m;n) (7.3)
Dfy(xy) ()  2isin(2pDyn)F (m;n) ; (7.4)

wherem; n arethe spatialfrequeng co-ordinatesi = P ~1,() denotesa2D Fouriertrans-
form, andcapitalisatiordenotesa Fouriertransformedunction.

This setsthe stagefor thefourth techniqueusingEqgs.(7.3)and(7.4)to obtainthe phase
f (x;y). We apply a Fourierspacentegrationapproactwhich is direct, straightforvard,and
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reasonablyaccuratdor imagesthatdo not containdiscontinuitiessuchasbiological phase
images.We begin by combiningthe x andy phasegradientdo form acomple function,

a(x;y) = Dfx+ iDfy: (7.5)

We thenperforma 2D Fourier transformon g(x;y) andapply the Fourier shift theoremto
give
8
< . . .
0 if [sin(2pDxm); sin(2pDxn)] = [0; 0
F(mn) = [sin(2pDxm); sin(2pDxn)] = [0; 0] (7.6)
- G(m;n)=H(m;n) otherwise
with
H(m;n) = 2i[sin(2pDxm) + isin(2pDxn)] (7.7)

wherewe have assumedDx = Dy. An inverseFouriertransformof F (m; n) givesthedesired
phasef (x;y). Phaseunwrappingpresentsa similar problemwhich canbe solved usinga
rangeof directanditeratve methodgGhigliaandPritt, 1998;Volkov etal.,2002).

For smallsheardistancePx we canusesinx X to approximateeq. (7.7) with

Hg(m; n) = 4piDx(m+ in) : (7.8)

Thisis equialentto approximatinghe phasegradientsDf , andDfy with the partialderiva-
tivesTf =fx and{f =Ty, andthenapplyingthe Fourierderivative theorem.
Summarisinghe algorithmstepswe have:

1. DIC imaginggiving f,
2. phaseshifting giving Df ,
3. shearotationgiving Dfy, and

4. Fourierphasedntegrationgiving thedesiredphasd .

7.2 Simulation results

We have carriedout simulationsto evaluatethe full method. We useda coherentparaxial
imagingmodelasdescribedn section6.1,whichhasbeenshovnto givereasonablyaccurate
predictionsfor DIC (Prezaet al., 1999). However, extendingour modelfor this simulation
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to includepartial coherencandvectorialdiffractionshouldnot poseary fundamentadif -
culties.

The phantomobject we simulatedis shown in Fig. 7.1(a-b),with a transmissioram-
plitude varying from 80% to 100% and a phasevarying from 0 wavesto 0.3 waves. The
illuminating beamwas monochromatiovith wavelengthl = 550nm, imagingthe sample
througha 0.5NA lens. Theshearof the DIC Wollastonprismwassetat2Dx = 1nm.

DIC imagingwasmodelledusingfastFouriertransformgFFT) with 1024 1024 pix-
els including windowing and padding,with the subsequenimagebeing363 363 pixels
correspondingo a 25nm squareregion of the object. DIC was simulatedusingthe pupil
functions

Px(m; n) 2isin(q+ kDxm) (7.9)

2isin(g+ kDxn) ; (7.10)

Ry(m; n)

for sheaiin thex andy directionsrespectirely, wherek = 2p=l . An examplepupil function

usedin themodelis shovn in Fig. 7.2. We addedL0% randomnoiseto theintensityof each
simulatedDIC image,anexampleof whichis shavnin Fig. 7.1(c). Notetheimagecontains
amixtureof amplitudeandphasanformation,with theamplitudeinformationgeometrically
distorteddue to the asymmetricabpupil functionin Eq. (7.9). We usedthis DIC imaging
modelto simulateandcomputesteps2 and3 of the algorithm. The phasegradientin the x

directionDfy is shawvn in Fig. 7.1(d).

The nal step,Eqgs.(7.6)and(7.7),wascarriedoutusing726 726 FFTs,after mirror
re ecting the phasegradientimageto signi cantly reduceedgediscontinuityeffects,asde-
scribedby GhigliaandPritt (1998,pp. 191-192).The mirror re ection wasimplementedy
creatingalargerimageg; with four re ected copiesof g(x;y) insideit

#

. gxy) 9l xy) ; (7.11)

g% y) 9 x y)
beforeapplying a Fourier transformto get G(m;n). We alsowindowed H(m;n) to avoid
amplifying highfrequeng noisein theimage by settingH(m; n) = 0 for spatialfrequencies
outsidethe apertureof the simulatedimaging system. Fig. 7.3 shavs the spiral transform
derived from the Fourier shift theoremH comparedwith the derivative approximationHg.
Stepsl-3took 54 sto executeonanAMD Athlon 1.4 GHz PC,while performingstep4 took
4s.
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Figure 7.1. Linear phaseimaging simulationresults. (a) Objecttransmissionramplitude.
(b) Objectphase.(c) SimulatedDIC imagewith sheatrin the x (horizontal)direction, bias
2q= 3p=2andarti cial imagingnoiseat10%of thesignal.(d) PhaseshiftedDIC imageDf .

This stepisolateshe phasegradientfrom the DIC image.(e) Final retrieved phasefrom our
algorithm. The objectamplitude noiseanddirectionalphaseshadinghave all beenremoved
by our algorithm, leaving an imagewhich is a closematchto the object phaseshownn in

(b). () Phaseerrorbetweerthenormalisebjectphaseandthenormalisedetrievedphase.
Notetheonly large errorsarewherethe phaseobjectmeetshe upperandlower edgesof the
image.Thewidth of the eld of view is 25mm.
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Figure7.2: Imaginarypartof thesimulatedDIC pupil for sheaiin thex (horizontal)direction,
bias2q = 3p=2. Therealpartis zerothroughout.The axis units are pixels within discrete
Fourierspace.
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Figure7.3: Modi ed spiralphasetransforms.(a) Magnitudeand(b) phaseof the derivative
approximationHy of Eqg. (7.8). (c) Magnitudeand (d) phaseof H of Eq. (7.7) after we
appliedanaperturenindow to avoid boostingthe noise.
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Figure 7.4: A onedimensionaline plot throughFig. 7.1, vertically downwardsfrom the

imagecentre.Shavn arethe objectamplitude,objectphase DIC imagewith shearin the x

directionandthe nal phaseamagesfrom our shift algorithmusingH from Eqg. (7.8) andthe

derwvative algorithmusingHg from Eq. (7.7). The latter threevalueshave beennormalised
to enablecomparisonThehorizontalaxisis in micronsandtheverticalaxisis in normalised
units. Theretrieved phasenasbeeneffectively isolatedfrom the objectamplitudeandsignal
noise. The error dueto Fourier edgeartefaictsincreasesasthe plot movesaway from the

centreof theimage.
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Figure7.5: Retrieved phasenvhenthe mirror re ection stepwasomittedfrom the shift algo-
rithm.

The nal phaseémagef generatedisingH from Eq. (7.7)is shovn in Fig. 7.1(e). This
imageshovs we have extractedonly the phasefrom the phantomobject, with no visible
corruptionby eithertheobjectamplitudeor randomnoise.After normalisingboththeobject
phaseandthe retrieved phase a normalisedmageof the error (Fig. 7.1(f)) anda line plot
(Fig. 7.4) shov goodagreemenbetweerthe shift algorithmretrieved phaseémageandthe
phaseof the object, with a maximumerror of 17% at the edgeof the image. The mean
squarecerroris 1:5 10 3.

Usingtheshift algorithminsteadof the derivative algorithmmadea relatively small dif-
ference,as seenin Fig. 7.4, with the dervative methodhaving a meansquarederror of
1:8 10 3 andapeakerrorof 18%. However, theresultsfrom bothalgorithmsweresignif-
icantly worseif themirror re ection stepof Eq. (7.11)wasleft out, asillustratedin Fig. 7.5.

7.3 Discussion

Theretrieved phasdmageis qualitatively excellent. However, certainerrorspersist,mostly
at the top andbottomedgesof the image. The error in thoseregionsis causedoy thein-
tersectionof the objectwith the imageboundary TheseFourier edgeartefacts might be
avoidedwhenacquiringimagesexperimentallyby placingthe spatiallyvarying partsof the
objectentirelywithin the eld of view. However, avoiding suchobjectclippingis notalways
possible whichis why we have deliberatelyplacedpartsof our simulatedobjectacrosshe
imageboundary The edgeartefactscould alsobe removed during processingyy usingan
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improved phasentegrationtechniqueat the costof increaseccompleity andcomputation
(Ghiglia and Pritt, 1998). We note that our methoddoesnot producestreakingartefacts
of the sortshavn in Fig. 6.2(b),in contrastwith the real-spacdine integrationtechniques
describedy Kam (1998)andShimadeetal. (1990).

For simplicity in explaining our algorithm,Eqgs.(7.1) and(7.2) assumegeometricabp-
tics. However, our imagingsimulationincludeddiffraction, which will attenuatenigh spa-
tial frequenciesn the phasegradientandtherebyintroduceadditionalerrorin theretrieved
phase.Yetdespiteour simulatedobjectphaseéhaving abroadspatialfrequeng spectrumthe
Fourier edgeartefactsnotedabove producedarger errorsthanthe geometricabpticsbasis
of our algorithm. Supplementingpur methodwith iterative decowolution would produce
moreaccurataesults effectively addingtheability to dealwith spatiallyvaryingamplitudes
to theapproachby Preza(2000).

Carefulconsideratiorof samplingis requiredto maintainhigh accurag. We areassum-
ing thatthe phasegradientDf  is nottoo large. Unless

Dfy < p (7.12)

theDIC phasesignalwill wraparound.An additionallimit isimposedy diffraction(Sprague
andThompson1972)

Dfx .
>Dx < ksina : (7.13)

For the systemwe have simulated Eq. (7.12)is a tighter constrainton Df x thanEq. (7.13).
Thesizeof thediffractionspotprovidesatighterlimit on Df x thanthe sheardistanceonly if
thesheadistance2Dx is lessthanhalf thewidth of thebright eld PSF wherethe PSFwidth
is de ned by Spragueand Thompson(1972)to bel =sina. Vignettingwill alsoaffectthe
signalfor large phaseggradients.

An alternatve for linear phaseimagingis quantitatve phasemicroscoyy (Barty et al.,
1998). This methodobtainsthe axial intensity derivative using defocusand convertsit to
separateamplitudeand phaseimagesusing the transportof intensity equation(TIE). One
importantdifferenceto our techniqueis thatthe TIE imagecontrastfor ne phasedetails
decreasesvith higher condenseaperturegdBarone-Nugenet al., 2002; Sheppard2002),
whereadDIC imaging givesthe bestcontrastand resolutionat the largestcondenseaper
tures.
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It is interestingto notethatthe phaseintegrationmethodin Eqs.(7.5-7.7)is relatedto
the Hilbert transform,especiallywhenexpressedn the approximateorm in Eq. (7.8). Hg
mayberewritten as

P
Hg(m;n) = 4piDx m2+ n2exp[iarctarfn=m)] : (7.14)

Applying the spiral phaseterm exp[i arctarfn=m)] in Fourier spacehasbeenproposedsa
2D versionof the Hilbert transformwhich s traditionallyde nedin 1D only (Larkin etal.,
2001).1t is alsoknown asacomple Riesztransform.This 2D Hilbert transformis isotropic,
ascomparedvith theanisotropic2D half—planeHilbert transformoutlinedby Arnisonetal.
(2000). While both the modi ed spiral phasetransformin Eq. (7.14) andthe 2D Hilbert
transformproposedy Larkin etal. areisotropic,our modi ed spiraldiffersby virtue of the
amplitudeweighting,presenin Eq. (7.14)asthe squareootterm.

A similar phaseintegrationsolutionmay be obtainedusing vectorsinsteadof comple
numbersn Eq.(7.5),asdetailedin appendixA.

In conclusionwe have detailedanextensionof DIC whichenablessotropiclinearphase
imagingusingphaseshifting, two directionsof shear andnon-iteratve Fourier phaseinte-
grationincorporatingamodi ed spiralphasdransform.Simulatedresultsshov goodagree-
mentbetweenthe nal phaseimageandthe objectphase for a 2D phantomobjectwith
spatiallyvarying amplitudeandphase.The methodcanin principle be usedwith any DIC
imagingsystemwith potentialapplicationgncluding biological microscoypy, 3D visualisa-
tion, surfacepro ling, refractve index pro ling, andx-ray microscopy (David etal., 2002;
Kaulichetal.,2002).
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Chapter 8
Conclusion

This thesishasexploredseveralkey developmentsn modernmicroscopy.

1. Thedigital andoptical component®f the microscopeare becomingincreasinglyin-
tertwined.

2. 3D Fourier opticsis gaininggroundas a powerful tool for modelling high aperture
focusing.

3. Accuratemodellingof aberrationsn high aperturamagingsystemsosesnteresting
challengeswhetherthoseaberrationsredeliberateor otherwise.

4. Thereis renaved interestin phase,ncluding controlling the phaseof the pupil and
measuringhe phaseof the specimen.

| have describedboth theoreticaland experimentaltechniqueswvhich arein the processof

stretchingtheir wings into the hybrid digital-opticaldomain. Thesetechniquesverethen
appliedasappropriatefor two examplesof hybrid microscopy with promisingpotentialfor

biomedicaimaging:controllingthe pupil phasaisinga cubicphasemask(CPM)to produce
the desiredimaging behaiour, and measuringhe specimerphaseusingdifferentialinter

ferencecontrast(DIC) microscopy. | have demonstratethat 3D Fourier opticsis a useful
conceptuamodelfor designingsimulating,andmeasuringhe performancef modernhigh

resolutionmicroscopes.

8.1 Summary of results

Hybrid microscopy changeshewaywe look at performanceChaptef3 presente@general-
isationof 3D opticaltransferfunction (OTF) theorywhich canassesghe spatialfrequencies
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producedy focusingdesignswith arbitrarypupil functions.l usedthistheoryto completely
mapthe 3D spatialfrequencie®f the intensityin the focal region for linearly polarisedil-
lumination, resultswhich had not beenpresentegreviously despitethe 80 year history of
vectorialfocusingtheory

But arbitrary pupil designsmay fundamentallychangethe natureof focusing, which
meansve needto adaptourfocal region measuremenechniquesin chaptels | documented
experimentsvhich measuredt high resolutionthe greatly extendedpoint spreadunctions
(PSFs)which areproducedby wavefrontcodingmicroscopes.

This extendedPSFin turn makesnev demandson theoreticalcalculationsin the focal
region. Chapter4 outlined the theoreticaland numericaltools necessaryo chartthe in-
creasederritory usingvectorialdiffraction,andappliedthemto modellingwavefrontcoding
microscopy with arectangulacubicphaseunctionasthe pupil.

Partll describedighaperturamagingusingaCPM, a rst generatiorwavefrontcoding
pupil designedo enableextendeddepthof focus(EDF) imaging. This approachingeson
the creationof suitableconditionsfor reliablepost-processingide—steppinghe apparently
degradedimagesproducedby the optical part of the hybrid microscope.The paraxialbe-
haviour of focusingwith a CPM at low aperturesvaswell known, but EDF behaiour is
desirablefor mary high aperturemicroscopeapplications.This thesiscomparedhe parax-
ial andvectorialtheoryfor calculatingthe CPM PSE nding signi cant differencesn be-
haviour. My high aperturePSFmeasurementgeri ed mary detailsof the vectorialtheory
predictions.Themostsigni cant theoreticalresultwasareductionin theEDFworkingrange
comparedvith a paraxialestimate.

We appliedthe CPMto high apertureuorescencamagingof biologicalspecimensand
foundwe wereableto produceEDF imagesat the costof somedynamicrange.l presented
imagesf aHelLacell takenwith a1.3NA lensanda CPM strengthof 25.8waves,indicating
aminimum6 increasdan thedepthof eld. Thevectorialtheoryshavedthatonly minor
degradationn thespatialfrequenciesn the PSFareexpectedoverafocalrangewhichis 8
thatof awide eld system.

Switchingfrom controllingthe phaseo measuringt, partlll describeca new recipefor
makinglinearmeasurements thespecimemphaseaisingthepopularDIC microscoly mode.
Thisrecipeinvolvedseparatinghe phasegradientfrom the specimeramplitudeusingphase
shifting,andthencomputationall}combiningthe phasegradientmeasureah two orthogonal
directionsusingamodi ed spiralphaseransformappliedin Fourierspace.

| presentedh simulationof this spiral phasemethodbeingappliedto a phantomobject.
Qualitatvely the phaseémagesproducedclearly matchedhe phaseof the simulatedobject,
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with reasonablyow errorsappearingn the quantitatve analysis.Fourier processinglayed
acrucialrolein theconceptiorof thisphaseetrieval method whichreliesoncomplementary
opticalanddigital extensionsof DIC microscop.

8.2 Futuredirections

Throughoutthis thesisl have suggestednary areaswhich | feel would be interestingfor
futureexploration.In this sectionl summarisehosesuggestionsalongwith additionalideas
for futureresearctwhich would build on the themesof this thesis.

The vectorialtransferfunctiontheory| presentedoversonly the monochromatignco-
herentcase. The effect of reducedemporalcoherencen broadbandight andshortpulses
on the vectorial transferfunction could be modelledusinga nite pupil thicknessinstead
of anin nitely thin sphericalshell. Lateralpartial coherenceould alsobeintroducedby a
suitable3D generalisatiomf accepte®D partially coherentransferfunctiontheory

Sinceeven 2D lateral partially coherentcalculationsadd an additional2 dimensiongo
2D diffractionintegrals,it may be a little while yet beforecomputersare powerful enough
for afull 3D explorationof the partially coherenfrequenyg spectrunof vectorialfocusing.
But bright eld andDIC microscopesreusuallyoperatedwvith a wide condenseaperture,
providing the motivationfor ongoingextensionof partially coherenimagingtheory

In particular 2D partially coherensimulationsfor wavefrontcodinghave yetto be pre-
sented,even thoughpartial coherencas often presentin suchsystems.Our simulationof
spiral phaseretrieval could alsobene t from extensionto partial coherenceaswell asex-
tensionto 3D to exploreits behaiour for imagingthe phaseof objectswhich arenot at.
Theseaspectof DIC have beensimulatedbefore, however whathasnot yet beendoneis a
vectorialhigh aperturemodelof DIC. Althoughthis could be overthetop in simulatingthe
spiral phaseretrieval method,which after all wasbasedpartly on geometricabptics,a full
vectorialmodelof DIC would certainlybeinterestingn its own right.

In section3.41 mentionedhe constraintson usingthe vectorial OTF for measuringhe
performancef a completemicroscopeasopposedo the spectrakcontentof theintensityin
thefocalregion. A key questionis whethera completemicroscopanodelcanbe built up as
aseriesof pupil functionsandFourieroperations.

RohrbachandStelzern(2002b)have gonealong way in compilinga setof vectorialpupil
functionswhich accuratelyembodyaberrationsgipoleradiationpatternsandmultiple scat-
tering. Suchdevelopmentsouldfollow in thefootstepsf theparaxialsuccessf 2D Fourier
opticsby enablinga full 3D vectorialimpulseresponsandtransferfunctiontheory which
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seemdikely to enablesimpler modelling of existing high aperturesystemstogetherwith
providing the symbolictoolsto designnew hybrid microscopes.

Evaluationof the projectedpupil function integral | describedn chapter4 usingfast
Fouriertransformsprovidedthe speedve neededo explore the extendedfocal region pro-
ducedby the CPM. Thereareseveralwaysthistechniquecouldbeextendedwvhichwould be
very helpful for modellingwavefrontcoding,aswell asvectorialfocusingin general.

Larkin (1999) hasoutlined a methodfor projectingthe pupil along a trans\erseaxis
beforeFouriertransformingto nd the PSFE which would be particularlyusefulfor plotting
axialslicesthroughbothsphericallyaberratedndCPM PSFs.Thiswouldalsoinvolve using
pupil function formulationsof refractve index changetheory asdescribedoy Torok et al.
(1995),RohrbachandStelzer(2002b)andSchénleandHell (2002).

The enlaged PSFthatthe CPM providescould alsobe the basisfor aninterestingtest
of thelimits of the Debyeapproximatiorfor microscopeobjectives. CPM PSFcalculations
usingthe Huygens—Fresnahtegral couldbecomparedvith the Debye—VoIf integral results
presentedn this thesisto seeif the Debyeapproximationimposesa signi cant accurag
penaltyat practicaldistancegrom the Gaussiariocal point.

Thevectorialresultsin thisthesisarelimited to modellingthe eld in thefocal region of
asinglelens. A morecompletemodelof wavefrontcodingat high aperturesvould include
both condensernd collection objectves, dipole effects, and integration over polarisation
anglefor unpolarisedllumination. A practicalaid for CPM optical alignmentwould be
modelsof the CPM PSFfor lateralandrotationalmisalignmentof the CPM relative to the
limiting squareapertureIn addition,the effectsof propagatiorof the CPM overthedistance
to thetruebackfocal planeof thelenscouldbeimportantto explore.

Thisadditionaltheorywill needexperimentaleri cation. Obviousimprovementgo the
PSFmeasuremertechniguepresentedhn this thesiswould includemeasuringat ner focal
stepsusing a piezo objective positioner and using ner holesas point sources. Juskaitis
(2003)andRhodesetal. (2002)outline methoddor even ner PSFmeasuremenincluding
determinatiorof the PSFphase.

High apertureoptics could feed back into wavefront coding in importantways. For
the biological wavefront coding resultspresentedn this thesis,restorationwas performed
usinganinverse lter designedisingthesimulatedparaxialwide eld OTF andthevectorial
measuredCPM OTF. Insteadof the paraxialsimulation,the vectorial simulatedwide eld
OTF shouldbe used. An additionaloption would be to usethe simulatedvectorial CPM
OTF to seeif it improvesthe lter performance.
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Phasederiatives can be obtainedusing simple amplitude pupil masksbasedon the
Fourierderivativetheorem(SpragueandThompson1972;Lancisetal., 1997;Szopliketal.,
1998;Furuhashetal., 2003),but theseinvestigationgestrictedtheir attentionto purephase
objects. Modern spatiallight modulators(SLMs) are capableof dynamichigh resolution

Itering of both the amplitudeand phaseof anincident eld. Using SLMs in the pupil
plane,the DIC pupil modelin Eq. (6.5) could be implementedas an optical Fourier Iter .
This would allow easyadjustmenbf the sheardistance sheardirectionandbias. It would
be a powerful way to explore DIC, aswell asan ef cient apparatugor implementingour
proposedspiralphaseretrieval method.

Of coursepur spiralphasealgorithmwaspresentedh this thesisusingsimulationsonly.
| look forwardto experimentakestsusingstandardIC opticswhich determinevhetherthe
spiralphasealgorithmlivesup to its promise.
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Appendix A

Fourier solution of the inversegradient

We startwith the 2D vectorrelation
Nf = —i+ —j; (A1)
y

wheref is the phaseve wantto retrieve, Dfy = f[f =Tix andDfy = {f =1y arethelinearphase
gradientsve getfrom phaseshifting DIC, andi andj aretheunit vectorspointingalongthe
x andy axesrespectiely. Now thede nition of N? is

N%g= KN Ng; (A.2)
so,assuggestetby Colin Sheppardwe canwrite

N2f = N (Dfyi+ Dfyj): (A.3)

Rearrangingives
f =N 2[N (Dfyi+ Dfyj)] : (A.4)

NotetheFourierrelations(Braceavell, 1978;Sheppard1999)
Ng() rG (A.5)
& 2 1.
N2y () Y (A.6)
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wherer is the polar co-ordinatevector in Fourier space. Applying thesewe can solve
Eq. (A.4) via Fourierspaceausing

f=F ! rizr F (Dfyi + Dfyj) (A.7)

Thisis similarto the Fouriersolutionof theinverseLaplacianusedby thetransporof inten-
sity phaseretrieval method(PaganinandNugent,1998)asdetailedby Volkov etal. (2002).
| thensimpli ed Eq.(A.7) to

f=F 1! %[cosqF (Dfy) + singF (Dfy)] (A.8)

Thecomple versionusing
g= Dfx+ iDfy; (A.9)

whichisusedaskEq.(7.5)in chapter7, wascontributedby KieranLarkin asanequwvalentcal-
culationwhich providesa computationakhortcut.lt meanswve only have to do two Fourier
transformgansteadof three. It is alsoaninterestingexampleof usinga complex numberto
represené 2D vector Servinetal. (2003)in their discussiorof ann-dimensionatjuadrature
transform amguethatnumericalcrosstalk cancreateproblemswvhenusingcomplex numbers
to represena pair of 2D vectorsin thisway.



Appendix B

Code

In this appendixi describethe detailsof the computercodeusedfor optical calculationsn
thisthesis.

Vectorial optical transfer function (chapter 3)

| calculatedthe vectorial optical transferfunction usingnumericalintegrationin a Mathe-
maticanotebookcalledotf.nb . The axial projectionswereveri ed againstSheppardand
Larkin (1997). Three-dimensionakosuraceplotswerecreatedwvith OpenDX.

A freecopy of thiscodecanbeobtainedoy contactingneatmra@physics.usyd.edu.au.

Projectedpupil integration (chapters4,5& 7)

| developeda MATLAB scriptcalledvotf.m . This wasexecutedn eitherMATLAB itself,
or afreesoftwarecloneof MATLAB calledoctave.

vott.m was usedto calculatethe projectedpupil, trans\erseslicesthroughthe point
spreadfunction, andthe projectedoptical transferfunction. It could modeltheseusinga
vectorialDebye—V@If model,a scalarmodel,or the paraxialapproximation.l appliedit to
modellingwide eld microscop, microscopy with the cubicphasemask,andfor simulating
paraxialDIC.

The projectedpupil wassampledin Cartesianco-ordinatesand 2D fast Fourier trans-
formswereusedto performintegrations.l veri ed it in thefollowing ways:

IntensityPSFresultsmatchedoivin andWolf (1965)Fig. 2 (whichshavsatrans\erse
planethroughthe PSFwith (a) focusedand(b) defocusedi= 6 whereuisanormalised
axial co-ordinatewith atleast5% accuray;
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OTF resultsmatchedBorn andWolf (1999)Fig. 9.13(which shons defocusedTFSs)
with atleast5% accuray;

| checledthe pupil phasegradientwasnotwrapping(jNf j < p, basedon the Nyquist
criterion)for CPM calculationsvith N = 2048;and

| checled it corverged stablyfor the CPM and defocuscasesnvestigated. Results
usingN = 2048 4096 6144matchedo within 1%.

A freecopy of this codecanbe obtainedoy contactingme at mra@physics.usyd.edu.au.

Refractive index changeintegration (chapter 4)

A Mathematicanotebookcalledinterface.nb wasusedto plot the resultsof a C++ pro-
gramcalledcpmiface.cc . Thetwo programsommunicatedisingmathlink. cpmiface.cc
usedGauss—Lgendresamplingof the pupil (Pressetal., 1993)in calculatinga 2D spherical
polarintegral. Original MathematicamathlinkandC++ codewaskindly provided by Peter
Torok. | modi ed the C++ codeto addthe cubic phasemask.

This codewasusedto calculatewz sectionsof thewide eld, CPM andsphericallyaber
ratedPSF It wasveri ed in thefollowing ways:

The wide eld PSFwas veri ed to 1% accurayg againstStamneq1986) Fig. 16.7,
which shavs 1D trans\erseplotsthoughthelPSFfor u= 0, arangeof apertureangles
a andalong(a) thex axisand(b) they axis;and

The sphericallyaberratedPSF was veri ed to 5% accurag againstSheppardand
Torok (1997a)Fig. 3, whichshavsaxiallinesthroughthelPSFfor d = 0; 20; 40; 100mm.

Corvergencevasanissuefor the CPM PSFwith asquareupil. Evenwith 20007 samplef
the pupil, for obsenation points10mm from the axistheresult uctuated by up to 2% when
small changesvere madeto the numberof samples. With the CPM being a rectangular
functionacrossa squareaperturejt is morelik ely to producealiasingerrorswhensampled
usingapolarfunction.

The 2D densityplots which were calculatedusingthis code,in Fig. 4.8, have a linear
scaleandarenormalisedo the peakintensityoveralarge40 30nm slicethroughthe PSFE
UsingN = 400samplesvasfoundto give sufcient accurag undertheseconditions.

Forthe CPM,votf.m andcpmiface.cc  agreedjualitatvely but not quantitatvely. The
quantitatve discrepang wasin the range1%-10%,and was mostvisible as a difference
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in the axial scalingof wz slicesthroughthe PSF- Both codesarebasedon the Debye—\Vlf
integral andits accompaying approximations.

| am not surewhatthe causeof thediscrepang is, but | suspecit is dueto differences
in CPM anddefocusscaling. The large pupil phasestrengthantroducedby the CPM and
its long focal depthplaceunusuallyhigh demandson the accurag of ary integrationcode.
Theseaccuray issuehave beentakeninto accounin theobsenationsanddiscussiongased
ontheresultsfrom thesecodes.Statementaregenerallyqualitatve in nature pasecbnmuch
largerdifferencesn theresultsthanthe sizeof thesenumericaldiscrepancies.
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